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PREFACE 


The main subject of this book is differentiation in linear spaces of arbitrary 
dimension. Infinite-dimensional spaces appear in particular as function spaces, 
and for many purposes an appropriate calculus for such spaces would be useful. 
We give two examples here. 

The first one concerns commutation of integration and differentiation. For a 
smooth (i.e. infinitely often differentiable) function g: RxI—>R, where 
I:=[0, 1], we consider the function f: R>R defined by f(t):= fogl, s)ds. Thus 
f(t) is obtained by first associating to t the function g(t, _): IR and then integ- 
rating this function over I. This means that fis actually a composite, f=+n«g , 
where g“:R+C(I, R) is defined by g“(t):=9(t,_) and z: C(I, R)>R by 
z (h):= foals) ds. We remark that the natural topology of uniform convergence of 
the derivatives turns C*(I, R) into a non-normable (nuclear) Fréchet space. 
Nevertheless one should have a natural notion of smoothness such that both 
maps g“ and » are smooth. And since + is linear, differentiation of f= 0g ’ 
should give f `=" (g “Y. Since the derivative of g “ corresponds to the partial 
derivative of g with respect to the first variable, i.e. (g ’)'(t)(s)=0,9(t, s), one 
would have an elegant proof that f is smooth and f ‘(O=$5a, g(t, s)ds. 

As the second example we consider flows on a compact smooth manifold M. 
They can be considered as the 1-parameter subgroups of the group Diff(M) of 
smooth diffeomorphisms of M. The smoothness of a flow should be expressible 
by means of a differentiable structure of some kind on Diff(M), and Diff(M) 
should behave similarly as a classical Lie group. For a finite-dimensional Lie 
group G, the tangents at 0 of the 1-parameter subgroups form the domain for a 
natural chart at the neutral element. Since the tangent at 0 of a flow on M is just 
the corresponding vector field on M, one concludes that the infinite-dimensional 
Lie algebra of vector fields on M should be the tangent space at the identity of 
Diff(M). The space of vector fields which is thus the natural candidate for a 
modelling vector space of Diff(M) is again in a canonical way a non-normable 
Fréchet space. 

Classical differentiation in linear spaces of arbitrary dimension uses Banach 
spaces. Its main deficiency is the fact, illustrated by the two given examples, that 
most function spaces are not Banach spaces. Owing to the need for a dif- 
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ferentiation theory also involving non-normable linear spaces, many general- 
izations of Banach space calculus have been proposed during the last few 
decades. Compared with these, the theory presented in this book has several 
advantages. We first emphasize its naturalness and conceptual simplicity. 

Former approaches usually involved several somehow arbitrary choices. The 
first was the choice of some class of linear spaces. Should one replace the norm 
by a topology, or a bornology, or a convergence structure, or by some other type 
of structure? Then one used to choose a differentiability condition in order to 
replace the classical condition of Frechet which involves the norms. And finally, 
in order to consider higher derivatives, one needed a structure on the function 
spaces L(E, F) of linear morphisms. We shall proceed differently, defining k-fold 
as well as infinite differentiability classes not inductively but directly by 
reduction to the respective differentiability of functions R-R. It then turns out 
that starting with locally convex or convex bornological or convergence vector 
spaces (or even others, such as smooth vector spaces) actually leads to the same 
category of linear spaces, provided one looks for greatest possible generality and 
identifies structures yielding the same differentiability. 

In order to explain the fundamental idea of reducing differentiability of 
general maps to that of functions R->R, we mention that one of the important 
theorems which will be proved gives in particular the following new aspect for 
Banach space calculus. For maps between Banach spaces one has: 


(1) c: R>E is a smooth curve if and only if for all ¢ e E’(E’ the usual dual of E) 
the composite f 2c: R>R is smooth; 

(2) g: E>F is a smooth map if and only if for each smooth curve c: R--E the 
composite goc: R-F is a smooth curve of F. 


These two results show that in order to characterize smooth maps between 
Banach spaces one only has to know the duals of E and F; one can forget the 
norms, the topologies and the bornologies. 

One hopes of course that analogous results hold for finite order differen- 
tiability. Simple examples show that (1) and (2) both fail if ‘smooth’ is replaced 
by ‘k-times differentiable’ or by ‘k-times continuously differentiable’, (2) fails 
even in the finite-dimensional case. However, (1) and (2) both hold if one replaces 
‘smooth’ by ‘k-times Lipschitz differentiable’, whee Lipschitz differentiable 
means Gâteaux differentiable with locally Lipschitzian derivative (Frechet dif- 
ferentiability then follows). 

We mention two further reasons why “Lipschitz differentiable’ behaves better 
than ‘continuously differentiable’. Already for functions f: R-R, differen- 
tiability and continuity are of rather different nature; however, one simple 
condition expresses simultaneously k-fold differentiability and Lipschitz con- 
dition: fis k-times Lipschitz differentiable if and only if its difference quotient of 
order k+1 is bounded on bounded sets. And for a Gâteaux differentiable 
function g: EF between Banach spaces, the derivative f’: E>L(E, F) is locally 
Lipschitzian if and only if the differential df: E x E-F is; however, continuity of 
df does not imply continuity of f’. 


Preface xi 


The given reasons justify why we shall generalize the notion ‘k-times 
Lipschitz differentiable’ rather than the notion ‘k-times continuously differen- 
tiable’. The way to do this is absolutely natural. One needs vector spaces 
structured by a given dual space E’, where E’ may at first be any subspace of the 
algebraic dual (not necessarily separating points of E). We call such spaces 
dualized vector spaces and define for 0<k < œ (a function f: R>R is called o0- 
times Lipschitz differentiable iff it is smooth): 


(1) c RoE is a &p"-curve of E if and only if for all f€ E’ the composite 
foc: ROR is k-times Lipschitz differentiable; 

(2') g: E>F is a &p'-map if and only if for each “*-curve c: RE the 
composite g oc: R>F is a Yipk-curve of F. 


For a fixed vector space E, the set of all possible duals (i.e. all dualized vector 
space structures) can be decomposed in equivalence classes as follows: Two 
duals are called equivalent if the identity is a “%*-diffeomorphism, or, 
equivalently, if they yield the same &/*-curves. Luckily enough it can be proved 
that these classes do not depend on k. Each class contains a canonical represen- 
tative, namely the maximal one, and a given dual is such a maximal represen- 
tative exactly if it satisfies the saturation condition that it is not only included in, 
but equal to, the set of all linear &"-functions. Since replacing a given dual for 
E by an equivalent one (in the above sense) does not change the sets of #/"- 
maps with range or domain E, it is reasonable and no loss of generality to 
consider only these representatives. This means that we will work with struc- 
tures which not only determine the &"-maps, but are conversely determined 
by the “f*-maps. 

Of course, one would like &-maps to have unique derivatives up to order k. 
It turns out that this holds, provided that at least smooth curves (i.e. Lip”- 
curves) have unique first derivatives. By a derivative of c: RE we understand a 
curve c: R-E, such that (foc) =¢ ° c for all f e E’, or, equivalently, such that 
c'(t)=lim,=o (c(t+s)—c(t))/s, the limit being taken with respect to the weak 
topology. Therefore one adds two restrictions to the dualized vector spaces. The 
first one is necessary and sufficient for the uniqueness of c’ and is of course the 
condition that E’ separates points of E. Existence of c’ is implied by various 
possible completeness conditions. Among these we choose the weakest one, 
which is not only sufficient but also necessary. By imposing only these two 
additional conditions, we obtain the most general spaces for our approach. They 
will be called convenient vector spaces. 

We have so far indicated why for a differentiation theory as outlined the 
convenient vector spaces form the natural frame and are as general as possible. 
But much more important than great generality is the fact that they form a class 
with excellent properties, which means that it is closed under important con- 
structions. So one has arbitrary products and direct sums, as well as a tensor 
product with the property that L(E, @ E,, F) not only corresponds to the space 


of bilinear differentiable maps E, x E,-F, but also to L(E,, L(E,, F)). More- 


over, closedness with respect to the formation of function spaces is achieved in 
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great generality. For very general domains X (including any subset of a 
convenient vector space or any classical manifold), the k-times Lipschitz differ- 
entiable maps X >E form a convenient vector space “f*(X, E) provided E is 
one. Similar results hold also for spaces of sections of vector bundles with 
convenient vector spaces as fibres. In the case of infinite differentiability, we get 
an ‘exponential law’ expressing the fact that a map X > Lija” (Y, E) is smooth 
provided the associated map X x YE is smooth. This is important not only for 
the examples mentioned at the beginning, but also for far-reaching applications 
that will be discussed. 

Convenient vector spaces were defined as certain dualized vector spaces, 
because this is the simplest description and allows an easy access to “#*-maps. 
But there are several other descriptions within classes of linear spaces tradition- 
ally used in analysis. We mention the following aspects. 


@ On any convenient vector space E there exists a canonical locally convex 
topology (the finest one) such that E’ becomes the topological dual. This 
identifies the convenient vector spaces with the separated bornological locally 
convex spaces that are locally complete (terminology of [Jarchow, 1981). 
Since metrizable implies bornological and complete implies locally complete, 
all Fréchet spaces and in particular all Banach spaces are convenient. 

@ On any convenient vector space E there exists a canonical convex bornology 
(the coarsest one) such that E’ becomes the bornological dual. This identifies 
convenient vector spaces with the separated topological complete convex 
bornological spaces (terminology of [Hogbe-Nlend, 1977]). 

@ On any convenient vector space E there exists a canonical convergence 
structure (called Mackey convergence) such that E’ becomes the continuous 
dual. This identifies convenient vector spaces with certain convergence vector 
spaces. Completeness amounts exactly to completeness of the Mackey con- 
vergence. 

@ On any convenient vector space E there exists a canonical smooth structure in 
the sense of [Frélicher, 1982] (the coarsest one) such that E’ becomes the 
space of smooth linear functionals. This identifies the convenient vector 
spaces with certain smooth vector spaces. Similarly for “/*-structures. 

@ Convenient vector spaces can also be identified with certain compactly 
generated vector spaces and with certain nuclear spaces. 


Though the convenient vector spaces have exactly the properties which 
ensure that smooth curves have a unique derivative, one gets, nevertheless, those 
theorems of calculus one can reasonably hope for. In particular one obtains for 
O<k<oo and any “"*'-map g: E-F the following: the differential dg: 
EnE-F exists (EME denotes the product of E with E), is unique, is a Lig-map 
and is linear in the second variable; and the derivative g: E> L(E, F) defined by 
g'(x)(y):= dg(x, y) is a Léf*-map. Conversely, if dg exists and is 244", then g is a 
ip**'-map. From this one deduces that 4*-maps which are defined directly 
can also be characterized recursively: g is Zijt if and only if it is k-times 
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differentiable and its derivatives are 4°. In the case of finite-dimensional 
vector spaces this is due to [Boman, 1967]. In case of Banach spaces one shows 
that ez? is equivalent to being locally Lipschitzian and then easily deduces for 
k-times Lipschitz differentiable maps the statement (2) mentioned earlier. 
Furthermore, in our setting the chain rule not only holds, but is even easily 
proved. 

Of course we will not only consider globally defined functions, but also 
functions g: U->F, where U © E is open and both E and F are convenient vector 
spaces. ‘Open’ is meant with respect to the so-called Mackey closure topology, 
and this is a very weak condition since it means that c”1(U) is open in R for 
every smooth curve c: R>E. 

Let us mention a possible generalization of “*-maps. J. Boman established 
his result not only for Lipschitz differentiable maps but also for the case where 
the Lipschitz condition is replaced by the more general Hölder condition. A 
forthcoming paper of C. A. Faure will show that the important theorems of our 
differentiation theory hold also for the respective differentiability classes 
between convenient vector spaces. 

In this book only real differentiability and therefore only real vector spaces 
are considered. It is, however, possible to develop a corresponding complex 
differentiation theory in infinite dimensions, cf. [Krieg], Nel, 1985]. 


Now we give a short overview of the contents of the different chapters. 

Chapter 1 contains some basic concepts and material which will be used later. 
It starts with a section on categories generated by a set of maps. In order to 
explain and motivate this notion we remark that for any classical smooth 
manifold or any Banach space (cf. (1) and (2) mentioned above) the family of 
smooth curves and the family of smooth functions determine each other in the 
following way: a map belongs to one of these families if and only if its composites 
with all the maps in the other family are in C”(R, R). This suggests that one 
considers sets X structured by a family of curves @<X® and a family of 
functions ¥ < R* that determine each other in the same way as above and to call 
them smooth spaces. Replacing C”(R,R) by the set &g*(R, R) of k-times 
Lipschitz differentiable functions, one obtains analogously %/*-spaces and in 
particular, for k=0, Lipschitz spaces; all these spaces are introduced in section 
1.4. It is advantageous, to consider similar structures also in the case where not a 
set of maps from R to R (such as &s*(R, R)) is given, but more generally any set 
-U of maps from S to R, where S and R are fixed sets. One thus obtains the 
general notion of .@-spaces studied in section 1.1. The case .4=/° CR" is 
investigated in section 1.2 and it is shown that the ?”-spaces form a useful class 
of bornological spaces. The result that they satisfy an exponential law (cartesian 
closedness of the category) becomes fundamental for showing in section 1.4 that 
the category of smooth spaces is also cartesian closed. The relation used between 
¢™”-maps and smooth maps is provided by means of difference quotients. These 
allow, as shown in section 1.3, a simple characterization of smooth, and, more 
generally, of k-times Lipschitz differentiable functions R">R. 
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Chapter 2 presents the many aspects of convenient vector spaces. It starts with 
preliminary considerations of linear spaces with additional structures: locally 
convex topologies and convex vector bornologies are discussed in section 2.1, 
convergence structures in section 2.2, ?°- and Zig*-structures in section 2.3. In 
section 2.4 it is proved that all these categories have subcategories that can be 
identified with each other; its objects are the so-called preconvenient vector 
spaces. By imposing an additional separation and a completeness condition one 
arrives at the convenient vector spaces. The various aspects of these two 
conditions are examined in sections 2.5 and 2.6, where it is also proved that with 
every preconvenient vector space there can be associated a convenient one (its 
completion) having the usual universal property. 

Chapter 3 deals mainly with those constructions of new convenient vector 
spaces from given ones which involve only linear and multilinear maps. The 
initial and final structures presented in section 3.1 constitute a useful tool for the 
general results. Special cases are examined in the following sections: subspaces 
and quotients in section 3.2, products in section 3.3, direct sums in section 3.4, 
inductive limits in section 3.5, and linear function spaces in section 3.6. The 
appropriate multilinear maps and the respective function spaces are examined in 
section 3.7 and the corresponding tensor product in section 3.8. That every 
convenient vector space embeds into its bidual is shown in section 3.9, where the 
duals of products and direct sums are also determined. It is important that a 
uniform boundedness principle holds for various function spaces. 

Chapter 4 contains the main core of the theory. Calculus for convenient 
vector spaces is developed there. According to the basic idea of characterizing 
differentiability of a map by means of its composites with curves, it starts in 
section 4.1 with differentiable curves, and in section 4.2 it is shown that the 
respective curves form convenient vector spaces. Section 4.3 gives the main 
properties of differentiable maps, in particular the equivalence of the %*- 
condition with k-fold differentiability. Of course the section includes standard 
results such as the chain rule and the symmetry properties of higher derivatives. 
In sections 4.4 and 4.5 it is shown that in great generality function spaces are 
again convenient, and that natural maps such as the composition maps have the 
differentiability properties one hopes for. Taylor developments are used for 
direct sum decompositions of the function spaces. The natural structure of the 
space of functions on a manifold modelled on convenient vector spaces is 
compared with classically considered topologies. In order to give in section 4.7 a 
new proof for the fact that the group of diffeomorphisms of a compact smooth 
manifold is a manifold we show in section 4.6 that spaces of sections of quite 
general vector bundles are also convenient. In section 4.8 we study k-fold 
Lipschitz differentiability of implicitly determined functions. This opens the way 
for an implicit function theorem for 4/"-maps under additional restrictions, cf. 
(Hamilton, 1982]. 

In Chapter 5 we associate with any %p*-space X a convenient vector space 
AX (called free over X) which has the universal property that for any convenient 
vector space E, the ¥f'-maps XE are in bijection with the linear Zp! 
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maps AX >E. If, in particular, X is a finite-dimensional smooth manifold, then 
AX is shown to be the space of distributions on X with compact support. 
Similarly, we associate to any ?”-space X a convenient vector space ¢'X with 
the property that one has isomorphisms between ¢°(X, E) and L(7'X, E). The 
classical Banach spaces formed by the absolutely summable functions on a set 
are recovered. All these spaces 1X as well as the free spaces AX over smooth 
spaces are actually convenient co-algebras, i.e. convenient vector spaces with a 
compatible co-algebra structure, as shown in section 5.2. It is shown in section 
5.3 that it is impossible to get certain closedness properties simultaneously with 
certain additional properties of the spaces for a class of convenient vector spaces. 
The chapter ends with investigations of the reflexivity of convenient vector 
spaces. 

Chapter 6 deals mainly with the Mackey closure topology. This is the 
appropriate topology on convenient vector spaces for studying “'-maps. We 
compare it with other natural topologies and examine its compatibility with the 
vector space operations. The chapter concludes with a section on continuity and 
differentiability properties of convex functions. 

In Chapter 7 we analyze how the important functors involving convenient 
vector spaces behave with respect to initiality, finality, limits and colimits. 
Various examples and counter-examples are also given. In particular, it is shown 
that a quotient of a convenient vector space by a closed subspace may have 
smooth curves which do not admit even a local smooth lifting. Similarly, smooth 
functions on a closed subspace do not always admit smooth extensions. 

Let us finally mention the essential prerequisites. Since the differentiation 
theory presented here is self-contained, knowledge of classical Banach space 
calculus is required only where comparisons with it are investigated. We use 
some well known theorems of functional analysis such as the Hahn—Banach 
theorem and the Banach—Steinhaus theorem, which can be found in most books 
on functional analysis, and we will explicitly refer to [Jarchow, 1981]. Defi- 
nitions and elementary facts from the theory of bornologies will also be used; for 
those we will refer to [Hogbe-Nlend, 1977]. Finally, we should mention that we 
use categorical language and basic facts on adjoint functors whenever this seems 
adequate. Chapter 8 is conceived as an appendix summarizing these notions and 
results for those who are not familiar with category theory. 
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1 FOUNDATIONAL 
MATERIAL 


This chapter mainly provides the setting for the various structures which will be 
used later. Since our approach to differentiation theory uses structures which are 
not traditional, we give some motivations. 

The Lipschitz condition certainly plays a fundamental role in many theorems 
of analysis. It is usually considered for maps between normed spaces, since 
its classical definition uses norms. However, since a map between normed 
spaces turns out to be locally Lipschitzian iff its composites with the locally 
Lipschitzian curves of the source and the locally Lipschitzian real valued func- 
tions of the range are locally Lipschitzian functions from R to R, one can gen- 
eralize the notion ‘locally Lipschitzian’ to maps between much more gen- 
eral spaces, namely to sets with a so-called Lif-structure which consists of a 
given family of curves and a given family of real valued functions such that these 
two families determine each other by the condition that their composites are 
locally Lipschitzian functions from R to R. 

Among differentiable maps those which are smooth certainly form an ex- 
tremely important class. Smoothness is a classical notion for maps between 
Banach spaces and for maps between smooth manifolds. But again one can 
prove that such a map is smooth iff its composites with the smooth curves of the 
source and the smooth real valued functions of the range are smooth (i.e. belong 
to C“(R, R)), and therefore one obtains a natural generalization of the notion 
‘smooth’ to maps between much more general spaces, namely to sets with a so- 
called smooth structure which consists of a given family of curves and a given 
family of real valued functions such that these two families determine each other 
by the condition that their composites are smooth functions from R to R. 

A third situation where this kind of structure will be used is different in so far 
as a classical notion, namely that of bornology, is not generalized but restricted. 
A bornology on a set is a family of so-called bounded subsets satisfying simple 
axioms, and a map is called bornological if the image of every bounded set is 
bounded. Only special bornologies are determined by their bornological se- 
quences (or curves) and their bornological real valued functions. But it seems 


1 


2 1 Foundational Material 


that (almost) all bornologies which are important for analysis are of that 
restricted type. And those of this type allow interesting additional results which 
fail for general bornological spaces, cf. section 5.2. 

The mentioned structures all fit in the same scheme which is developed in 
section 1.1. The special case of the specified bornologies is treated in section 1.2, 
that of Lipschitz structures and of smooth structures in section 1.4. Particular 
attention is given to the question of cartesian closedness. This is roughly 
speaking the problem whether the respective function spaces admit a structure 
of the same kind in such a way that morphisms into a function space correspond 
exactly to morphisms on the respective product space. 

Section 1.3 is more classical. There it is shown that difference quotients 
provide a link between bornologies on the one hand and Lipschitz- and smooth 
structures on the other: functions of finitely many variables have certain 
differentiability properties if and only if certain of their difference quotients are 
bornological. Some technical complications are due to the fact that we consider 
functions on arbitrary open subsets of R”. The reader can avoid these difficulties 
by sticking to functions which are defined on the whole R” or on a product of 
open intervals. 


1.1 Categories generated by a set of maps 


The examples mentioned in the introduction to the chapter motivate the 
consideration of sets X structured by a set @, of ‘curves’ and a set A of 
‘functions’, with the property that @, and A determine each other by the 
condition that the composites fc have to belong to a given set of maps such as 
the set #f(R, R) of locally Lipschitzian functions or the set C“(R, R) of smooth 
functions. The third example shows that it is useful to take as source for the 
‘curves’ not only R, but any fixed set S; and as range for the ‘functions’ any fixed 
set R (in [Frélicher, 1980] only the case S=R was considered). 


1.1.1 Definition. We suppose in the following, that a set æ of maps from S to 
R is given, S and R being any fixed sets. For an arbitrary set A, maps c:S>A 
shall be called curves in A and maps f: A—R functions on A. 

(i) Any set @ of curves in A determines a set ©@ of functions on A as follows: 
0¢:={ f:A>R:f,(@)S M}. Similarly any set F of functions on A determines a 
set TF of curves in A as follows: TF :={c:S—A;c*(F)= M}. Obviously one 
has €<TO@ and F EPF, 6,5 6,>0¢,20¢, and ASA=TA LA; 
hence O7O=@ and rT sT. 

(ii) An .@-structure (@, F) on a set A consists of a set @ of curves in A and a 
set ¥ of functions on A such that these determine each other according to 
F =V and G=I F. The elements of € are called the structure curves, those of 
F the structure functions. 

(iii) An .#-space is a triple X=(Ay;@,,A), where Ay is a set (called 
underlying set of X) and (€y, A) is an M-structure on Ay. An M-map between 
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-spaces X and Y is a map g: Ay— Ay which satisfies the equivalent conditions: 


(a) 9(6x)S Ey; 
b) gF NEA; 
(c) Rogge SxS. 


(iv) The category æ generated by .# has as objects the ./#-spaces. and as 
morphisms the .4-maps. 

(v) An .@-structure (@,, F) on A is called finer (we also say smaller) than 
a second one (@,, A) if the identity id, is an .@-morphism from (A; @,, A) to 
(A; @,, Pa), ie. if €, SG, or equivalently A > JF. 


1.1.2 Lemma, (i) If F is any set of functions on A, then there exists a coarsest 
M-structure (6, F) on A with FEF. Furthermore, for any .d-space 
X =(Ay; Cx, Fy) a map g:Ay—A is an d-morphism from X to (A; €, F) if 
GP (P) EF. 

(ii) If Co is any set of curves on A, then there exists a finest M-structure (€, F) 
on A with @)S@. Furthermore, for any M-space X =(Axy; Cx, Fy) a map g: 
A— Ax is an M-morphism from (A; €, F) to X iff g€) EEx. 


Proof. Obviously the structure in (i) is given by €=. 5 and ¥:=@@. In the 
dual way the structure in (ii) is given by ¥:=®@, and @:=T F. o 


1.1.3 Definition. (i) In the situation of (1.1.2) we say that % (respectively 6o) 
generates the structure (€, F). An M-structure generated by an empty set of 
curves is called discrete. 

(ii) In the case where R =R, an .#-structure on a vector space E admitting a 
generating set A that contains only linear functions is called linearly generated. 

(iii) By initial (resp. final) .@-structures we mean initial (resp. final) 
.4é-structures with respect to the forgetful functor to the category Set of sets, 
ef. (8.7.1). 


1.1.4 Proposition. The category M of -spaces has initial and final structures. 
Explicitly they are described as follows: Let X; (jeJ) be any family of .-spaces. 
The initial structure on A induced by a given family of maps g;: A-Ay,, is 
generated by the set of functions { fog;: AR; je J and fe £} provided LEA 
generates the structure of X, for all jeJ. It has as structure curves the set 
{c: SA; gj;°ce€@y, for all jeJ}. The final structure on A induced by a given 
family of maps g;: Ax, A is generated by the set of curves {g;° c: SA; je J and 
ce F} provided EG ; generates the structure of X , for all je J. It has as structure 
functions the set { f: A>R; fo g;¢ Fz, for all je J}. 


Proof. Easy verification. O 


Remark, In general one has no explicit description of the structure curves of a 
final structure and the structure functions of an initial structure. So the structure 
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curves of a final structure may fail to lift to structure curves of the given spaces 
and the structure functions of an initial structure may fail to extend to the given 
spaces. For an example see (7.1.8). In (7.3.1) and (7.3.2) an explicit description of 
final morphisms will be given. 


1.1.5 Corollary. The category M is complete and cocomplete. The forgetful 
functor from M to Set has a left and a right adjoint. Limits (resp. colimits) in M are 
obtained by forming them in Set and putting the initial (resp. final) -structure on 
them. 


Proof. (8.7.3) applies; cf. also the first remark after (8.7.1). 


We mention in particular products of .#-spaces: The underlying set is the 
cartesian product of the underlying sets, and the structure curves of the product 
are those whose coordinates are structure curves of the factors. The product 
with factors X and F will be denoted by Xn1Y. 


1.1.6 Remarks. (i) A one-point set has two .#-structures if æ does not 
contain all constant maps S—R; cf. [Frélicher, 1979]. For our purpose we can 
restrict to the case that all constant maps S—>R belong to M. Then for any 4- 
space (A; @, F) the constant maps S— A belong to @ and hence the one-point set 
has exactly one .#-structure. We denote the -space so obtained by {+} and 
remark that {*} is a terminal object of .@ and yields a representation of the 
forgetful functor „æ —Set. 

(ii) The set S has a natural .@-structure, namely (Tæ, M); we shall from now 
on also denote by S the .@-space so obtained. Similarly R shall also denote the 
@-space having R as underlying set and (4, ®.#) as .#-structure. This no- 
tation may look dangerous, because the .@-spaces S and R can be different even 
if the sets S and R are the same. But for the general considerations one uses 
anyhow two symbols S and R; and in all our examples where the sets S and R are 
equal, the -spaces S and R also coincide (this in fact holds iff æ is a monoid). 

By means of the special objects described above we get the following re- 
presentations for any .@-space X =(Ay; Cy, Fy): 


Ax SMX) Cx=MS, X); F=M(X, R). 


In particular one has .# = M(S, R). 

Using the canonical .#-structure on R one deduces that an -structure 
(@, F) ona set X is generated by ACF iff the M-structure (@, F) is the initial 
one induced by the maps f: XR with fe Fo. 


1.1.7 Theorem, Suppose that M is a set of maps S3R containing all constant 
maps and such that, with é(s, t):=c(s){t), 


E ¢={e:S> A, & SUS>R is an M-map} 


is the set of curves of an M-structure on M (i.e. TO@ y EG a). Then one obtains for 
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any M-spaces Y and Z an .&-space denoted M(Y, Z) having 4(¥, Z) as under- 
lying set and the following structure curves: 


6 wy, z= {e:S> MY, Z), ê: SUYZ is an M-map}. 


This function space structure behaves functorially and by the obtained functor 
Ml: MO? x dd > M the category of .d/-spaces becomes cartesian closed. Thus a map 
g: X > ACY, Z) is an M-map if and only if ĝ: X1Y—Z is an .@-map, and all d- 
maps XN YZ are of this form. 


Remark, The use of the same symbol .# for the given set of maps and for the 
functor closing æ simplifies notation and will cause no confusion. 


Proof. We first show that one has: 


(a) G.ay,z)={e:S>M(Y, Z); foctoee@y for all fe Z, ceGy}. 

So let e:S-+.4@(Y,Z) be a map. Then ê is an .#-morphism SnY>Z iff 
foés(a,cle.M@ for all ce M(S, S), ce@y and fe%. Since for ceG@, also 
cate@y for any te.4(S, S) it follows that éis an .@-map iff foéo(o,cot)Ee.& 
for all o, tE M(S, S), ce@y and fe Fz. Since foés(o,cot)= G«(a, 7), where 
g= fa ° c* 9e, our first assertion follows according to the definition of € z. 

An immediate consequence of (a) is: 

(b) For ¥e@@y, ce@y and fe Fz one has: Wo f ° c* EDF yrz- 

We now prove that @ wy,z) is the set of structure curves of an -structure on 
AY, Z), i.e. that TO? urz SG ayn: So let ee TOG ay, Le. e:S.4(Y, Z) is 
such that peee for all peg arz. Then, by (b) one deduces that 
Fo fpoc*oece M for FEDE 4, ce Cy, fE Fz. According to the assumption this 
implies f,oc*cee@y for ce@y and fe Fz. Hence ee © urz by (a). 

Functoriality means that for -maps g: Y >Y, and h: Z,>Z,: 

(c) g* ohy: &(Y,, Zi) >AM (Yz, Z2) is an M-map. 

This in fact follows easily using (a). So let ee € uy, zp- Then f, oc* o(g* oh, 2e) 
=(feh),°(g°c)*oee@ gyfor fe Fz, and ce@,, since fohe Fz, and gecer. 

We next show that: 

(d) The evaluations ev}:.@(Y, Z)mY—Z are .@-maps. 

For this we have to show that ev} +(e, c):S—Z is an .@-map for all structure 
curves e:S—>M(Y, Z) and c: S—> Y. This holds since ev} e (e, c) =ê- (idş, c) and ê 
is an .@-map. 

(e) The insertions ins}: X #(Y, XnY) are .@-maps. 

By definition one has ins}(x)(y)=(x,y). For any xeX the map 
ins}(x): X +XmY is an -map since the composites with the canonical projec- 
tions of XnY both are .¢/-maps. For this one uses that any constant map X > Y 
is an .@-map, but we remark that this holds only because of the hypothesis that 
all constant maps SR belong to .# (without this hypothesis Æ can still be 
cartesian closed, but not by a functor lifting the hom-functor; ef. [Frélicher, 
1979]). For ins} to be an .@-map we have to show that for any ce@, the 
composite ins{ec is a structure curve of .M(Y,XnY), ie. that 
Gns oc)" :Sn¥>XuY is an .@-map. This holds since (ins¥ o c)^ =cmidy. 
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It remains to show the claimed bijection: 
(£) For any .@-map g: X >M (Y, Z) the map 9: Xn Y—Z is an .@-map. In fact, 
ĝ=ev} ° (gnidy). 
(g) If h: XnY >Z is an.#@-map, then hY : X—>M (Y, Z) has values in æ (Y, Z) 
and is an .@-map. In fact, hY =h, o ins%. a 


Remark, It can be proved that for sets .@ that contain all constant maps the 
condition given above is in fact equivalent to the cartesian closedness of the 
category M; for the case where æ is a monoid cf. [Frélicher, 1980]. 

The following result will be used later. 


1.1.8 Proposition, Suppose .@ is such that M is cartesian closed, and let X, X;, 
Y, Y, be .@-spaces, je J. 


(i) If {f:X;>X; jeJ} is a final family such that X= Ujes§(X)); then 
{f *: M(X, Y)>M(X,, Y} jeJ} is an initial family. 
(ii) If {g;: Y Y,; jeJ} is an initial family, then so is 


Remark. The special case where J = Ø will also be used later. 


Proof. (i) Let c:S+.@(X, Y) be such that foc is a structure-curve of 
M(X; Y) for all jeJ. Using the universal property of the function space 
structure twice one concludes that ( f;* °c)”: X; > A (S, Y) is a morphism, where 
his defined by h(x)(y):=h(y)(x). By the same reasoning it is enough to show that 
&:X—.M(S, Y) is well-defined and a morphism. It is well-defined, since 
for every xeX there exists a jeJ and an x,;eX, with f(x;)=x and hence 
Ax) =e f(x,))=C* 20) (xe. (S, Y). Since (fF ec)" =c~ fj, the map č is a 
morphism. The assertion now follows, since for an arbitrary -space instead of 
S one can test by means of the structure curves. 

(ii) Let c: S—>M (X, Y) be such that (g;),, °c is a structure-curve for M (X, Y;) 
for all j. Then ((g;),°¢)* :SmX—Y, is an -morphism for all j (recall that 
h(x, y)=h(x)(y)). Since ((g;)e°°)" =g,;°¢, the hypothesis implies that é and 
hence c is a morphism. o 


1.2 Bornologies and / “-structures 


We first introduce the category of bornological spaces and then study a certain 
subcategory which will play an important role. The bornological spaces usually 
used in analysis all belong to it. This subcategory admits a description in the 
sense of section 1.1 and hence is easy to handle and has excellent categorical 
properties. 
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1.2.1 Definition (cf. [Hogbe-Nlend, 1977, p. 18]). A bornology on a set X is a 
collection # of subsets of X such that 


(i) xEX => {x}EB; 
(ii) B, SB,eER> BER; 
(iii) Bje BW forj=1,2 =B, UB, E€ 2. 


A bornological space X is a set (also denoted by X) together with a bornology 
2 on it; the sets of # are called bounded subsets of X. 

A basis for a bornology # is a subcoliection 2, of 2 such that every Be A is 
contained in some BoE Bo. 

A subbasis for a bornology 2 is a subcollection o of # such that for every 
Be there are finitely many B;e Zo with BC U;B; (any collection Zo of 
subsets of X which covers X is a subbasis of a unique bornology #, obtained by 
forming all subsets of finite unions of sets belonging to Bp). 

The category Born has as objects the bornological spaces; Born(X, Y) is 
formed by the so-called bornological maps g: X > Y, i.e. those maps g for which 
Bc X bounded implies g(B) < Y bounded. 


1.2.2 Remark. It is easy to verify that initial and final structures with respect to 
the forgetful functor Born—Set exist. Therefore all categorical limits and co- 
limits in Born exist, cf. (8.7.3). We explicitly mention products which will be used 
later. The underlying set of a product II ,.,X, of bornological spaces X; is the 
cartesian product of the underlying sets, and BCI1,,;X, is bounded iff 
pr,(B) S X; is bounded for all je J. 


1.2.3 Definition. With ¢” we denote the category obtained according to (1.1.1) 
by choosing S:=N, R=R and #:=2", ie. M is the set f” of bounded 
sequences of real numbers. 


Thus notions like 7”-structure, #°-space and f ”-map make sense, cf. (1.1.1). 


1.2.4 Proposition. The category £” embeds into Born as follows: To an ¢™-space 
X with ¢*-structure (€, F ) one associates a bornological space 1X -by defining 
BSX to be bounded (shortly: B < X bounded) iff B satisfies the equivalent 
conditions: 


(1) every sequence c: N>X with c(N) © B belongs to @; 
(2) f(B) is bounded in R for all fe F. 


The embedding functor 1:?°— Born has a left-adjoint 4: Born-¢® satisfying 
4°1=I1d. Both functors preserve the underlying spaces and maps. 


Proof. The equivalence of (1) and (2) is trivial. For any bornological space 
(X,@), the set of bornological functions XR (where R is considered with 
the standard bornology) generates an ¢”-structure (@, F ) on X, for which in 
fact ¥ is equal to the set of bornological functions, as one verifies easily. One 
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puts 7(X,B):=(X; 6, F). The verification that this yields a functor 4 with 
the stated properties is straightforward. o 


Remark. We will show in (7.2.8) that 7 commutes with countable products. 
The analogue fails for products with at least 2*°-many factors, cf. (7.2.9). 


By means of the embedding of (1.2.4) £” can be identified with a full reflective 
subcategory of Born. The following proposition gives equivalent descriptions of 
that subcategory. 


1.2.5 Proposition. Let X be a bornological space. Then the following statements 
are equivalent: 


(1) The bornology of X comes from an ¢”-structure; 

(2) Any subset on which all bornological functions f:X—R are bounded is 
bounded in X; 

(3) Every unbounded subset of X contains an infinite countable subset whose 
only bounded subsets are the finite ones. 


Proof. (1 = 2) follows from (1.2.4). 

(2 > 3) Let BEX be unbounded. Then there exists a bornological function 
f: XR which is unbounded on B. Therefore one can choose for each neN a 
point b,, ¢ B with | f(b,)| >n. Then {b,; ne N} is a subset of B which has the stated 
properties. 

(3=>1) We show that (3) implies the equation X=mX. Because of the 
adjunction stated in (1.2.4) we have only to verify that the identity map from mX 
to X is bornological. So let B & X be unbounded. By (3) there exists a sequence of 
points b, ¢ B with b, £b,, for nm such that every infinite subset of {b,; ne N} is 
unbounded. One defines a function f: X >R by f(b,):=n and f(x):=0 for x¢ {b,; 
ne N}. Then fis a bornological function since on any bounded set it takes only 
finitely many values. Since f(B)CR is unbounded, the assertion B&imX un- 
bounded thus follows. 0 


We remark that according to (3) the bornologies coming from ¢”-structures 
are Kolmogoroy-bornologies (cf. [Hogbe-Nlend, 1977, p. 118]), i.e. they have 
the property that each unbounded subset contains a denumerable unbounded 
set. However, condition (3) is slightly more restrictive as the following example 
shows: take X=N and define Be@ iff ))_, 1/n< %. Then 2 is obviously a 
Kolmogorov-bornology, but (3) fails for the unbounded subset N. Furthermore 
the /“-structure associated via y is the coarse one since all bornological 
functions are globally bounded. 
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1.2.6 Definition (cf. [Hogbe-Nlend, 1977, p.21]). For any separated topo- 
logical space X, the relatively compact subsets of X form a bornology, called the 
compact bornology on X. 


1.2.7 Proposition. Let Y be a metric space, X S Y a subspace. The following two 
bornologies on X are identical: 


(1) The bornology induced by the compact bornology on Y; 
(2) The bornology associated to the ¢”-structure on X generated by the set of 
those sequences in X that converge in Y. 


Proof. Call Z, and #, the bornologies on X described in (1) and (2). Let @ be 
the set of sequences mentioned in (2). 

(4, 5 B,) Let BEB,. We show first that every sequence in B has a sub- 
sequence belonging to @): Suppose indirectly that there is a sequence hb: NB 
without accumulation point in Y. Without loss of generality we may assume that 
ba # bm for n # m. One considers the function f: X —>R defined by f(b,):=n and 
S(x)=0 for x ¢ b(N). If x: NX is a sequence which converges in Y, then only 
finitely many b, can belong to x(N). Hence fex takes only a finite number of 
values and thus belongs to ¢*. We conclude that fe¥ and since f(B) is 
unbounded we reach a contradiction to Be B,. 

Let now c be a sequence in the closure B of B in Y. We choose b,¢ B with 
d(c,, ba) <1/n. Some subsequence of b converges to a point ye Y. The corre- 
sponding subsequence of c has to converge to y also, and therefore y e B. Thus B 
is compact, being a sequentially compact subset of a metric space. 

(4, 2 B,) Let BeZ. So there has to exist a compact K € Y with BC K. 
Let f: XR be a structure function of the 7*-structure on X generated by Go. 
Suppose it is unbounded on B. Then there are b eB with | f(b,)| =n. Some 
subsequence of b has to converge in the compact set K and hence belongs to 69. 
But since f is unbounded on this subsequence we reach a contradiction. Thus 
we have shown that Be ,. g 


Remark. The bornology on X considered above is the compact bornology of 
X iff X is closed in Y. 


1.2.8 Theorem. The category ¢*is cartesian closed (cf. section 8.6). The canoni- 
cal ?”-structure on £” is linearly generated by the elements of ¢' acting on ¢® (cf. 
(1.1.3)). 


Proof. We first remark that the bornology belonging to the canonical /*- 
structure of N (cf. (ii) of (1.1.6)) is the coarse one (N itself is bounded), while for R 
it is the usual bornology. So we get for the set @,« of (1.1.7): 


6 p2={c:N3¢; é(N x N) bounded in R}. 
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It is well known that the Banach space 7” with the norm 
Ix] o:=sup {|x,|;7EN} is the dual of the space of absolutely summable se- 
quences f+:={x:N>R; xl =9 r [Xn] < 00}; where the duality action is 
given by <x|y) =F „XnYn for xef" and yel”. 

We show first that the elements of f! act on ¢*” as elements 
of P% =f{p:£°>R; pocel” for all peg}. So let xeć', and 
ceG,». Then ĉ:NxN—>R is bounded, say by A>9, and we obtain 
I(x c)(n)| =|<xlen)>|=1h_, Xm Cn, mA Ixl ie. xeced® and 
therefore xe D@,~. 

We show now that a sequence c: N+” belongs to @,= provided xece!” for 
all xe¢!. For each xe there exists a constant A, such that |x(c(n))| < A, 
for all neN, ie. the c(n) considered as elements of (£17 form a pointwise 
bounded family. By the uniform boundedness theorem of Banach-Steinhaus, 
cf. [Jarchow, 1981, p. 220], we conclude that this family is bounded with 
respect to the norm, i.e. there is a constant A with || c(n)||,, <A for all n. Hence 
\¢(n, m)| < A for all n,meN and therefore ce@=. This not only shows that 
(€,0,9G;») is an ¢®-structure on £, but also that it is linearly generated by 
the elements of £*. o 


Remark. If one is only interested in the cartesian closedness of 7%, a much 
shorter proof is possible: one shows that the ¢*-structure on £” which is 
generated by the function |\_||,,:7°—R has exactly %;» as set of structure 
curves. But since this function is not linear the obtained result would not be 
useful for investigating linear spaces and for showing the cartesian closedness of 
the category @* of smooth spaces; cf. (1.4.3). 

The category £7 is even locally cartesian closed, cf. (8.6.5); since we shall not 
use this result and since the proof is not hard, we omit it. We shall, however, 
show in (7.1.6) that C® is not locally cartesian closed. 


1.2.9 Proposition, Let X be any ¢%-space and E a vector space with an £°- 
structure that is generated by a set ¥ of linear functions. Then the following 
families of linear morphisms are initial: 


(i) c¥:2°(X, E)>L”(N, E) (cee (N, X)); 
(ii) 0:27 (X, E) >L. (X, R) (CES); 
(iii) £°(c, 0):€°(X, E)>2®(N, R)=4® (cef®(N, X), LES) 


Proof. This is an immediate consequence of (1.1.8). 


1.2.10 Corollary. Let X be an ¢”-space and E a vector space with linearly 
generated ¢”-structure. Then the structure of ¢ ”(X, E) is also linearly generated. 


Another way of obtaining the cartesian closedness of £” is to restrict, 
according to the diagram (1.2.13), the functor Born: Born”? x Born Born 
which describes the cartesian closedness of Born. For bornological spaces X, Y 
the space Born (X, Y) is obtained by putting the following bornology on the set 
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Born(X , Y): Bc Born(X, Y) is bounded iff for any bounded A & X the set 
B(A) is bounded in Y. Cartesian closedness of Born is then easily verified. 


1.2.11 Lemma. Let X and Y be bornological spaces, AS X be bounded and 
f: YR be bornological. Then the function p,4,:Born(X, Y)>R defined by 
Pa, (= sup {| f(g(x))|; xe A} is bornological. 


Proof. Let B & Born(X, Y) be bounded. Then B(A)CY is bounded 
and hence there exists an M>0O with f(B(A))<[—M,M]. Therefore 
G4, (B) © [—M, M]. O 


1.2.12 Lemma. Let X and Y be bornological spaces. If the bornology of Y 
comes from an £ ”-structure, then the same holds for the bornology of Born(X, Y). 


Proof. We use condition (2) of (1.2.5). Let B < Born(X, Y) be unbounded. 
Then we can choose a bounded Ac X with B(A) S Y unbounded, and a 
bornological f:Y > R with f(B(A)) unbounded. Hence, with #4, , according to 
the lemma above, ¢, p(B) is unbounded, as to be shown. 0 


1.2.13 Corollary. The following diagram commutes: 
Cre. See 


|- xı i 
B 


Born”? x Born Born 


om 


In particular one has for @®-spaces X and Y: BS ?*(X,Y) is bounded iff 
B(A) € Y is bounded for all bounded A S X. 


1.2.14 Proposition. The following diagram commutes: 


Born’? x ¢@ —*1_, gayr xpe Tga 


1x: t 


Born Y 
Born” x Born ———" "> Born 


Proof. Since this result is not used in the following, we only indicate that one 
uses the adjunction between 4 and 1 (1.2.4), the cartesian closedness of Born and 
£~ and the fact that n commutes with finite products. o 


Remark, The essential consequence of this proposition is the fact that for a 
given f*-space Y the bornology of Born(X,1Y) only depends on yX (or 
equivalently: only on the bornological real-valued functions on X). 
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1.3 Difference quotients 


Difference quotients provide simple characterizations of differentiability proper- 
ties of functions of one or several variables (cf. (1.3.22), (1.3.28). They are also 
used in numerical analysis because they yield direct algebraic approximations of 
(partial) derivatives of higher order (cf. the remark after (1.3.15)). We first give 
the fundamental definitions, proceed with the results for functions of one 
variable and terminate with the corresponding results for functions of several 
variables. 


1.3.1 Definition. By N:={1,2,...} we denote the set of natural numbers. 
And we will use the sets No-=NU{O}, Nyi=NU{oo} and No. = 
NU {0, oo}. 

Let D € R be an arbitrary subset and f:D—E a function with values in a 
vector space E, ke No. 

The natural domain of definition of the difference quotient of order k of f is 
D:={(to,...,)ED**1; t,#t; for i#j}. On D we always consider the 
bornology induced by the compact bornology of D***, cf. (1.2.7). 

And the difference quotient 5*f: D? — E of order k of f is recursively defined 
by: 


8? f:=f 


Of (to, eR t,) = (5 * f(to; Si la tr-1)— 0t f(t, EEE. ty,)). 


to—ty 


The solution of this recursive definition can be expressed explicitly: 


1.3.2 Proposition. d'f(to,...,t)=k! Yio Bi-f(t:) where the coefficients 
Bi=Biltos - - +, ty) =Tocrckreilti—&,) * are independent of f. 


Proof. By induction on k. 


1.3.3 Corollary, ôf is symmetric in its k+ 1 arguments. 


Next we give the corresponding definitions for functions of several variables. 


1.3.4 Definition, Let D = R” be an arbitrary subset and f:D— E a function 
with values in a vector space E. With x:= (k4, . . - , km) E€ (No)” we denote a multi- 
index of degree |k|:=k,+ +--+ +km- 

The natural domain of definition of the difference quotient of order x 
of f is D®:=D* (Rx ... xR) c Rtt... x R*+], where 
D'=((x!,..., eR" tx 22. x RET (x)... xB )eD for ij=0 . .. ky}. 
On D° we will always consider the bornology induced by the compact 
bornology of D*, cf. (1.2.7). 
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l In order to define the difference quotient 6"f: D“ > E of order « of f we use 
ees of a recursive definition the analogon to the explicit description given in 
1.3.2): 


ki 


km 
ON. msg ae oe, 2m A Bat) o o o Bin D SOs oaa XE) 


sj 


where B(x)=k! []  (x,—-x,)"1 for x=(xo,..., x,)ER™. 
O<j<k, j#i 
In the special case where x has all components equal to 0 except the ith one 
being equal to k, we define the ith partial difference quotient ôf of order k of f 


to be: 
Sifa xi n =E fg x. =E x84), xit. Dai, with xte R® 
and x/eR for j4i. 


1.3.5 Remark. (i) Incase m=1, i.e. x =(k) with ke No, the general definitions 
reduce to the special ones in the following way: 


pe =D, pk = D™— pkt+ L & f= 8 f= Sf. 


(ii) In the case where D=D; x ... x D,, one has DS? = D(x |. x pim, 

(iii) The partial difference quotients d¢f even make sense for D = Xx 1X 

: x X;-1X RX X,4,x ... x X,, for arbitrary sets X;. 

(iv) For k=1 we will write 6} f=6} f=6, f and for x=(0,..., 0) we have 
D = D*=D and o*f=f. 

(v) We have the following recursion for the difference quotients: 


__ sk Kum F r ` 

= 411) e Sg for any permutation | of {1,..., m}. To interpret the 
rignt side correctly one should remark that 6*f is defined on a subset of 
RR“? x ... x RS? and then use remark (iii) (for the proof it suffices and is 


easy to show that ô" f=d'e(6"'f) where x’:=(k,,...,0,..., km)) Le. xK’ is 
obtained from «x by replacing the pth entry by 0. 


We return now to functions of one variable. 


1.3.6 Lemma. For any f: D>E and any (to, . . . , t,)€ DS one has 


KESU) +7 to) flot) 
1 
+77 eto) are (t,-t,_ 1) O*f (to, as ty). 


Proof. For k=0 this is trivial. Suppose the formula holds for k—1 instead of k 
and let (f),..., Ee D®. 
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Applying the induction hypothesis to (t,..., t,-3,t,)€D~'? one has 
í : — pri ty-25t,). The 
fltJ=f(to)+ +: +a eo) -o (Ge —ty-2) OF flto, - -> te-20te) 


claimed formula follows by replacing the last term in the above sum by 


a (tuto) - - - (te—te-2) OF "Sf lto, - -> fr-2fr-1) 


tE (eto)... (mte) Sltos -> teh 


according to the recursive definition of ôf and its symmetry. 


The interpolation formula of Newton follows from the lemma: 


1.3.7 Proposition, Let f:D—>E and (to, . . . , t)ED®. l 
(i) The unique polynomial function (the interpolation polynomial) p RoE of 
degree at most k satisfying p(t,)=f(t,) for i=0, ..., k is given by 


P(O):=flta) +E tto) flot) + > 


1 
+7, (t-te) 2 o(t—t-)Oflty, -> ty) 
(ii) For any teD\{to,..., t,} the remainder is given by 


f0—PO= Gay 0) ..- (t—t,) OFT f(t, . . y tert. 


Proof. The uniqueness of such a polynomial function follows from the theory 
of linear equations; the respective determinant is that of Vandermonde and 
hence different from zero. The function p as described above is polynomial of 
degree at most k; and p(t,)=f(t,) follows from the lemma (1.3.6) (with i instead of 
k). The formula for f—p is a direct application of (1.3.6) with k+ 1 instead of k 


and t+ =t. 


1.3.8 Lemma, Let f: D>E; (to, .- . , t,)€D; and i,,i,,i3€ {0,..., k} three 
different integers. Then 


— ir 
0=)) (tec) — teia) Ò 1 ftos s.’ tolia)» tty teh 
G 


where the sum goes over the three cyclic permutations o of {i,,i,,i3} and where the 
symbol T above a term indicates that it has to be omitted. 


Proof. By the symmetry and the recursive definition the first of the three terms 
is equal to 


_| 
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3? 


So one gets six terms which obviously cancel two by two. o 


1.3.9 Corollary. Let (to,..., t,)e DS, O<i<k and to<t;<t,. Then there 
exist positive reals « and B with a+P=1 and d*"'f(to,...,%,...,%)= 
að"! f (tg, Eeg tr-1) +B f(t, e tı) for any f:D E. 


Proof. According to (1.3.8) a:= (ti—to)/(t— to) and B:=(t, —t;)/(t,—t) suffice. 

o 
1.3.10 Lemma. Let tp<t,<... <t, and 0O=iọ<i < ... <i =n. There exist 
positive reals B, for r=0, .. . , n—k with Bo+ ->> + B,-,=1 such that for any 
function f:D >E with t;e D for all i one has 


ak 
OF (tins fs sg ti J= >= OF (t,, tetis Meeg tte) 


Proof. One successively replaces a term ôf (Éo <- +, tjp) for which jy —jo >k by 
a linear combination with positive coefficients « and B (a+ f=1) of two terms 
Of (ty, . 5 ty) with ,—ly =), —jo—1 using (1.3.9). oO 


This lemma is responsible for the fact that one can restrict in many situations 
to equidistant difference quotients which are defined as follows: 


1.3.11 Definition. For s#0 one puts 6%, f(t;s):=d*f(,t+s, ..., t+ks). 


1.3.12 Proposition, Let f:1->E where I S R is an interval: suppose that A S E 
is convex and closed for a topology on E for which f is continuous. If for each t and s 
with s#0 and t,t+kselI one has 6%, f(t,s)e A, then d*f(to,..., t,)€A for all 
(to,.--, &)EeI@™. 


Proof. Since ôf is symmetric, we can suppose that tas + otc 

(i) Special case: (t;—to)/(t,—to)€Q@ for i=0... k. 

Let m be the smallest common denominator of these positive rational numbers 
and put n,/m:=(t;—to)/(t,—to). Then we write t=to+n;s, ie. the points 
to,..., G are among the points tp,tg+s,..., tot+n,s. Therefore, by (1.3.10), 
O*f(to,..., ty) is in the convex hull of the values Of (to+rs, tot (r+1)s,..., 
to+(r+k)s)=68, f(to +15, s) which by assumption lie in A. So ôf (to, . . . , tJEA 
since A is assumed to be convex. 

(ii) General case. Because f is continuous, d*f (to, ..-, ty) can be obtained as 
limit of values d*f(sy,...,s,) where the so,..., S, are as in case (i). So 
O*f (So, ... 5 8,)€A, which implies 5*f (to, .. . , t,)€A since A is assumed to be 
closed. o 


Remark. Without the continuity assumption on f, (1.3.12) fails as shown by the 
following example (using a basis for R as vector space over Q). Let f: R>R bea 
function which is additive (i.e. f(t + s)=f(t)+f(s) for all t, s) but not continuous. 
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Then 62, f=0 but 6?f is not locally bounded since otherwise f would be even 


differentiable, cf. (1.3.17). 
1.3.13 Lemma, Let TS be two subsets of D with k+1 elements each. There 
exist enumerations T={to,..., ty} and S={so,..., S) such that ti#s; for i<j; 
and then 
1 4, 

Of (to, -a - OF (So... I=L Ys) et Stas a tis Sis + + 5 Se) 

k+1 2% 
for any f: D > E. 


Proof. For the enumeration we put the elements of TAS at the end in T and at 
the beginning in S. Using the recursive definition of 6**' f, the sum on the right 
can be written as a telescoping sum. o 


1.3.14 Corollary. Let ISR be an interval of finite length L and 
(So... , 5,)e1%. Then one has 


sup|d* fA) <L: supt fU HFFS - - - s S) 


Jor any function f: 1 >R. 
In particular, 5**1f bounded implies 6*f bounded. 


Remark. The last statement fails if J is unbounded: If f(t):=t**', then 6°*' fis 
bounded on R‘**?> since it has the constant value (k+ 1)!, but 6*f(to,....tJ= 
ki(ty + +--+ +t,) is not bounded on R‘®”. 


1.3.15 Proposition. (Zst Mean Value Theorem.) Let I  R be an open interval, 
O<j<k, xeI*, and f:1 > R j-times differentiable. Then there exists a Ge I~? 
such that d*f(x)=6*-Jf(6). 


Proof. It is obviously enough to prove this for j=1. Let x=(to,..., ty) and 
without loss of generality ty< ... <t,. Set r:=f—p where p is the inter- 
polation polynomial of (1.3.7) for f and the points ty, ..., ty. Hence r(t;)=0 
for i=0,..., k and by Rolles theorem there exists a č;, s.t. t;<€;<t,,, and 
r (€,)=0, ie. f (€,)=p'(é,). Thus p` is the interpolation polynomial for f` and the 
points čo, . . . , &,—_,. Comparing the highest term of p and p` according to (1.3.7) 
yields the desired result. 


Remark, This lemma has the well-known consequence, that for a function 
fi:I>R of class C*, f(t) is the limit of O*f(to,..., ty) where all the t; tend 
towards t. In particular one then has f ®(t)= lim, >o 0%, f(t; 5). 


1.3.16 Proposition. (2nd Mean Value Theorem.) Let I = R be an open interval, 
O<k, x=(to,..., t,)e1*, and f:1-R continuous on I and differentiable at all 
ti- Then 
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(i) ti f(x, t,):=lim,.. 6** 1 f(x, t; +0) exists; 
(ii) of O=—4 a aie ci 
(iii) there exists a “eI with b*f (x)=6d*t t f(x, £. 


-= Proof. (i) Follows from the symmetry of 6***f and (1.3.6). 


(ii) Is proved by induction. One uses that with the definition (i) above the 
recursion formula (1.3.1) remains valid if two points coincide, provided that f is 
differentiable at the respective point. 

(iii) Consider the continuous map g:I—>R defined by g(t):=6"*'f(to,..., 
tų t). It takes on I the value 6*f (to, .. . , ty) since by (ii) this is the mean value of 
g{to)s as | g(t). m 


1.3.17 Lemma. Let ISR be an open interval; f:1—>R; and suppose ôf is 
bounded on I<*?. Then f is differentiable. 


Proof. Since 


AEDADE AA M6 ayaa uetan 


the Cauchy condition for the existence of f(t) is satisfied. 


1.3.18 Lemma, Let ISR be an open interval, f:.I +R, and MER. Suppose 
|6**1f| is bounded on I**® by M; then f is k-times differentiable and |6'f™| is 
bounded on I‘? by M. 


Proof. One uses induction. For k=0 one has nothing to prove. So let us 
assume it holds for k—1 and let |6**'f| be bounded by M. Using (1.3.14) we 
obtain that |6/| is bounded on J‘? for every bounded subinterval J of J. Thus 
by (1.3.17) g:=f":1-R exists and by (ii) in (1.3.16) fg is bounded by M. The 
induction hypothesis implies that g is (k — 1)-times differentiable and 6!g“~ ” is 
bounded by M, as to be shown. O 


1.3.19 Definition. Let E, F be normed spaces; D € E; and f. D—>F. 

(i) f is called Lipschitzian (on D) if there exists an MeR such that || f(x)— 
FSO) <M|x—yll for all x, »eD. The function fis called locally Lipschitzian if 
every point of D has a neighborhood U in D such that f |g: U >F is Lipschitzian. 

(ii) Let DCR” be open and f;D->R. Then f is called k-times Lipschitz 
differentiable if f is k-times differentiable and has a locally Lipschitzian deriva- 
tive f of order k. 


1.3.20 Proposition, Let U = R" be open; F a normed space; and f: U>F. Then 
the following statements are equivalent: 


(1) fis locally Lipschitzian; 


18 1 Foundational Material 


(2) fis Lipschitzian on every compact subset of U; 
(3) the partial difference quotients 6; f (i=1...m) of f are bornological maps; 
cf. (1.3.4) and (iv) of (1.3.5). 


Proof. (1=2) Suppose fis not Lipschitzian on the compact set K. Then there 
exist for every ne N points x, #y, in K with || f(x,)—f(y,)ll >nilx,—y, ||, and we 
may assume that lim,- Xa = x and lim,- Yn = Y. If x #y we get a contradiction 
with the continuity of f at x and y, the continuity being implied by the 
hypothesis. And if x=y a contradiction with the fact that fis Lipschitzian in a 
neighborhood of x results. 

(2=>3) By (1.2.7) it is enough to show that 6,f is bounded on sequences 
ne (ti... e tP... E) of USO +--+ © that converge in UO > ee 
For such a sequence the points (t],..., t?,...,@) and (f{,...,¢7,..., En) 
all stay in a compact subset of U, hence the assertion follows. 

(3=1) One chooses for any given point in U a box-shaped compact 
neighborhood F. For x#yeV one writes 


F(x)—f(y) = ps (Pl. 6s Xj Vjrtr DSE +6 Xj- 


In the sum we drop all terms which are zero, divide by ||x—y|| and use 
lx— yl >|x;—y,|. Thus we obtain 


IA- 
Ix—yl 


S$ ISSE XY 3 Vmdll- 


1.3.21 Lemma. Let UCR be open, k>1, g: U x U”—>R be a k-times Lipschitz 
differentiable map. Then ô; g: US? x U”>R extends to a (k—1)-times Lipschitz 
differentiable map on U? x U™=U™*?, 


Proof. Since such an extension has to be locally unique, it is enough to show its 
existence locally. So let (a, a; b)e(U2\U“’) x U™. Choose an open interval I with 
aeICu. Since g\;. ym is k-times Lipschitz differentiable, 5,9, defined by 
6,9(t. t; x)= f a 0,g(t+s(t'—0),x)ds, yields a (k—1)-times Lipschitz differen 
tiable map which extends 6,g, as integration by means of the substitution 
s:=t+s(t'—t) shows. 


1.3.22 Theorem. Let UCR be open, f. U >R, and 0<j<k. Then the following 
statements are equivalent: 


(1) fis k-times Lipschitz differentiable, cf. (1.3.19); 
(2) Every point of U has a neighborhood V € U such that 6**1 fis bounded on 


yskt Hs 

(3) ttf USt R is a bornological function, cf. (1.3.1) for the bornology of 
Uset Ms 

(4;) Hf:UP +R has a (k—j)-times Lipschitz differentiable extension 
bff: UItISR. 


1.3 Difference quotients 19 


Proof. Obviously (49) equals (1). We show first that (4;>4,,,) for O<j<k. 
Thus we are given a (k—j)-times Lipschitz differentiable extension 6/f of 
İf: UPR to UHHH, 

We have to find a (k—j—1)-times Lipschitz differentiable map 
6/**f,Us*?R extending 6/*1f: UHR. For this it is enough to extend 
ô (fU x UIR to Us*?, This is guaranteed by (1.3.21). 

Hence (1)=(49)=>(4))> (4). 

(4,=>3) Since ĝ*f is locally Lipschitzian we obtain that its partial difference 
quotients are bornological, i.e. 6°*+f=6,(5*f)| yarn is bornological. 

(32) One chooses a compact neighborhood V £ U. 

(2= 1) Since (1) is a local property this is just (1.3.18). E 


1.3.23 Remark. (i) From the remark after (1.3.15) it follows that under the 
equivalent conditions of the theorem one has: f™()=6 "f(t, ..., t). 
(ii) Conversely one can prove the following formula for the extension: 


Fist] fap. AG Sa. do 
Ao Ap 


Here (Ag, ..., Ap) denotes a partition of (to, . . . , ty) each A; consisting of k;+ 1 
elements and such that all t; contained in A; are in the same connected 
component of U. The integrals on the right side are defined by 


řk-1 ro 1 


[ra= | mee | | Frost =r ++ +5,(r,—1,~1))ds* ... ds? 
A 0 0 0 
for A=(r9,..., fh 


(iii) Another interpretation of 6*f(to, . . . , t,), where the t; should be equal in 
groups A,, is as highest coefficient p, of the polynomial p(t):= po +(t— to) py + 
... $(t-to)...(t-t-1)p, that agrees with f at the points t;,¢A; up to 
order card (A,); e.g. 67 f(a, a,b) is the coefficient of t° in the polynomial p of 
degree at most 3 satisfying p(a)=f(a), p'(a)=f' (a), p(b)=f(b). 


1.3.24 Theorem. Let U CR be open and f: U >R. Then the following statements 
are equivalent: 


(1) fis smooth, i.e. has derivatives of all orders; 

(2) Every point in U has a neighborhood V€ U such that 6*f is bounded on 
V<®© for all k (or infinitely many k); 

(3) For all k (or infinitely many k), 6*f: U“ =R is a bornological function, see 
(1.3.1) for the bornology on US®; 

(4) For all k (or infinitely many k) ôf admits a smooth (a locally Lipschitzian) 
extension to U**}, 


Proof. This follows immediately from (1.3.22). O 
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We turn now towards functions of several variables. First we rewrite the 
recursive definition of 6*: 


1.3.25 Lemma. Let D € R,f:D—>E be a map with values in a vector space E and 
; j+k\ ., 
let j,k>0. Then 6/*+*f= @ Jaen, where Òf has to be considered as map 


defined on the subset DP of D x D*. 


Proof. This follows by induction, using that by the recursion formula in (1.3.1) 
one has 6**+f=(k+1)6,(6*f). 


1,3,26 Lemma, Let lx ... XIm be an open box in R”, K=(k,,.... Km) 
K(k, +1,k,,...,k,) FLX... x1,,-R a map for which the first partial 
derivative 0,f exists and 6“ f is bounded. Then 5*@, f is bounded. 
Proof. By the second mean value theorem (1.3.16) we have 

ôa f(x',.. «x)= e meh xe eNOS 

dk +1 O inca km) €(_, x7, my x™))(E, x')=6" f(E, x, x2, ee x”) 


for some čel,. In the case where € equals some coordinate x} of xt, the 
‘difference quotients’ have to be interpreted in the sense of (i) in (1.3.16). 


1.3.27 Corollary, Let 1,x...xI,, be an open box in R", k>0, f:I,x...x 
Im>R a map for which ôf is bounded for all x with |k|=k+1. Then the partial 
derivatives “f of order x with |x| <k exist and all 6,4°f are bounded for i<m. 


Proof. By the recursion formula (v) of (1.3.5) for ôf and (1.3.14) we obtain that 
"fis bounded for all |x| <k+ 1. Thus by (1.3.17) the partial derivatives ô; f exist 
and by (1.3.26) 6d; f is bounded for all i and all |x|<k. Applying this argument 
inductively we obtain the existence of all partial derivatives 4" f for |k| <k and 
the boundedness of their difference quotients 6,0*f. 0 


1.3.28 Theorem, Let UCR” be open, f: U>R a map, ke N and O<j<k. Then 
the following statements are equivalent: 


(1) fis k-times Lipschitz differentiable, cf. (1.3.19); 

(2) Every point in U has a neighborhood V & U, such that 5°f(V ®©) is bounded 
for each multi-index x with |k|=k+ 1; 

(3) ôf:U™—R is bornological for all x with \x|=k+1, cf. (1.3.4) for the 
bornology of US*; 

(4;) Of: U >R has a (k—j)-times Lipschitz differentiable extension to U* for 
all « with |k|=j. 


Proof. (Compare with the analogous theorem for one variable (1.3.22).) 
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(4;=4;+1) for O<j<k. We have to extend 6"ffor all x with |x| =j+1. At least 
one k; has to be greater than 0, without loss of generality k,>0. Let 
K=(k2,...,k,,). Since the extension problem is a local question, we may 
assume that U =I x W with I&R, WER"! open. By (4,) we have a (k—j)- 
times Lipschitz differentiable extension 6@!~ 1+") f of FTL fto US bo = 
Thx W=Ix I~! x W". By (1.3.21) we obtain a (k—j—1)-times Lipschitz 
differentiable extension of 6,(6@71"f) to 2x Pa71x We =]etly Wea 
U“» = U“, which obviously extends at the same time 6*f. 

Hence (1)=(4))>(4;) => (4,). 

(4,3) 84e f=65,(6"—1-f) is bornological since â% tf has a locally 
Lipschitzian extension for k, — 1 +|x]=k. 

(3=>2) One chooses any compact neighborhood. 

(2=1) Since (1) is a local property this is obtained by using (1.3.27) and 
(1.3.20). o 


1.3.29 Theorem. Let U € R" be open, f:U—>R a map. Then the following 
statements are equivalent: l 


(1) fis smooth, i.e. has (partial) derivatives of all orders; 

(2) For every point in U and for every multi-index « there is a neighborhood 
VSU, such that ôf is bounded on V ®?; 

(3) For all x the map 6°f:U°?—R is bornological, ef. (1.3.4); 

(4) For all x the difference quotient 6"f:U**? +R has a locally Lipschitzian (a 
smooth) extension to U“. 


Proof. This follows immediately from (1.3.28). 


The following proposition will be used in section 3.7 in order to determine the 
differentiable multilinear maps. 


1.3.30 Proposition, Let #: E,x ... xE,—7F be a multilinear map between 
vector spaces and c;: R> E; curves. Then 


8 (22° (C1, ae Ga oa aa tba) 


k! 
=F ———— (801 (to... » s tp pO Ca(tyys - + > Ley tha) 
kyl... Kp! 
FRc om «Waa Ler aR ree? 2 
where the sum is to be taken over all k;>0 with kj + ++: +k,,=k. 


Proof. One first proves the case m=2. In this case the formula reduces to 


; k fk : 
(a2 (c1, C2) (to, weg t= > (P) tate, e., triho C5 te (4 sey ty)) 


and is proved by induction on k. 
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The general formula is then derived by induction on m. Here instead 
of the multilinear map æ: E,x ... x E,,—F one considers the associated 
map #”:E,x ... x£E,,_,7Lin(E,,,F), where Lin(E, F) denotes the space 
of linear maps from E to F. Define c(t)=  (c;(t),..., Gn—1(f)) and let 
ev: Lin(E,,, F) x E,,2F be the bilinear evaluation map. Then w#°(c,,...,¢,)= 
we” (cilt), . -p Cm—1 0) (c,.(Q) =ev(c(0), c,,(t)). Now apply step 1 of the proof. 
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The notion of an -map introduced in (1.1.1) is particularly useful in order 
to generalize classical notions of Banach space calculus such as ‘locally 
Lipschitzian’, ‘k-times Lipschitz differentiable’ and ‘smooth’. For this we shall 
use as M one of the sets Zij, Liz" or C® defined as follows: 


1.4.1 Definition, (i) c denotes the set of locally Lipschitzian function 
R > R; cf. (1.3.19). 

(ii) Lx" denotes, for ke No, the set of k-times differentiable functions R > R 
for which the derivative of order k belongs to Lig. In particular “/° is the same 
as Lip. 

(iii) C” denotes the set of smooth functions R - R. This set C” will also be 
denoted by Lig”. 

(iv) With Ap , Lip * and C” we denote the respective category obtained 
according to (1.1.1). Hence notions like “-structure, “y"-space and Lipă- 
map make sense. &</-structures are also called Lipschitz structures, C®- 
structures also smooth structures. 

Any Banach space E, and more generally any vector space E with a given 
linear subspace E’ of its algebraic dual has a natural “/*-structure for any 
keNo,.., namely the one generated (in the sense of (1.1.3)) by E’. We first show 
that a map between normed spaces is a “i~-map exactly if it is locally 
Lipschitzian in the classical sense, cf. (1.3.19). This will be fundamental for 
proving in Chapter 4 that a map between Banach spaces is a “f*-map 
{respectively a C*-map) exactly if it is k-times differentiable with locally 
Lipschitzian kth derivative (respectively smooth) in the classical sense. 


1.4.2 Theorem. Let E, F be normed spaces, U S E open and g: U >F be a map. 
Then the following statements are equivalent: 


(1) gis a Lif-map (with respect to the natural Lipschitz structures generated by 
the continuous linear functionals); 

(2) g is locally Lipschitzian; 

(3) g is Lipschitzian on every compact subset of U. 


Proof. (Compare with the similar statement for finite-dimensiona! E, (1.3.20).) 
(1=2) Assume that at a point peU property (2) fails. Then there exists for 
each neN points x,, y, with ||x,—p||<1/n?, lly,—pl|<1/n? and |lg(x,)— 
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g(y,)|| >n: ||x,—y,||. We consider the following curve c:R-E: c(t):=x, for 
t<0; c runs with constant speed of norm 1 from x, to y, for t;=0< 
t<||x,—y,||=!s,; similarly it runs from y, to x, for s,;<t<s,+||y,—x2l| =t; 
and so on. Since t=), xas ynl + Vo, lXn+1— Xall is finite, c(t) tends to 
p=lim x,=lim y, as t increases towards t,,; so we define c(t):=p for t>t,,. By 
construction one has for any t, se R: ||c(t)—c(s)|| <|t—s| and therefore for all 
CEE’: |\(¢°c)(t)—(¢°c)(s)|<|¢|| -|¢—s], where ||¢\|:=sup{|¢(0)|; ||xl| <1} is the 
operator norm of /. This shows that c is a Yf-curve in E, and thus at least 
locally around t,, stays in U. 

On the other hand we have |c(t,)—c(s,)l]]=|lx,—Y,all=|t,—S,l, hence 
IG o Nta) — (g ° Sa) = Ign) -—9Wn)ll >n: It, —S,|- This shows that the set 


fe NEG °C) ~} 


fi — Sn 


is unbounded in the norm. Hence it is unbounded under some element / € F’ (cf. 
(i) in (2.1.21)), ie. 


EOCEEN 


tn— Sn 


is unbounded. Thus f ° g ° c ¢ Zif, and this is in contradiction to property (1). 
(2=>3) This is proved in the same way as (1=2) in (1.3.20). 
(3=1) Let c: R>V be a Lf-curve; I&R a bounded closed interval. Since for 
any fE E’ one has foce Lip, the set 


{Oa ras, ssel] 
t—s 


is bounded. By the uniform boundedness principle (cf. [Jarchow, 1981, p. 220]) 
there exists a constant N, such that ||c(t)—c¢(s)||/|t—s|<N, for t#s; tsel. 
Since c is continuous, c({) is compact and so using (3) we find a constant N, with 
lg) —g(y)|| < N2° ||x— yl] for x, yec). Putting this together we get ||(g ec)(Q)— 
(gec)(s)||<N,N.|t—s| ‘and hence for any feF’:|\(Cogec\(t})—@>goc)(s)| 
<N,Nolléll-\t—sl. 

This shows that fogoce Lif and hence g is a Lif-map. o 


The main result of this section, which states that the category C™ of smooth 
spaces is cartesian closed, was first proved in [Lawvere, Schanuel, Zame, 1981]. 
In (4.4.44) we will show that C™ contains all classical and even many infinite- 
dimensional smooth manifolds. 


1.4.3 Theorem. The category C® of smooth spaces is cartesian closed. The 
smooth structure of C®(R, R) is generated by all functions of the form £ > 6*:C™(R, 
R)—>R where 6*:C®(R, R)N>7*(R“, R) consists in taking the difference quotient 
of order k and £ runs through the linear €°-maps ¢°(R“”, R)—>R. In particular the 
smooth structure of C™(R, R) is linearly generated; cf. (1.1.3). 
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Proof. In order to apply theorem (1.1.7) we have to study the set 
€ ca {ce:R+C*”;ée C*(RuR, R)}. Since R has to be considered with its natural 
C”-structure (C™,C™) one gets: 


Con={e:R>C*; éo(0,1)€C® for all o,te C™}. 


Since according to a theorem of [Boman, 1967] (of which a new proof is given in 
(4.3.30)) a function R?-R is smooth if and only if it is smooth along smooth 
curves, this gives: 


€cn={e:R>C*; é:R?>R is smooth}. 
Again one considers the associated function-set: 
Pcs ={f:C”>R; foceC™ for all cece}. 
We first show that it contains at least the following functions: 


For any keN, and any linear £® -morphism 7:£®(R®, R)>R, the function 
l o &:C®—>R belongs to O@¢.. 


According to (1.3.24) this can be proved by showing that for any cE ca one has: 
O(¢ o ð ə c) is an £” -morphism for all j>0. For ce gex the function ĉ:R?—>R is 
smooth and hence by (1.3.29): & 85 & RV x R —R is an £*-map. According to 
the cartesian closedness of ¢” (1.2.8) we conclude: (6) 85 ê)“ :RP +£7(R™, R) is 
an ¢”-morphism, where ()‘ is defined by h’(x) (y):=h(x, y). Since one has the 
identity 5/(5* oc)=(64 640)’ we obtain, using the linearity of Z: ÏZ ə ô" sc) 
=f o 55" oc)=L (54 85 ô)“. 

As composite of two ¢*-morphisms this is an £”-morphism, and this implies 
that Z o ð belongs to ®G,~. 

Now let c: R+C™ be such that foceC® for all fe®@,~ which are obtained 
according to the lemma, ie. for f=/» ô with / as above. We have to show that 
é:R?-R is smooth. By (1.3.29) this is equivalent with 


64 ôk é: RR“? x RR is an ¢”-map for all j, k>0. 
Which by (1.2.8) is again equivalent with 
(64 85 ô“ IRV? +4%(R™, R) is an £%-morphism for all j, k>0. 


Since by (1.2.10) the “*-structure of /”(R®?, R) is linearly generated, we can test 
this last map by composing with functions £ as in the lemma. We use again the 
identity £°(d4 64 ô)“ =6(¢06*oc), By assumption, f°d*>c is smooth, so 
ôT (f 0 ôo c) is an £%-morphism by (1.3.24) and the theorem is proved. O 


1.4.4 Proposition. Let X be a smooth space and E any vector space with a 
smooth structure that is generated by a set S of linear functions. Then the 
following families of linear morphisms are initial: 


(i) c*:C”(X, E)>C*(R,E) (ceC*(R, X); 
(ii) £,:C°(X, E)>C”(X, R) (Ce); 
(iii) C*(c, 2):C*(X, E)>C*(R, R) (ceC*(R, X), CE). 
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Proof. This result is analogous to (1.2.9) and is an immediate consequence of 
(1.1.8). 


1.4.5 Corollary. Let X be any smooth space and E any vector space with a 
linearly generated smooth structure. Then the smooth structure of C*(X, E) is also 
linearly generated. 


We give now some standard consequences of cartesian closedness. 


1.4.6 Proposition, For any smooth spaces X, Y, Z the evaluation ey: 
C°(X, ¥)nX — ¥ and the composition comp: C*(Y, Z)mC”(X, Y) >C(X, Z) are 
C”-maps. 


Proof. Since ev={idcœ;x, y))*, the first part is obvious. So is the second part 
since comp “(g, f, x)=ev(g, ev( f, x)) for appropriately chosen evaluation maps. 
oO 


1.4.7 Definition, A smooth group G is a smooth space for which the underlying 
set has a given group structure such that the group multiplication #:GnG-G 
and the inversion v:G—>G are C®-maps. 


1.4.8 Proposition, Let X be any smooth space. If one puts on the group Diff (X) 
of all C”-diffeomorphisms of X the initial smooth structure induced by the two 
maps i, j:Diff(X)+C”(X, X), where i(f):= f and j(f):=f~ +, then Diff(X) is a 
smooth group. 


Proof. One has the following identity for the group multiplication: 
io» =compe(imi). Hence, using (1.4.6), ioa is a C*-map. Similarly 


jem=comp?(jujjeg where o(f, g):=(g, f) shows that je is a C*-map. 


Together this shows that + is a C®-map. For the inversion map v it is even 
simpler, since iov=j and jov=i. 


1.4.9 Definition, A smooth action of a smooth group G on a smooth space X is 
a C®-map f: GOX —X such that 


(i) f(9192. =f (91; f (G2. x)) for g1, 92EG, XEX. 
(ii) f(e, x)=x for xe X, e the neutral element in G. 


Act(G, X) shall denote the smooth space formed by the C*-actions of G on X 
with the smooth structure induced by its inclusion in C*(GmX, X). 


1.4.10 Proposition. There is a natural isomorphism between the space Act(G, X) 
of smooth actions of G on X and the space Hom(G, Diff (X)) formed by the C™- 
homomorphisms G—Diff(X), where Hom(G, Diff(X)) has the smooth 
structure induced by its inclusion in C”(G, Diff(X)) and Diff(X) the one used in 
(1.4.8). 
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Proof. To feAct(G, X) one associates f Y: G>C”(X, X) and verifies that for 
any geG one has f ’(g)e DiX) and that f “:G>Dif(X ) is a C*-homomor- 


phism. To he Hom(G, Diff{(X)) one associates h:GnX +X and verifies that. 


he Act(G, X). Obviously these maps define a bijection between Act(G, X) and 
Hom(G, Diff(X)). That the bijection is a C®-isomorphism also follows from 
cartesian closedness, i.e. the universal property of the function space structures 
one works with. 


2 CONVENIENT VECTOR 
SPACES 


In some sense convenient vector spaces are the most general linear spaces for 
which a differentiation theory upholding the basic classical properties is 
possible. For calculus one obviously needs limits and therefore certain 
separation and completeness conditions. These conditions will be specified in 
sections 2.5 and 2.6, but are not imposed for the preliminary considerations 
which concern a bigger class of spaces called preconvenient vector spaces. 
Various types of structures can be used to describe preconvenient vector spaces. 
We shall discuss these structures carefully in sections 2.1-2.3 and show in section 


.2.4 how for a preconvenient vector space they determine each other. 


In section 2.1 we summarize classical material on locally convex and convex 
bornological spaces. In section 2.2 convenient vector spaces are identified, by 
means of Mackey convergence, with certain convergence vector spaces. The 
Mackey convergence of filters and nets is discussed and it is shown that for most 
results one can stick to Mackey convergence of ordinary sequences. In the same 
section also the topology associated to the Mackey convergence structure, called 
the Mackey closure topology, is introduced. Its main interest is due to the fact 
that it is, as shown in section 2.3, the final topology induced by various families 
of curves, e.g. the smooth ones. It is not compatible with the vector addition in 
the classical sense but it is compatible if considered as are-generated topology. 
For calculus on vector spaces the structures as considered in Chapter 1, i.e. 7”-, 
Lift- or smooth structures are important. Since all the structures mentioned so 
far determine a dual we also introduce vector spaces structured by specifying a 
subspace of the algebraic dual. The relations between the various structures are 
investigated. An appropriate way to do this is in terms of (adjoint) functors. In 
many cases a non-categorical reformulation is added. In particular (2.4.4) is such 
a reformulation of (2.4.3) summarizing the various characterizations of pre- 
convenient vector spaces. If the reader is willing to accept this result he can start 
reading this chapter there. 

In sections 2.5 and 2.6 the separation and completeness conditions are 
described in terms of the various structures, and it is shown that they are not 
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only sufficient but also necessary for the uniqueness and existence of the desired 
limits. To every non-separated preconvenient vector space one associates a 
separated one having the usual universal property. Similarly to every non- 
complete preconvenient vector space an associated complete one will be con- 
structed. The separation and completion functors so obtained are fundamental 
in order to show in Chapter 3 categorical properties for the convenient vector 
spaces. 


2.1 Locally convex and convex bornological spaces 


For many classes of linear spaces, in particular those mentioned in the title, one 
has natural dual spaces. Since we do not suppose a separation condition it is 
useful to work with the following 


2.1.1 Definition. (i) By a dualized vector space E we shall understand a (real) 
vector space (denoted also by E) together with a given subspace E’ of the 
algebraic dual of E. 

(ii) The category DVS has as objects the dualized vector spaces; the 
morphisms from E, to E, are those linear maps +#:E,—7E, which satisfy 
m*(E5) S Ei. 


Remark. In the special case where the functions in E’ separate points of E, 
(E, E') is a dual pair in the usual sense. 


We next recall the definition of (convex) bornological vector spaces; cf. 
[Hogbe-Nlend, 1977, p. 19]. 


2.1.2 Definition. (i) A bornology # (cf. (1.2.1)) on a vector space E is called 
vector bornology if the addition Ex E-E and the scalar multiplication 
Rx EE are bornological maps with respect to the product bornologies (cf. 
(4.2.2)), R being taken with its standard bornology. A bornological vector space is 
a vector space together with a vector bornology. 

(ti) A convex bornological space is a bornological vector space for which the 
convex hull of each bounded set is also bounded. 

(iii) Born VS denotes the category of bornological vector spaces with the 
linear bornological maps as morphisms; CBS denotes the full subcategory 
formed by the convex bornological spaces. 

(iv) A bornological vector space E is called separated iff {0} is the only 
bounded subspace, or equivalently if for OAxeE the subspace R-x is 
unbounded. 


2.1.3 Lemma. A bornology 2 on a vector space E is a vector bornology if and 
only if it has the following two properties: 
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(i) BeZ=B+Be ZJ, 
(ii) BeB>U net tBeZ. 


Proof. Trivial verification. 


2.1.4 Lemma. A bornology Z on a vector space is a convex vector bornology if 
and only if it has the following three properties: 


(i) BEeB>—BeSB, 
(ii) BEB>2-Be 2; 
(iii) Be B>B) e2, where <_> denotes the convex hull. 


Proof. Trivial verification. o 


2.1.5 Proposition. CBS is a reflective and coreflective subcategory of 
Born VS. 


Proof. Let Z be a vector bornology on a vector space E. Using the lemma 
above one easily verifies that the following are convex vector bornologies on E: 


2 :={B, SE; B, S<B) for some Be 2y; 
B:={B CE; <B yE 2}. 


Replacing # by 2, resp. 2, gives two fenctors Born VS—> CBS; the first is left, the 
the second right adjoint to the inclusion functor. 


2.1.6 Remark, The categories 2 of linear spaces which we shall consider will 
always contain R as an object and for any #-object X, the set X(X, R) wil 
be a linear subspace of the algebraic dual of X. One therefore obtains a 
dualized vector space 5X having the same underlying vector space and 
(6X)'=2(X, R). This extends to a functor 6:2 — DVS preserving the underlying 
vector spaces and the underlying maps. It will be called the duality functor for ¥ 
and will be denoted by the same ô for various choices of Z. 

In most cases 2 has initial structures with respect to the forgetful functor 
4— VS. We can then associate to any dualized vector space E an 2-object cE as 
follows: it has the same underlying vector space and the initial structure induced 
by the family f: E>R (£ € E’). This extends to a functor o: DVS preserving 
the underlying vector spaces and the underlying maps. o will be used with an 
index indicating the respective choice of %. 


2.1.7 Proposition, The duality functor 6:CBS— DVS for the category of convex 
bornological spaces has a right adjoint o,:DVS+CBS (given by scalar 
boundedness) and both preserve the underlying vector spaces and the underlying 
maps. 


Proof. Since the verifications to be made are trivial, we only describe explicitly 
the structure of o,E according to the general definition given in (2.1.6): B = Ope 
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is bounded iff B is scalarly bounded, i.e. iff 7(B) S R is bounded for all 7 E’. This 
is the initial bornology induced by all / € E’, where R is considered with the usual 
bornology. ; 


2.1.8 Definition. LCS denotes the category of (not necessarily separated) 
locally convex spaces, cf. [Jarchow, 1981, p. 108], with the linear continuous 
maps as morphisms. 


2.1.9 Proposition, For the category of locally convex spaces the duality functor 
5:LCS— DVS has a left adjoint 1:DVS— LCS (given by the Mackey topology) and 
a right adjoint 6,:DVS>LCS (given by the weak topology); both pre- 
serve the underlying vector spaces and the underlying maps and they satisfy 
dop=dco,=ld. 


Proof. Let us first, for a dualized vector space E, describe pE; it is obtained by 
supplying E with the finest locally convex topology with the property that E’ be- 
comes the topological dual. That this topology exists and behaves functorially 
is well known in the separated case; it is called the Mackey topology (cf. 
[Jarchow, 1981, p. 58, p. 61]). For arbitrary E one considers the associated 
separated dualized vector space E,:= E/Ey where Ey:={xe E;¢(x)=0 for all 
leE}, with (E Y:={4:E1>R; 4, linear and 4,.cne EF), 1: EE, being the 
canonical projection. One structures E, with the Mackey topology and then E 
with the initial topology induced by z and calls the result pE, or h(E, E’). One 
shows, using Hahn—Banach, that E’ becomes the topological dual of pE, and 
that this gives the finest locally convex topology on E with that property. The 
adjunction follows since by construction duE=E for every dualized vector 
space; and id: ôF >F is continuous for every locally convex space F. We recall 
that a (separated) locally convex space F is said to be a Mackey space iff 
F=poF. 

The right adjoint c, is obtained according to the general construction of 
(2.1.6): One puts on E the initial topology, denoted by o(E, E ), induced by all 
f:E>R of E’, called the weak topology, and one verifies that this is the coarsest 
locally convex topology on E yielding F’ as topological dual, cf. [Jarchow, 1981, 
p. 147]. 


We next recall the classical relation between locally convex and convex 
bornological spaces, expressed by a pair of adjoint functors 
LCSSCBS. 


2.1.10 Proposition, (i) For any locally convex space E the subsets B which are 
absorbed by every 0-neighborhood U (that means there exists ate R with BSt-U) 
form a convex vector bornology (usually called the von Neumann bornology of E), 
and thus one obtains a functor p: LCS>CBS. 

(ii) This functor B has a left adjoint y:CBS—LCS (one takes as 0-neighborhood 
basis the bornivorous absolutely convex subsets, i.e. those that absorb bounded 
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sets); and both functors preserve the underlying vector spaces and the underlying 
maps. 


Proof. (i) is trivial. 

(ii) On a convex bornological space E there exists a unique locally convex 
topology having as 0-neighborhood basis the absolutely convex bornivorous 
subsets of E, cf. [Jarchow, 1981, p. 33]. The so obtained space yE has the finest 
locally convex topology having as von Neumann bornology the original one, 
or, in other words, such that id:E-fyE is bornological. This implies that 
id: yBF > F is continuous for any locally convex space F. We thus have described 
unit and co-unit of the stated adjunction. O 


2.1.11 Remark. We shall often meet, as in the above proposition, functors 
e 
Kæ Y between concrete categories which preserve the underlying spaces and 


y 

the underlying maps. It is then a trivial consequence that @ and y induce 
isomorphisms between the full subcategories ¥*:={Xe%;X=WoX} and 
Y*:={YEY; Y=owY). If in addition y is left adjoint to g and unit and counit 
of adjunction are formed by the respective identity maps, then ¥* is coreflective 
in Z (with yọ as right adjoint to the inclusion); %* is reflective in X (with ow as 
left adjoint to the inclusion) and pWy = ọ, yew =. In the case of the functors £ 
and y of (2.1.10) one finds as 2* and &* well known subcategories. 

We recall now the classical terminology and the consequences of (2.1.10) 
according to the general remark above. 


2.1.12 Definition. (i) bLCS denotes the full subcategory of LCS formed 
by the bornological locally convex spaces, ie, the locally convex 
spaces F satisfying F=yBF; this equation means: the bornivorous absolutely 
convex subsets form a 0-neighborhood basis of the topology. For any locally 
convex space F, the locally convex space yBF is called the bornologification of F. 

(ii) tCBS denotes the full subcategory of CBS formed by the so-called 
topological convex bornological spaces, i.e. the convex bornological spaces E (ef. 
(2.1.2)) satisfying E = By E; this equation means: the subsets that are absorbed by 
the bornivorous absolutely convex sets are the bounded ones. 


2.1.13 Corollary. 


(i) bBLCS =tCBs; 
(ii) bLCS is coreflective in LCS; 
(iii) tCBS is reflective in CBS; 


Locally convex topologies, convex vector bornologies and the functors $, y of 
(2.1.10) can also be described by means of seminorms. 


2,1,14 Definition. A seminorm on a vector space E is a function p: E>R with 
the properties: j 
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(i) p(x)>0 for all xe E; 
(ii) p(tx)=|t\p(x) for all xe E and teR; 
(iii) p(x + y)<p(x)+ p(y) for all x, ye E. 


A non-empty family 2# of seminorms on a vector space E determines a locally 
convex topology on E (one takes the sets {x€ E; p(x)<1/n} for pe? and ne N as 
subbasis for the O-neighborhood filter) and a convex vector bornology (one 
takes as bounded sets those which are bounded under each pe). 


2.1.15 Lemma, Let BAG he an absolutely convex subset of a vector space 
E. Then Unen 1B is the linear subspace of E generated by B, and one ob- 
tains a seminorm on it (called the Minkowsky functional of B) by defining 
\|x||p:=inf{s>0;x esB}. With Eg one denotes the so obtained seminormed space. 


2.1.16 Remark. Suppose B,;#@ is an absolutely convex subset of a vector 
space E, and set E:=II,., E; and B:=X,.;B;SE. Then it is easy to show that 
E,=TI,,_,(E,)g,. Here we use the product of normed spaces F;; it is the vector 
space of those elements of the cartesian product of the vector spaces F; for which 
the norm xt>||x||,.:=sup{ |lprj(*)l|; jeJ} is finite, cf. [Hogbe-Nlend, 1977, p. 
10]. In the case where J is finite, the underlying vector space of II; «zF; is the 
cartesian product of the spaces F; and the norm ||— ||. is equivalent to the norm 
|||, for any positive real number p where (ixl =}; lpr ell 2. 


2,1.17 Remark. If U is an absolutely convex 0-neighborhood in a locally 
convex space E, then Ey=E as vector space and ||_||y is continuous. By taking 
all U in a 0-neighborhood basis % one obtains a family of seminorms that 
determines the topology of E. By defining U,>U, iff USU, the set o 
becomes directed (cf. (i) of (2.2.1), id: Ey, > Ey, is continuous for U; > U2, and E 
is the projective limit in LCS of the so obtained projective system, cf. (8.3.3). One 
easily deduces that a locally convex space can always be represented as a 
projective limit in LCS of seminormed spaces. By replacing the maps 
Ey, >Ey, described above by those induced on the separated quotients one 
deduces that every separated locally convex space can be represented as a 
projective limit in LCS of normed spaces. 


We shall use the analogous results for convex bornological spaces. There the 
situation is dual to the one above. 


2.1.18 Proposition. Let E be a convex bornological space and let By be a basis of 
the bornology of E consisting of absolutely convex sets. By defining B,>B, iff 
B,2B, the set By becomes directed and for B,>B, the inclusion Eg, S Eg, is 
bornological. E is inductive limit in CBS of the so obtained inductive system of 
seminormed spaces, cf. (8.3.4). 


Proof. Since B, >B, implies |x||p,<||xllz, for all xeE,, the inclusion 
E,,— Ez, is bornological. One obviously has E= Use 4,En and the inclusions 


2.1 Locally convex and convex bornological spaces 33 


E,-E are bornological, since A € Eg bounded implies that there exists an n with 
Ixllg<n for all xe A, hence ACnB is bounded in E. Conversely, if ACE is 
bounded then there exists a Be Zo with ACB, hence ASE, and || A|| <1, i.e. A 
is bounded in Eş. The universal colimit property, cf. (8.3.1), is an immediate 
consequence. 


2.1.19 Proposition, Let E be a locally convex space and Ba a family of absolutely 
convex subsets forming a basis of the von Neumann bornology. Then the colimit in 
LCS of the inductive system Ep (Be Bo) is the bornologification of E (i.e. is y BE). 


Proof. A O-neighborhood basis for the inductive limit is given by all absolutely 
convex sets U for which UNE; is a 0-neighborhood in the normed space E, for 
all Be AB), cf. (3.1.1). Clearly UNE; is a 0-neighborhood in E, iff U contains ¿B 
for some ¢>0, i.e. iff U absorbs B. So the 0-neighborhood basis of the inductive 
limit is formed by the absolutely convex bornivorous subsets, i.e. is exactly the 0- 
neighborhood basis of the bornologification of E, cf. (2.1.12). 


2.1.20 Remarks, (i) If the topology of a locally convex space E is determined 
by a family A, of seminorms, then a subset is bounded in PE iff every pe, is 
bounded on it. Thus the family Z, determines the bornology of BE (i.e. the von 
Neumann bornology of E). 

(ii) If E is a convex bornological space and # the family of all bornological 
seminorms on £, then the topology determined by # is that of yE. In fact, for any 
bornological seminorm p and ¢>0 the set {xe E; p(x)<e} is absolutely convex 
and bornivorous, i.e. a 0-neighborhood in yE. Conversely, if U is a 0-neighbor- 
hood in yE then its Minkowsky functional is a bornological seminorm and 
{x lxlly<i} S V. 

However, a family A, of bornological seminorms on E that determines the 
bornology does not always determine the topology of yE. For example take a 
Banach space E; its bornology is determined by the seminorms x? |¢(x)| (C eE) 
and these determine the weak topology of E, but that of yE is the 
norm-topology. 

(iii) As consequence we obtain: 


(a) For a locally convex space E the topology of the associated bornological 
locally convex space yBE is determined by all seminorms of E which are 
bounded on the (von Neumann) bounded sets. In particular, a locally convex 
space E is bornological (i.e. E=yfE) iff its continuous seminorms coincide 
with its bornological seminorms. 

(b) For a convex bornological space E the bornology of the associated topo- 
logical convex bornological space ByE is determined by the family of 
bornological seminorms of E. In particular we have, cf. (2.1.24): the borno- 
logy of E is topological iff BCE is bounded provided p(B) is bounded for 
every bornological seminorm p. Thus the bornologies determined by famil- 
ies of seminorms on E are exactly the topological convex bornologies. 
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(iv) Every metrizable locally convex space is bornological, see for example 
[Horvath, 1966, p. 223] or [Jarchow, 1981, p. 273]. 

(v) A (separated) locally convex space is bornological iff it can be represented 
as an inductive limit of seminormable (normable) spaces. 


2.1.21 Proposition, The following triangles commute: 


ü) LCS — CBS Gi) CBS DVS 
| Va | f 
Z 
DVS LCS 


(iii) DVS—°+CBS (iv) CBS —>LCS 


Va [A 


LCS DYS 


In non-categorical language this means: 


(i) For any locally convex space the bounded and the scalarly bounded subsets 

coincide. 

(ii) On any convex bornological space a linear function is bornological iff the 
inverse image of ]-1,1[ is bornivorous. 

(iii) For any dualized vector space the scalarly bounded sets coincide with the 
sets bounded in the Mackey topology. 

(iv) For any convex bornological space an absolutely convex set is bornivorous 
iff it is a O-neighbourhood in the Mackey topology determined by the 
bornological linear functions. 


Proof. (i) For separated locally conyex spaces, this is a classical theorem, see 
e.g. [Jarchow, 1981, p. 151]; similarly as in the proof of (2.1.9) the general case 
can be reduced to the separated one. 

(ii) This is a direct consequence of the adjunction stated in (ii) of (2.1.10). 

(iii) Using (i) we get Bu=o,du=<0,; cf. (2.1.9). 

(iv) (a) Using (ii) we have uô=pĝy and (since pod refines the topology) 
id: uôE—>yE is continuous. 

(b) Using the previous results we have y=yfPy=yo,0y =yo,0 = yp uô, hence 
(since yf refines the topology) id: yE—>pôE is continuous. o 


2,1,22 Corollary. A locally convex space E is bornological (i.e. E=yBE) iff E has 
the Mackey topology (i.e. E=poE) and every linear function ¢:E--R which is 
bornological (with respect to the von Neumann bornology) is continuous on E (i.e. 
OBE =6E). 
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Proof. (<=) Using (iv) of (2.1.21) one obtains: yBE=poBE=pdE=E. 
(=>) is trivial. oO 


Using (2.1.21) we also get a simple characterization of the topological convex 
bornological spaces defined in (ii) of (2.1.12): 


2.1.23 Proposition. A vector space E with a bornology & is a topological convex 
bornological space iff a subset B & E belongs to B provided that ¢(B) is bounded 
for all linear bornological f: E>R (i.e. iff scalarly bounded is equivalent with 
bounded). 


Proof. Since du=Id we obtain, using (i) and (iv) of (2.1.21): By =0,6u6 =¢,0. 
‘Topological’ for convex bornological spaces is defined as Py-invariant, while the 
given condition means o,0-invariant. o 


2,1.24 Corollary. For a convex bornological space E the following statements 
are equivalent: 


(1) E is a topological convex bornological space; 

(2) The bornology of E comes from a dualized vector space structure (i.e. 
E=0,F for some F e| DVYS)); 

(3) The bornology of E comes from a locally convex topology (ie. 
E=B6F for some F e| LCS)); 

(4) A subset is bounded iff all bornological seminorms are bounded on it. 


2.2 The Mackey convergence and the Mackey closure topology 


Mackey convergence gives an embedding of the category BornVS of borno- 
logical vector spaces into the category LimVS of convergence vector spaces; cf. 
[Frolicher, Kriegl, 1985]. We start by recalling the basic definitions concerning 
filters and convergence structures. 


2.2.1 Definition. (i) A directed set £ is a set J together with a relation > which 
is reflexive, transitive and such that for any j,,j,¢J there exists a je J with j>j, 
and j>j,. For j,>j, one usually says: j, comes after j,. 

(ii) A filter basis on a set X is a non-empty collection of subsets of X which is 
directed by inclusion (i.e. by the relation A>B iff ACB). 

(iii) A filter on a set X is a filter basis # with the additional property that 
Ac # and ACBCX implies Be #. 

(iv) If Y, I are two filter bases on X, G is called finer than #7 and we write 
G <H iff for every He there exists a GeF with G SH. If is a filter then this 
is obviously equivalent to # SG. 


2.2.2 Remark. (i) With the relation ‘finer’ all filters on a set X form a complete 
lattice. This fails if one restricts the notion of filter (as is often done) by the 
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condition @¢#, a condition which eliminates just one filter on X, namely the 
set of all subsets of X. This filter is also called the zero-filter, since it is the 
smallest element of the lattice. As usual the lattice operations are denoted by ^ 
and v;ie. #vG=sup(#,Y) and Æ A¥G=inl(#,g). 

(ii) If # is a filter basis on X one obtains a filter # on X by taking all subsets 
of X containing some set of H; # is called the filter generated by the filter basis 
KH. 

(iii) If H is a filter on X and g: X> Y a map then {g(H);H e X} is a filter basis 
on Y. The filter generated by it is called the image of # and is shortly denoted by 
WH). 

(iv) For every ASX the collection {A} consisting of A alone is a filter basis on 
X. If A={p} for some pe X, then the filter generated by {p} is a so-called ultra- 
filter, i.e. only the zero-filter on X is strictly finer. 


2.2.3 Definition, (i) A convergence space X is a set (also denoted by X) 
together with a convergence structure on X, i.e. a relation ‘# converges to x’ 
between filters # on X and points x of X, written HO % such that 


(a) For all xe X the (ultra-)filter generated by {x} converges to x; 
(b) If HiX and H, < H, then H — o5 


(c) if Hox and a then #, v Hy 


(ii) Lim denotes the category of convergence spaces, the morphisms being the 
so-called continuous maps g:X—Y, ie. those for which Hx implies 


g(#)— gl, 


(iii) A convergence space is called separated or Hausdorff if no filter except 
the zero-filter converges to different points. 

Convergence of nets can be described using associated filters. We recall the 
notion of a net and the relationship to filters. 


2.2.4 Lemma, The final segments J;:= { j, € J; j1>j} of a non-empty directed set 
JF form a filter basis. The filter generated by it will be called the Fréchet filter of the 
directed set. 


Proof. Trivial. O 


Example. The Fréchet filter of the directed set (N, >) is formed by the subsets 
of N which have finite complement. 


2.2.5 Definition. A netin a set X is a map x: .#—X from a directed set .% into 
X. Nets are also called Moore-Smith sequences. 
A net x:.g >X on a convergence space X is said to converge to x„ €X if the 
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associated filter, i.e. the image of the Fréchet filter, converges to x. In the case 
where x,, is uniquely determined by this property we write x„=lim;x( j). 

On a topological space X one obtains a convergence structure by defining 
eye iff # is finer than the neighborhood filter of x. One thus gets an 


embedding functor 1: Top - Lim preserving the underlying sets and the under- 
lying maps. 


2.2.6 Proposition. The embedding functor 1. Top—> Lim of the category of topo- 
logical spaces into that of convergence spaces has a left adjoint t, which preserves 
the underlying spaces and the underlying maps. For a convergence space X the 
topology of tX can be described in the following equivalent ways: 


(i) O& tX is open iff xe O and H>* implies O E€ #; 
(ii) ASTX is closed if H — x, AeH, ØE implies xe A. 


Proof. One easily verifies that the sets considered in (i) form a topology, that 
those of (ii) are their complements, that t°1=Id and finally that idx: 1t X >X is 
continuous for any convergence spaçe X. So the adjunçtion follows by (8.4.2). 


O 


2.2.7 Definition. A convergence space is called first countable iff for every 
converging filter there exists a coarser filter with a countable basis converging to 
the same point. 


2.2.8 Proposition. For a first countable convergence space X the following holds: 


(i) If HP, AEX and Ot H#H; then there exists a sequence of points in A 


converging to p; 
(ii) ASX is closed iff A is closed under convergent sequences; 
(iii) The topology of tX is the final one induced by the convergent sequences 
No >X, N,:=Nu{oo} having the usual compact topology. 


Proof. Easy, cf. [Gahler, 1977, p. 254]. O 


One can easily show that one has initial and final structures with respect to 
the forgetful functor Lim—Set and deduce from this by (8.7.3) that Lim is 
complete and cocomplete. Moreover Lim is cartesian closed. We shall use only 
products in Lim, so we restrict the consideration to these. 


2.2.9 Proposition, The categorical product of any family X; (je J) of conver- 
gence spaces exists and can be described as follows: it is the cartesian product of 
the underlying sets supplied with the convergence structure for which a filter # on 
the product converges to a point x iff pr;(#) converges to pr (x) in X; for all jeJ. 
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Proof. One easily verifies that this in fact yields a convergence structure having 
the universal property. g 


2.2.10 Definition. (i) A convergence structure on a vector space E is called 


compatible iff the vector space operations EnE—> E and RnE-E are continuous 
(R being considered with the usual convergence). 

(ii) A convergence vector space is a vector space with a compatible con- 
vergence structure; Lim VS denotes the catégory formed by the convergence 
vector spaces as objects and the continuous linear maps as morphisms. 

(iii) A Cauchy filter on a convergence vector space E is a filter 9 on E such 
that # — 0 HK — # is the image of the filter # x # on EnE under the 


map (x,y)-x—y, hence has a filter basis formed by the sets H—H:= 
{x—y; x, ye H} for He #. A Cauchy net is a net such that the associated filter is 
a Cauchy filter. 

(iv) A convergence vector space is called complete iff every Cauchy filter 
converges. 

(v) A convergence vector space is called sequentially complete iff every Cauchy 
sequence converges. 


2.2.11 Remark, The convergence structure of a convergence vector space is 
determined by the set of filters which converge to zero, since the translations are 
Lim-morphisms. 


2.2.12 Proposition. Every sequentially complete first countable convergence vec- 
tor space is complete [Gahler, 1977, p. 369]. 


Proof. Let Y be a Cauchy filter. Then by the countability property there is a 
filter # with countable basis H 2 H32 ..., s.t. 9—8 < H —0. Choose G eY 
and g,éG, with Ga— G, E Hp G,2G,4,. Let Zo denote the filter associated to 
the sequence ntrog,. And let 4, be the filter generated by the G,. Then $,<F,, 
G<G, and 4—4, <H —0. Thus Y, and consequently Y, are Cauchy filters. 
And the sequential completeness implies that %ọ—>x for some x. Since 
Gi —xX<S(F,-—Go)+ (Fo -—K<(F, —F1)+(Go— x), the filter Y, and thus also 
the finer filter Y converges to x. O 


We now come to the Mackey convergence structure on a bornological vector 
space. It will play an important role. 


2.2.13 Definition, Let 3 be a filter on a bornological vector space E and 
x: FE a net on E. 
(i) The filter f is called Mackey convergent (or shortly M-convergent) to pe E 


A M 3 ‘ ; 
and we write HP or #/—p if there exists a bounded BCE with 


#—p<U-B, where U denotes the filter of 0-neighborhoods on R. The 
net x: >E is called M-convergent to p iff the associated filter is M-convergent 
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to p. In the case where p is uniquely determined by this property we will write 
p=M-lim, x(/). 

(ii) The filter # is called bounded iff # contains a bounded set. The net 
x: ¥—E is called bounded iff the associated filter is bounded, i.e. iff there exists an 
joe J with {x(j);j>jo} S E bounded. 

(iii) The filter # is called Mackey—Cauchy iff it is a Cauchy filter with respect 
to Mackey convergence. The net x: 4—E is called Mackey—Cauchy iff the 
associated filter is a Mackey—Cauchy filter. 


2.2.14 Remark. An ordinary sequence x: N-E (i.e. with (N, >) as directed set) 
is a bounded sequence iff x(N) is bounded, because the final segments of N have 
finite complements and the union of a finite set with a bounded set is bounded. 


2.2.15 Proposition. (i) For any bornological vector space E, Mackey conver- 
gence yields a convergence vector space, denoted by ČE, and one thus obtains a 
functor ¢: Born VS — Lim VS. 

(ii) This functor has a right adjoint £: LimVS > BornVS satisfying ¢° €=id. 
Both functors preserve the underlying vector spaces and the underlying maps. 


Proof. (i) is trivial. For (ii) let us describe for a convergence vector space G the 
bornology of €G: B<¢G bounded iff U ‘B— 0, where as before U denotes the 


filter of O-neighborhoods on R. One verifies functoriality and shows easily that 
té = Id and id: €€G—G is continuous. So the adjunction follows by (8.4.2). O 


2.2.16 Lemma. Let x: J—E be a net in a separated bornological vector space E. 
Then x is M-convergent to x,,€E iff it can be written in the form x;=t;b;+X,. 
where t. f >R is a zero-converging net and b: 4 E a bounded net. 


Proof. One trivially reduces the general statement to the case x,,=0. 

(<=) Choose j; € J such that B:= {b(j);7>j,} is bounded in E. We claim that 
the filter # associated to the net satisfies #<UB. So let 4e UB. Then 
A2[-—6,6]B for some 6>0 and we choose jeJ with t;e[—6,6] for j>jp. 
Using the directedness we obtain a jọ€ J with jp>j, and jo>j,. Then for j>j, 
one has x,;=t,;b;e¢[—6,6]B CA, and this shows that Ac #. 

(=) Suppose #<UB for some bounded BCE. Since [—1,1]B is also 
bounded, we may assume that B=[—1,1]B. In particular Be # and thus there 
exists an j; €J with x,;¢B for all j>j,. We define t: >R as follows: 


_ finf{s>0; x;esB} for j>j, (analogous to ||x;/lg of (2.1.15)) 
711 otherwise 
and b: +E by 


TE t; ix; for t;+0 
0 for 1;=0 


40 2 Convenient Vector Spaces 


Then x,;=t,b,, since t;=0 implies that Rx, is bounded, hence x,;=0 by the 
separation hypothesis. 


We show first that b: >E is bounded by verifying that {b;; j>j,} S E is. 


bounded. For any j we have x,¢2t, B, i.e. b;¢2B and 2B is bounded. We finally 
show that t:.4-—R converges to 0. So let e>0. Since [—¢,e]B=eBe # there 
exists a jeJ with x;eeB for all j>j,. Hence t,;<e for j>jy where jy is chosen 
such that jp>j, and jo> ja- Ol 


2.2.17 Lemma, Let x: >E be a net in a separated bornological vector space E. 
Then x is a Mackey—Cauchy net iff the net I x §-E defined by (ji ja) > 
x(j,)—x(j2) can be written in the form x(j,)—x( j2)=t(j1,J2)b(j1,j2) for some 
zero-converging net t: S x.—>R and some bounded net b: J x >E. 


Proof. We first remark that .¥ x # is directed according to (j,.j2)>(i,,i2) iff 
j> i and j,>i,. Let # be the filter associated to x. Then one verifies easily that 
the filter associated to the net (j,,j.)+>x(j,)—x(j2) is exactly # — æ. The 
result therefore follows from (2.2.16). o 


2.2.18 Remark. For an ordinary sequence x: NE the propositions (2.2.16) 
and (2.2.17) can be formulated equivalently in the following way: 


(a) Xa =M-lim,,. Xn iff there exist (positive) reals t, with lim,_.,,t,= 00 and 
{t,(x, —X,,); ne N} CE bounded. 


In case E is a convex bornological space this is also equivalent with the 
condition that (x,) converges to x,, in the seminormed space E, for some 
absolutely convex bounded set BCE. 


(b) x is a Mackey-Cauchy sequence iff there exist (positive) reals t, m with 
LM, motn, m= 0 and {ty m(Xn— Xm; nı meN} CE bounded. 


In case E is a conyex bornological space this is also equivalent with the 
condition that (x,) is a Cauchy sequence in the seminormed space E, for some 
absolutely convex bounded set BCE. 


For a family of nets s —> E one can define uniform Mackey convergence. It plays 
a role for results on commuting double limits. We do not go further into that but 
we will use uniform M-convergence in the differentiation theory. There it will be 
shown that very weak differentiability conditions together with a Lipschitz 
condition on the derivative actually imply very strong differentiability proper- 
ties which can be expressed in terms of uniform Mackey convergence. 


2.2.19 Definition. Let .% be a directed set, X a set, E a separated bornological 
vector space, g: x X—E and f: X>E two maps. One says that f(x)= 
M-lim,g(j, x) uniformly in x iff one can write g in the form g(j, x)=t,b(j, x)+ 
J (x) with t: .—R converging to 0 and b: f x X +E uniformly bounded, i.e. such 
that there exists a jo€ £ with {b{ j, x); j>jọ xE X} S E bounded. 
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We shall now characterize those convergence vector spaces which correspond, 
by means of Mackey convergence (i.e. by the functor č of (2.2.15)) to borno- 
logical vector spaces. 


2.2.20 Definition. We call a convergence vector space G a bornological conver- 
gence vector space iff G= €(G, and we denote the respective full subcategory of 
Lim VS by bLimVS. 

This terminology is justified by the following 


2.2.21 Corollary. (i) € (i.e. Mackey convergence) yields an isomorphism of the 
category Born VS of bornological vector spaces onto the category bLim VS 
of bornological convergence vector spaces. 

(ii) bLim VS is a coreflective subcategory of Lim VS. 


We next introduce the so-called Mackey closure topology of a bornological 
vector space. It should not be confused with the Mackey topology, which was 
introduced in (2.1.9)! 


2.2.22 Definition. The Mackey closure topology of a bornological vector space 
E is the topology of t€£, i.e. the topology associated to the Mackey convergence 
structure, cf. (2.2.6) and (2.2.8). 

If a subset of E is open (closed, dense) with respect to this topology we shall 
say it is M-open (M-closed, M-dense). In contrast M-convergent or M-con- 
tinuous will always mean convergent or continuous with respect to the Mackey 
convergence structure. 


2.2.23 Remarks, (i) Since the Mackey convergence structure is obviously first 
countable, cf. (2.2.7), one can apply (2.2.8) and conclude that ‘closed’ and 
‘sequentially closed’ is the same for the Mackey closure topology and that the 
Mackey closure topology is the final one induced by the M-converging se- 
quences. However, the closure of a subset is often strictly larger than the ad- 
herence, i.e. the set of limit points of sequences in the subset (or of filters 
containing the subset); see (6.3.1) for an example. 

(ii) Using the remark (2.2.18) one deduces that the Mackey closure topology 
of a convex bornological space E is the final topology induced by the inclusions 
of the seminormed spaces Ez for Be Bo, with Z, a basis of the bornology of E 
consisting of absolutely convex sets. 

(iii) In general the Mackey closure topology is not a vector space topology 
since addition is often only partially continuous; see (6.2.8) for various examples. 


2.3 ¢°-vector-spaces and Li¢"-vector-spaces 


We shall consider vector spaces with an additional .#-structure, cf. (1.1.1), for 
M =L" or = Lij" with ke No, a. In these cases the structure functions are 


42 2 Convenient Vector Spaces 


real-valued, and R shall then denote the reals with their natural .#-structure, cf. 
(ii) of (1.1.6). 


2.3.1 Definition. An .#-vector-space E is a vector space together with a 
compatible f-structure on it, ie. such that addition EnE>E and scalar 
multiplication RnE>E are .@-morphisms. By -VS we will denote the cate- 
gory of .@-vector-spaces, the morphisms being the linear .@-morphisms. 


2.3.2 Proposition, The duality funtor 6: M-VS->DVS, which associates to an 
M-vector-space E the dualized vector space dE with (SE) = M-VS(E, R), has a 
right adjoint o: DVS.4-VS. Both functors preserve the underlying vector spaces 
and the underlying maps, and for a dualized vector space E, the M-structure of cE 
is the one generated by E'. 


Proof. Functoriality of 6 and o was established in (2.1.6). The definitions imply — 


that id: ScE->E is a DVS-morphism. And that id: E-@6E is an .@-morphism 
for any .#-vector-space E can be easily verified by composing with elements of 
(6E)'. The stated adjunction now follows, cf. (8.4.2). Oj 


Let us consider the case ./ =/™ first. In this case we write o; instead of o. 
2.3.3 Proposition. The following diagram commutes: 


DVS——2> CBS 


a ib 


£”-VS ———> DVS 


i.e. on any dualized vector space E a linear function is an €°-morphism for the £®- 
structure generated by E' iff it is bounded on the scalarly bounded sets. 


Proof. Let E be a dualized vector space. Since the bornology of o,E coincides 
with the bornology associated to the ¢*-structure of o-E, the assertion 
follows. O 


The analogous result for the case M = Lif", where we shall write o, instead of 
a, is less obvious and is based on the following lemma, of which a much more 
general version will be given in (4.2.15). 


2.3.4 Proposition. (Special Curve Lemma.) Let a, be a sequence in a dualized 
vector space E such that for all £ € E' the set ¢{n"a,; ne N} is bounded. Then the 
infinite polygon through the points a, can be parametrized smoothly: There exists a 
curve c: R>E with the following properties 


(i) °c is smooth for all CEE; 
(ii) c(1/2")=a, for all ne N; 
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(iii) c([1/2"**,1/2"]) is the segment between a+; and a,; 
(iv) c(t)=0 for t<0. 


Proof. Using a fixed smooth function hy: R-[0, 1] with h,(t)=0 for t<0 and 
ho(t)=1 for t>1 we define a smooth function h: R->[0, 1] by 


Kis 1—h,(t) for t>0 
` [ho(1+2t) for t<0 


and then the curve c: R>E by c(t):=) p; h(2"t— 1)a,. 

The sum exists, since for each te R at most two summands are different from 
0. Let us verify the stated properties. 

(i) For ra eF one has (f ° jo=> falt), where f,( t):= h(2"t — 1)- (a). An easy 
estimation using the boundedness assumption shows that for all k the series 


Sn f @ formed by the kth derivatives converges uniformly with respect to t. 
Hence fece C”. 


(ii) and (iv) are obvious by construction. 
(iii) For 2°te[$,1] one has 2%-—1<0O and 22"t—1>0 and thus 
A(2"t — 1) + h(2-2"t -—1)=1. o 


2.3.5 Proposition. The following diagram commutes (ke No, w): 
DVS—— CBS 
Or ô 
ô 
Lif-VS — DVS 


i.e. on any dualized vector space E a linear function is a Yip*-function for the Zift- 
structure generated by E’ iff it is bounded on the scalarly bounded sets. 


Proof. Let E be a dualized vector space. We have to show that for a linear 
function fọ: E>R one has: 


fo d,E>R is bornological efo: 6, E>R.is &g*-morphism. 


(=) Let c: R>o,E be a &"-curve and ACR be bounded. For f € E’ one has 
f oce Lip*, hence the difference quotient 6**1(f2c)(AS**) of order k+1 is 
bounded, cf. (1.3.22). Since 6**' commutes with / we obtain that 6** 'c(A@*) 
is bounded in oE. Thus /)(6** 'c(A**))=6"* (7g 2c)(A@*) is bounded. 
From (1.3.22) we deduce that Zo ° ce Lz", showing that fo: aE >R is a Ligë- 
morphism. This proof is for k< œ; the modifications for k= oo are obvious. 

(+=) Assume fo: o,E--R is not bornological. Then there exists a BCa,E 
bounded with /¿(B) unbounded and we can choose b eB with |4(b,)|>n°*?. 
The sequence a, defined by a,:=n~"b, satisfies the hypothesis of the special 
curve lemma (2.3.4). Hence there exists a curve c:R-E with c(1/2")=a, and 
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£o ce Lip”, so certainly £ ° c e Lip" for every Ce E’. But \(% °c)( 1/2") >n shows 
that 4 ° c -Zeh (not even continuous!). So 4 is not a “z*-morphism oE >R. 
E 


2.3.6 Proposition, For a curve c R>E into a dualized vector space E the 
following conditions are equivalent (ke No, a): 


(1) c R-0,E is a Lip'-curve; 
(2) dic: RP +0, E is bornological for 0<j<k+2. 


Remark. We write j<k+2 instead of j<k+1 in order to include the case 
k=o0. 


Proof. By the definition of the &p'-structure of o, E, (1) holds iff ¢» ce Lipt 
for all EE’. For k=oo this is by (1.3.24) equivalent with X£ >c): RR 
being bornological for all j<. For finite k it is by (1.3.22) equivalent 
with d**1(£0¢):R“*?—R being bornological; and by (1.3.14) with (¢c): 
R“—R being bornological for all j<k+ 1. Using the identity ONE oc=t 2 dlc 
and the fact that a map g: X >0,E is bornological iff fog: X +R is bornological 
for all ¢ e E’ (definition of o£) one concludes that in both cases (1) is equivalent 
to (2). 


The special curve lemma (2.3.4) also allows to give still another characteriz- 
ation of the Mackey closure topology of a topological convex bornological 
space: 


2.3.7 Proposition, The following diagram commutes (ke No, ,.): 


oo é 
DVS ——> CBS —— Lim VS 


Ok T 


Lif NS —1—+ Top 
ie. for any dualized vector space E the Mackey closure topology of o, is the final 
one induced by the Lcf*-curves. The functor t; associates to an object the 
underlying set with the final topology induced by the structure curves and preserves 
underlying maps. (This topology is called ¢*-topology in [Kriegl, 1982] and 
[Kriegl, 1983].) 


Proof. Let 7, be the final topology induced by the “%,"-curves; ie. the 
topology of t,o, E; Jų the Mackey closure topology, i.e. the topology of téa, E. 

(I <u) Let cR>E be a &f*-curve and aeR. Then for any feE 
foce Lift S Lip. Hence 


HAO CEO) 9 <j: alc} 
t-a E 
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is bounded in R, so {(c(t)—cla))/(t—a} 0<|t—a|<1} is bounded in o,E. This 
shows that for 10 the values c(t) are Mackey convergent to c(a), i.e. that 
c:R-+€o,E is continuous. Hence also c: R > téc, E. 

(F,27y) Let A S E be closed for 7, and suppose (a,) is a sequence in A 
which is Mackey convergent to some ae E. We can choose a subsequence Qn, 
such that {k*(a,,—a);keN} is bounded in o,E. By the special curve lemma 
(2.3.4) we obtain a smooth curve c with c(1/2)=a,, and c(0)=a. Since c is 
continuous for F, one deduces from 1/2*ec™+(A), that Oec™(A), ie. 
a=c(0)e A. According to (ii) of (2.2.8) this shows that A is closed for Tu 


As remarked in (iii) of (2.2.23) the Mackey closure topology is not a vector 
space topology in general. In order to discuss continuity of addition it is usefu 
to work in a subcategory of Top. For this purpose the following will suffice: 


2.3.8 Definition. By Arc we denote the full subcategory of Top formed by the 
arc-generated topological spaces, i.e. by those whose topology is the final one 
induced by their continuous curves. 


This subcategory is similar to that formed by the compactly generated spaces; 
cf. [Engelking, 1968, p. 123]. The inclusion functor has a right adjoint 
a: Top—>Arc; for a topological space X one obtains «X by supplying X with the 
final topology induced by the continuous curves. According to the adjunction 
one obtains products in Arc by applying « to the product formed in Top. It is 
also well known that Are is cartesian closed, but we will not use this. _ 


2.3.9 Definition. ArcVS denotes the category whose objects are vector spaces 
with arc-generated topology such that the vector space operations are con- 
tinuous with respect to the product formed in Arc, and whose morphisms are the 
linear continuous maps. 


Remark, Every arc-generated space is of course compactly generated. Using 
results of [Kriegl, 1980] it can be shown that every arc-generated vector space is 
a compactly generated vector space; cf. [Seip, 1979]. 


2.3.10 Lemma. Let E be a dualized vector space and x: N-E be a sequence. 
Then the following statements are equivalent: 


(1) x is convergent to x,, with respect to the Mackey closure topology of a, E; 
(2) every subsequence of x has itself a subsequence which is M-convergent to x 


Proof. (2=>1) One uses that any M-convergent sequence converges with res- 
pect to the M-closure topology of oE, cf. (iii) of (2.2.8), and that for a 
topological convergence the Urysohn property holds, i.e. a sequence x converges 
to x,, iff every subsequence of x has itself a subsequence which is convergent 
to Xa 


46 2 Convenient Vector Spaces 


(1=2) It is enough to show that x has a subsequence which M-converges to 
Xa. We write d for the closure in the Mackey closure topology of a singleton {a}. 
One easily verifies that a= {xe E;¢(x)=¢ (a) for all fe E'}. In the case where 
Xn €X,, for infinitely many n one chooses a subsequence (n,) with Xm, €X,, which 
is trivially M-convergent to x,,. Otherwise we can assume that for all ne N one 
has x, ¢X,, and we consider 4:= U,enx, Since x, ¢A the set A is not closed in 
the Mackey closure topology and hence there exists a sequence y: N-> A which is 
M-convergent to some Ya ¢ A. Since every finite union U,.< Wx, is closed in the 
Mackey closure topology and y,,¢A, the image y(N) cannot be contained in 
such a finite union and therefore we can choose strictly increasing sequences (k;) 
and (n,) of natural numbers with y,,¢X,, Then (x,,) is convergent to x,, and to 
Yq in the Mackey closure topology, which implies y,, € Xa. This subsequence is 
M-convergent to y,, and hence also M-conyergent to xa. 


Remark. One can prove that there exists a dualized vector space (in fact a 
convenient vector space) with a sequence that satisfies (2) of the previous lemma 
but is not M-convergent. This implies that the M-convergence of sequences does 
not have the Urysohn property and thus is not topological, cf. [Frélicher, 
Kriegl, 1985]. 


2.3.11 Corollary. Let E be a dualized vector space and c: R>E. Then the 
following statements are equivalent: 


(1) c is continuous with respect to the Mackey closure topology of o, E; 
(2) Ifta>t a then there exists a subsequence t,, such that c(t a) is a Mackey limit 
of clta,) for k>. 


2.3.12 Corollary. For any dualized vector space E one has with respect to the 
Mackey closure topology of o,E: The sum of converging sequences is converging 
and the sum of continuous curves is continuous. 


2.3.13 Corollary. For any dualized vector space E, the Mackey closure topology 
of o,E yields an arc-generated vector space. 


Proof. The verification that the addition of E is continuous with respect to the 
are-generated product is trivial, since its topology is exactly the Mackey closure 
topology of the product, as can be seen easily using the lemma above. 


2.3.14 Definition. We denote by tẹ: DVS—-ArcVS the functor which pre- 
serves the underlying vector spaces and the underlying maps and for which t,,E 
carries the final topology induced by the smooth curves RE, i.e. the Mackey 
closure topology of oE, or shortly the topology of té0,E. 


2.3.15 Proposition. The following diagram commutes: 
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Dvs—2—>. CBS 
Tig ô 


ArcVS—+ DVS 


ie. on any dualized vector space E a linear function is bounded on the scalarly 
bounded subsets iff it is continuous for the Mackey closure topology of oE. 


Proof. Let ?: ER be a linear function. Then one has: 


£ is continuous for the Mackey closure topology; 
<> f: téo,E-R is continuous; 
<> f: €o6,E>R is continuous; 
<> f: opE—R is bornological; 
< f is bounded on the bounded subsets of c E, i.e. the scalarly bounded 
subsets of E. The first and the last of the equivalences hold by definition, the 
others according to the adjunctions (2.2.6) and (2.2.15). O 


2.4 Preconvenient vector spaces 


For the differentiation theory we shall work with “g*-structures on dualized 
vector spaces, the “y'-structures being generated by the duals. We might 
therefore consider arbitrary dualized vector spaces E. However, since E and 
60,E yield the same “g*-structure (use o,60,=0, and 6a,=60, according to 
(2.3.5)) and since the endo-functor da,: DVS—>DVS is idempotent, one can 
without loss of generality restrict the considerations to 6o,-invariant dualized 
vector spaces. This means that among all duals for a given vector space which 
yield the same “%"-structure one chooses the largest one or, equivalently, the 
one whose set of linear “g'-functions is exactly the given dual. The dualized 
vector spaces so obtained will be called preconvenient. The vector spaces which 
are convenient for differentiation theory shall be obtained by adding a separ- 
ation and completeness property. 

In the previous sections we described different decompositions of the endo- 
functor ôa. They will be used now in order to show that the category 
Pre of preconvenient vector spaces embeds in many other categories. This 
means that preconvenient vector spaces carry in a canonical way many different 
structures. Since each of these structures determines all the others, any of them 
could be used in the definition. We choose for the explicit definition the structure 
as dualized vector space, because it is the simplest one. But others are important 
too. In particular, as the results of section 1.3 already indicate, the bornological 
characterization is closely related to differentiation; and the locally convex 
characterization is important for comparison with classical differentiation 
theory, e.g. for the case of Fréchet spaces. 
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2.4.1 Proposition. The following endo-functors of the category DVS of dualized 
vector spaces are identical: 


() DYS- CBS— DVS 


ô 
(ii) Dys £*-VS— DVS 


ô 
(iii) DVS—*+ Gipk-VS— DVS 


j 3 
(iv) pys LCs DYS 


E 5 
(v) DVS 2, bLimVS—— DVS 


6 
(vi) DVS Arc VS —— DVS 


In (i), (ii), and (iii) the respective duality functor 6 is left adjoint to the respective 
functor o. 


Proof. The composite functors in (i) and (ii) coincide by (2.3.3); those in (i) and 
(iii) by (2.3.5); those in (i) and (iv) by (ii) and (iii) in (2.1.21); those in (i) and (vi) by 
(2.3.15). Finally those in (i) and (v) coincide since by (2.2.15) even the following 
triangle commutes: 


Born VS—— Lim VS 


DVS 


The stated adjunctions were proved in (2.1.7) and (2.3.2). o 


2.4.2 Definition. A preconvenient vector space is a dualized vector space which 
is invariant under the endo-functor of DYS described in six equivalent ways in 
(2.4.1); the respective full subcategory of DVS is denoted by Pre. 


Remarks. (i) The invariance imposed in the above definition means a closure 
condition for E’. According to the various descriptions of the endo-functor given 
in (2.4.1) this closure condition can be expressed equivalently in the following 
ways: a linear function belongs to E’ provided it is a morphism with respect to 
either the bornology or the ¢”-structure or the “*-structure determined by E’; 
or provided it is continuous with respect to the locally convex topology (i.e. the 
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topology of yBuE) or the Mackey convergence structure or the Mackey closure 
topology. 

(ii) A dualized vector space belongs to Pre iff there exists a (convex) vector 
bornology on E such that E’ becomes the bornological dual; comparison with 
(2.1.9) shows that in this respect bornologies behave quite different from locally 
convex topologies. 

(ili) For a locally convex space E the following statements are equivalent: 


(1) dE, ie. E structured by its topological dual, is preconvenient; 

(2) Every bornological linear function on E is continuous; 

(3) The Mackey topology of E coincides with the bornologification of E (i.e. 
HOE = BE), 

(4) The Mackey topology of E is bornological. 


Examples of dualized vector spaces that are not preconvenient are obtained by 
using the classical examples of locally convex spaces not satisfying (2), like the 
uncountable direct sum of copies of R with the box topology. Then the bounded 
sets are the same as for the direct sum topology [Jarchow, 1981, p. 80], thus the 
function ‘sum over all coordinates’ is bornological; but it is not continuous with 
respect to the box topology. Another example is 7° with the Mackey topology 
with respect to ¢* [Jarchow, 1981, p. 223]. 


2.4.3 Theorem, The functors with source DVS in the list of (2.4.1) induce 
embeddings (i.e. full and faithful functors) as follows (in parentheses we recall the 
functors): 


(i) Pre- CBS 

(i) Pre ¢*-VS_ 
(iii) Pres Lij-VsS 
(iv) Pre—» LCS 

o Pre“ Lim VS 


(vi) Pre —", ArcVS 


(bornology associated to E’); 
(¢”-structure generated by E'); 

( Gip*-structure generated by E’), 
(Mackey topology); 


(Mackey convergence structure), 


(Mackey closure topology); 


The respective full subcategories which are thereby isomorphic to Pre are the 
following: 


(i) The category tCBS of topological convex bornological spaces; 
(ii) The category of linearly generated (”-vector-spaces; 
(iii) The category of linearly generated Ycpk-vector-spaces; 
(iv) The category bLCS of bornological locally convex spaces; 
(v) The category of €a,6-invariant convergence vector spaces; 
(vi) The category of t,,5-invariant arc-determined vector spaces. 


The embeddings (i), (ii), (iii) and (v) are reflective; the one in (iv) as well as the 
inclusion Pre > DVS are coreflective. 
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Proof. The embeddings follow from the functors of (2.4.1) according to 
the general procedure mentioned in (2.1.11). We only remark that in (iv) we 
put p instead of yBy, since applied to a preconvenient vector space E it gives 
the same: using E=d60,E, yBy=y and y=06 (as previously proved) one has 
yBuE =yßuðc, E = yßbyo E = y0, E = uo E =uE. In words this means: the 
Mackey topology of a preconvenient vector space is always bornological. 

The categories isomorphic to Pre are in all cases formed by the objects 
invariant under the respective endo-functors; they have already been discussed 
for the cases (i) to (iv). 

The embeddings in (i), (ii) and (iii) are reflective as a consequence of the 
adjunctions stated in (2.4.1); that of (v) because according to (2.2.21) it is up to 
the isomorphism & the same as that in (i). For the coreflexivity in (iv) one 
remarks that for any locally convex space E one has yBuédE=yo,6E =yBE, hence 
id: yBudE-E is continuous. Coreflexivity of Pre in DVS is implied by the 
adjunction of (2.1.7) together with (2.1.11). o 


Remarks. (i) We saw that Pre>bLimVS is reflective, while 
bLim VS > Lim VS is coreflective. The composed embedding of Pre in 
Lim VS has neither a left nor a right adjoint, cf. (7.2.10). The same holds for 
Pre—Arc VS. The reason is that the Mackey convergence structure and the 
Mackey closure topology behave in a complicated way with respect to 
categorical constructions in Pre. 

(ii) Since, as shown in (2.6.5), the convenient vector spaces form a reflective 
subcategory of Pre, those of the embeddings of Pre which are also reflective yield 
reflective embeddings of the category of convenient vector spaces. 

(iii) Convenient vector spaces were introduced independently according to 
their characterization as smooth vector spaces (embedding (iii) above for k= œ) 
in [Frélicher, 1982] and according to their characterization as locally convex 
spaces (embedding (iv)) in [Kriegl, 1982]; that they can be identified was proved 
later in [Fr6licher, Gisin, Krieg], 1983]. 

(iv) Pre has still other embeddings. For example, in any reflective subcategory 
# of LCS containing R and such that the reflector 4: LCS changes only the 
topologies but preserves the underlying vector spaces and the underlying maps. 
One only has to consider the composition 4 ° yBu: DVS + LCS. Composing 
it with ô: Z —> DVS gives again the same endo-functor as in (2.4.1), since 
adjointness of 4 yields (SAEY = Z (AE, R)=LCS(E, R)=(6E)’. As examples one 
can take as F the category of nuclear locally convex spaces or that of locally 
convex spaces with weak topology. 


We add now a recapitulation of the main results in non-categorical terms. We 
shall also simplify henceforth the writing by suppressing the various embedding 
functors. 


2.4.4 Summary (non-categorical version of theorem (2,4,3)), 


(i) A preconvenient vector space E has the following structures: 
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(0) a subspace E’ of the algebraic dual, called its dual; 

(1) a topological convex vector bornology (cf. (ii) in (2.1.12)), called its borno- 
logy; 

(2) a linearly generated (cf. (1.1.3)) ¢°-structure, called its -structure; 

(3) a linearly generated Yp*-structure for each keNo, œ, called its 
Lip*-structure; 

(4) a bornological locally convex topology (cf. (i) in (2.1.12)), called its locally 
convex topology; 

(5) a convergence structure (cf. (i) in (2.2.3)), called its Mackey convergence 
structure; 

(6) an arc-determined topology (cf. (2.3.8)), called its Mackey closure topology 
(cf. (2.2.22) and (2.3.7). 


(ii) Each of these structures determines all the others. We recall how one gets 
them from each other: BCE is bounded iff ¢ (B) is bounded for all £ € E’; the ¢”- 
structure resp. the Zip*-structure is generated by E’; the locally convex topology is 
the finest one yielding E’ as topological dual; a sequence (a,) is Mackey convergent 
to 0 if there exist reals t,— 00 with {t,a,;néN } bounded in E; the Mackey closure 
topology is the final one induced by the smooth (or Yp"-) curves. The dual E’ is 
obtained from any of the other structures by forming the set of linear functions 
respecting the structure in question. 

(iii) For a linear map g: E> F between preconvenient vector spaces the following 
statements are equivalent: 


0) #(FISE; 

(1) g is bornological; 

(2) g is an ¢°-map; 

(3) g isa Lip'-map; 

(4) g is continuous for the locally convex topologies; 

(5) g is continuous for the Mackey convergence structures; 
(6) g is continuous for the Mackey closure topologies; 


Remark. For these and further equivalent conditions for linear maps see also 
[Kriegl, 1982]. 

On a preconvenient vector space E one can consider other locally convex 
topologies (e.g. the nuclear one or the weak one, as mentioned above) and other 
bornologies (e.g. that generated by the bornologically compact subsets, which 
will be introduced later). But if we shortly speak of the locally convex topology 
or the bornology of E we shall always mean those specified above. 


2.4.5 Remark, It is, however, important to specify for convergence of filters or 
even sequences on a preconvenient vector space which structure one considers, 
One has the following implications for a filter: 


(a) convergent for the Mackey convergence structure => 
(b) convergent for the Mackey closure topology => 
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(c) convergent for the locally convex topology = 
(d) convergent for the weak topology. 


(a) is equivalent to (c) iff the locally convex topology of E is semi-normable. 

Every metrizable locally convex space can be considered as preconvenient 
vector space according to the remark (iv) in (2.1.20). For these spaces (a) and (c) 
become equivalent for sequences, cf. [Jarchow, 1981, p. 197]. Hence the given 
locally convex topology of such a space is equal to its Mackey closure topology 
(i.e. is the final one induced by the “*-curves for any 0<k <0, cf. (2.3.7); in 
other words: (b) and (c) become equivalent (one uses that both topologies are the 
final ones induced by their converging sequences, cf. (2.2.23)). For a different 
proof of the last statement see (i) of (6.1.4). 


2.4.6 Definition, An initial Pre-morphism is a Pre-morphism which is initial 
with respect to the forgetful functor Pre > VS. An injective initial Pre-morphism 
is called a Pre-embedding; cf. (8.8.1). 


2.4.7 Remark. For any linear map #:E-—F from a vector space E into a 
preconvenient vector space F one gets an initial Pre-morphism if one supplies E 
with the initial 7*-structure, i.e. the /*-structure generated by »:* (Z ) where 
YF’ is some set that generates the ?”-structure of F, cf. (1.1.4). The bounded 
sets of E are then those having their image bounded in F. The &f*-curves of E 
are those for which the composite with ™ is a &~*-curve of F. 


2.5 Separation 


In the following two sections we are going to specify the convenient vector 
spaces among the preconyenient ones. The reason for restricting the spaces a 
little more is that we want to do calculus in those spaces. And the most 
important construction in calculus is that of forming derivatives, which are 
obtained as limits of certain expressions like difference quotients. For 
uniqueness of these limits some separation condition is necessary and for 
existence some completeness property. We will restrict the spaces in a minimal 
way by imposing conditions which are necessary and sufficient in order that dif- 
ferentiable curves have unique derivatives. In Chapter 4 we will see that these 
conditions also suffice to get the analogous results for maps in full generality. 


2.5.1 Definition, Let c: R-E be a curve into a preconvenient vector space. We 
say that a point ¢(t)e E is a weak derivative of c at t iff the derivative (Z ° cY (t) 
exists and equals /(¢(t)) for all fe E’. We say that a point f; cEE is a weak 
integral of c iff the integral ff (£ °c) (t)dt exists and equals ¢({/c) for all f€ E’. 

Note that we already use the usual notation for derivatives and integrals 
although they are not necessarily unique. But this will be remedied immediately 
by characterizing the necessary separation condition in different ways: 
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2.5.2 Theorem. Let E be a preconvenient vector space, ke No, œ. Then the 
following statements are equivalent: 


(1) E' separates points; 

(2) Every Zip" -curve has at most one weak derivative (say at 0), 

(3) Every Lip"-curve has at most one weak integral (say from 0 to 1); 

(4) The bornology is separated, i.e. {0} is the only bounded linear subspace, 

(5) The locally convex topology is Hausdorff; 

(6) The M-convergence structure is Hausdorff; 

(7) The Mackey closure topology is Hausdorff; 

(8) For every absolutely convex bounded subset B, the seminormed space Ep; (cf. 
(2.1.15)) is a normed space. 


Proof. (1=>2) and (1=3) are trivial. 

(21), G=1) Assume f (a)=0 for all fe FE’. Then a and 0 are both weak 
derivatives at 0 resp. weak integrals from 0 to 1 of the constant smooth curve 
c:the0. 

The scheme of proof for the remaining equivalences is: 


| | 


(1=>5) is clear, since LCS (E, R)=E’ and functionally separated implies sep- 
arated. 

(5=7=6) By means of the embedding 1: Top Lim one has successively finer 
convergence structures, cf. (2.4.5). Since a topological space X is Hausdorff iff 1X 
is, the implications follow. 

(68) We have to check only: ||x || ,=O-x=0. But if ||x||,=0 then n-xeB 
for all ne N and thus x=(1/n)-nx is M-convergent to 0 for n>. 

(8=>4) For any bounded subspace F, ||_ || p=0. 

(4=> 1) Suppose #(x)=0 for all / € E’. Then the linear subspace generated by x 
is bounded. 


Remark. For non-topological convex bornological spaces the separation 
condition (4) does not imply that the bornological dual separates points; for an 
example see [Hogbe-Nlend, 1977, p. 128]. 


2.5.3 Definition, A preconvenient vector space E is called separated iff E 
satisfies one and hence all conditions of the proposition above. With sPre we 
denote the full subcategory of Pre formed by all separated preconvenient vector 
spaces. 


We will discuss general products of preconvenient vector spaces in section 3.3. 
For the moment we only need products of copies of R. 
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2.5.4 Lemma. Let J be a set. Then the vector space T1,R with the ¢”-structure 
generated by the projections pr;: Tl; R>R (jeJ) is a separated preconvenient 
vector space. 


Proof. Since the projections pr; are linear, the considered /”-structure is 


linearly generated, and thus the result follows by (2) of (2.4.4). Obviously the 


projections separate points. 


2.5.5 Proposition, (Special Embedding Lemma.) For any preconvenient vector 
space E the canonical map 1g: E>T1,R defined by 1,(x):=(?(x))ceg: is an initial 
Pre-morphism. 


Proof. This follows from (2.4.7) by using as Z the family of projections 
{prz; l e E’}, which generates the structure of the product according to (2.5.4). 


It is possible to associate to any preconvenient vector space in 4 natural way a 
separated one. 


2.5.6 Proposition, For any preconvenient vector space E there exists a morphism 
onto a separated preconvenient vector space wE, such that any morphism into a 
separated preconvenient vector space factors uniquely over wE. By (8.4.3) one thus 
obtains a functor w:Pre->sPre which is left adjoint to the inclusion 
r: sPre— Pre. Explicitly wE can be constructed as the Pre-subspace 1,(E) of Tl, R, 
cf. (2.5.5). The kernel of 1p: E-@E is exactly the closure of {0} with respect to 
either the Mackey closure topology or the locally convex topology. It is the largest 
bounded subspace. Furthermore 1, is a retraction in Pre, i.e. admits a right-inverse 
in Pre. 


Proof. As Pre-subspace of the separated preconvenient vector space TIe R, cf. 
(2.5.5), the described space wE is also separated. Let g: EF be a Pre-morphism 
with F separated. Then 1;: F—-II,-R is an injective and initial linear ?°- 
morphism. Obyiously g: E>F extends to a Pre-morphism g: Mg R>Mp R 
characterized by pre°g=pr;., for all ¢eF’. From §(wE)=G(ig(B)) 
=ip(g(E))Si,(F) it follows that g restricts to a Pre-morphism wE-F. It is 
unique since i,: E>@E is surjective. 

Denote the kernel of 1: E>@E by Ey. Then Eg is equal to zer f~ (0). 
Hence Ey is bounded, and any other bounded subspace has to be included in Eo 
since it gets annihilated by all 7¢ E’. Being a kernel, Eo is obviously closed with 
respect to the locally convex topology, hence also with respect to the Mackey 
closure topology. On the other hand the constant sequence 0 converges Mackey 
to any xe Ey. Thus Ep is the closure of {0} in both topologies. Finally Ep is the 
largest linear subspace F with trivial dual, since F’={0} implies that F is 
bounded. 

The map ıp: E>oE is a retraction, since by the initiality of 1, every linear 
right inverse map is a morphism. 


2.6 Completion 55 


2.6 Completion 


Now we turn to the question of existence of certain limits which are needed for 
calculus. Again we give equivalent characterizations of the respective complete- 
ness property, using various of the structures on a separated preconvenient 
vector space. For the case of Mackey convergence we need a lemma: 


2.6.1 Lemma. Let Y be a Mackey—Cauchy filter on a preconvenient vector space 
E (with 9 — 8 < UB for some weakly closed B). If 9 converges weakly to xe E, then 
@G is M-convergent to x (with @—x< UB). 


Proof. By definition a Mackey—Cauchy filter satisfies 9-9< UB for some 
bounded B, which may be assumed to be weakly closed, since the weak closure 
of a bounded set is bounded. Then there exists for any e>0 a Ge% with 
G—G¢[-—s, £]B and so[—«, ¢]B2g—Geg-—G for every g €G. Since [ ~e, e|B 
is weakly closed and g—Y converges weakly to g—x one concludes that 
g—xe[—e, ¢]B. Therefore G—x S [—e, €]B, showing that 4 —x < UB. o 


2.6.2 Theorem. Let E be a separated preconvenient vector space, ke No, ,,. Then 
the following statements are equivalent: 


(1) The Mackey convergence structure is complete; 

(2) Every Mackey—Cauchy sequence converges (weakly); 

(3) The bornology is complete (cf. LHogbe-Nlend, 1977, p.42]), i.e. every 
bounded set is contained in an absolutely convex bounded set B, such that Eg 
is a Banach space; 

(4) For-every Lip*-curve c the weak integral |, c exists; 

(5) For every Lip***-curve c the weak derivative C(O) exists; 

(6) For every Lip***-curve c the difference quotient ôte: RY +E has a Lipă- 
extension to R?; 

(7) If {x,;n€N}CE is bounded and (t,)e¢* then Z,t,x, converges (weakly), 

(8) For every Pre-embedding of E into a preconvenient vector space the image is 
M-closed. 


Proof. We will show the implications, cf. [Kriegl, 1982]: 


|i | 


6< 5 8e 44 3 
(1=5) We first show that 
| 1 (279e 


t=s t S 


)imset-1, INO} rs} 
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is bounded. By composing with / e E’ one reduces this to the case E= R. In this 
case trs(c(t)—c(0))/t has a Zip"-extension to R by (1.3.22), hence is locally 
locally Lipschitzian and the claimed boundedness follows. This boundedness 
implies the Mackey~Cauchy condition for the net tr(c(t}—c(0))/t (t 40), where 
t, >t, iff |t,|<|t,|. So by (1) the Mackey limit and hence the weak limit exists. 

(56) One defines the extension ôtc of the difference quotient by 
d1c(t, t):=é(t). Since f° ôte=8 (f °c) has a &f*-extension to R? by (1.3.22) it 
has to coincide with f°6'c, and thus d'c is Sig". 

(6=>5) This is obvious since 5+c (0, 0) is the weak derivative ¢(0) of c at 0. 

(5=8) Let E be contained as Pre-subspace in some F and let ye F be the M- 
limit of a sequence in E. Then there exists a subsequence x,¢€E with 
{n"(x,—y);néN} bounded. The special curve lemma (2.3.4) yields a smooth 
parametrization c: RF of the infinite polygon through the points x,— y. Using 
a smooth monotonic function k: R>[—1, 1] with h(t)=t for t in a neighbor- 
hood of O we define a smooth curve e:R-F by e(t):=t-(c(h())4+ 
y+c(—A(t))). Then e(0)=0 and for t40 the point e(t) lies on the segment 
between tx, and tx,,, for some ne N. Hence the smooth curve e lies in E. Its 
weak derivative at 0 is equal to y and lies in E by assumption (5). 

(8=>2) Let (x,) be a Mackey—Cauchy sequence in E. Then ¢(x,,) is a Cauchy 
sequence for every ¢ € E’ and hence converges to some number tz. Consider now 
the embedding 1: E>M R of (2.5.5). From (2.6.1) it follows that i(x,) is 
M-convergent to (t,)s-g:. Since, by (8), tg(E) is M-closed in IIR this M-limit has 
to lie in 1,(E). Using that 1, is an initial injective ?~-morphism we conclude that 
x, converges in E. 

(2=1) is an immediate consequence of (2.2.12). 

(2=>7) Let B be a bounded convex set containing all x,. Then Spm’ Lj=, tX; is 
contained in B, where Spm:=(2Z™,|t;|) 1200. Hence the series is a 
Mackey—Cauchy sequence. 

(7=3) For ASE bounded take as B the weak closure of the absolutely 
convex hull of A. Use then the fact that a normed space like Eg is complete if 
every absolutely summable series is convergent. By definition a series 
Ly, is absolutely convergent in Ep iff Dt, converges where t, is the Ep-norm of 
Yn. Define x,:=(1/t,)y, for t,40 and x,:=0 for t,=0. Then {x,;neN} is 
bounded and hence Et,x,=2Zy, converges weakly by (7). Using (2.6.1) we 
conclude that Dy, converges in Ep. 

(3=>4) Let c be a Hip°-curve. Then clio, 1 is continuous into some Eg, which 
can be assumed to be complete. Hence {5 c exists in Eg and thus in E. Another 
method, cf. (4.1.3), to prove this would be to show that the Riemann sums form a 
Mackey—Cauchy net and then use (3). 

(4=>8) Let F, x,, y, c and h as in (5=8). One defines a smooth curve e: R>F by 
e:=(c° hy. Then e(0)=0 and for «40 the point e(t) lies in E since (c° h) (0 is a 
multiple of some difference x, ,,—x,. Hence e is a smooth curve in E. Its weak 
integral from 0 to 1 is equal to (c*h)(1)—(c2h)(0)=c(h(1)) and lies in E. Since 
c(h(1)) lies on the segment between x,—y and x,.,—y for some neN, one 
concludes that y lies in E. O 


2.6 Completion 57 


Remark. Note that we gave no characterization of completeness in terms of 
the locally convex topology. A locally convex space E is called Mackey complete 
(or locally complete, cf. [ Jarchow, 1981, p. 196]) iff the associated preconvenient 
vector space BE (cf. (2.1.10) and (1) of (2.4.4)) is complete. Since every Mackey- 
Cauchy sequence is also a Cauchy sequence in the locally convex topology, the 
sequential completeness of this topology is enough to ensure Mackey com- 
pleteness. Although it is quite likely that the converse is false, we do not know 
any counter-example, i.e. a bornological (!) locally convex space that is Mackey 
complete but not sequentially complete. An example showing that Mackey 
completeness does not imply (quasi-)completeness of the locally convex topo- 
logy can be found in (7.4.3). For metrizable locally convex spaces E, however, 
Mackey completeness is equivalent to completeness, cf. [ Jarchow, 1981, p. 197]. 
In fact, for a Mackey complete metrizable locally convex space the completion is 
metrizable, cf. [ Jarchow, 1981, p. 60]; hence one can apply (8) of the previous 
theorem to conclude that E coincides with this completion. 

For non-topological convex bornological spaces Mackey completeness does 
not imply bornological completeness; cf. (7.4.4). 


2.6.3 Definition. Any separated preconvenient vector space that satisfies one 
and hence all conditions of the proposition above is called complete and the 
complete separated preconvenient vector spaces will shortly be called convenient 
vector spaces. With Con we denote the full subcategory of Pre formed by all 
conyenient vector space. 

By the previous remark and (iv) of (2.1.20) Fréchet spaces, i.e. complete 
metrizable locally convex spaces, are convenient. 


Let us give some useful information on M-closed subspaces of convenient 
vector space. 


2.6.4 Proposition. (Closed Embedding Lemma.) Let m:F>E be a PRE- 
embedding into a convenient vector space E with M-closed image. Then F is a 
convenient vector space and the Mackey closure topology of F is the trace topology 
of the Mackey closure topology of E. 


Proof. In order to show that F is complete, let x, be a Mackey—Cauchy 
sequence in F, hence in E. But in E it has to converge Mackey towards an xe E. 


F “ p M ; 
Since F is assumed to be M-closed we obtain that xe F and x, —>x in E. 


The spaces E and F with their Mackey closure topologies are again denoted 
Ty E and tyf. Obviously the injection t,,F >1,,E is continuous. Conversely let 
A be closed in TyF and a, E€ A a sequence converging Mackey to xe E. Since F is 


M 
M-closed, a,—x in F. Therefore xe A, showing that A is also closed in 1,,E. 
Oo 


Remark. For an arbitrary Pre-subspace F, the Mackey closure topology of F 
is not always the trace topology of that of E, cf. (6.3.3). 
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We now show that for every preconvenient vector space there exists a 
completion having the usual universal property. 


2.6.5 Theorem, For any preconvenient vector space E there exists a convenient 
vector space E which is the universal solution for extending bornological linear 
maps into convenient vector spaces. One thus obtains a functor ©: Pre—> 
Con which is left adjoint to the inclusion Con>Pre. Explicitly OE=E can be 
constructed as the M-closure of the image of E under the initial Pre-morphism 
ig: E> R, cf. (2.5.5). This E will be called the (separated) completion of E and & 
the completion functor. 


Proof. We first show that II,R as defined in (2.5.4) is convenient. For any 
Mackey—Cauchy sequence (x") the coordinates x} from a Cauchy sequence in R 
and thus converge to some x?°. Let x” €I1,R be the point with coordinates x?. 
By construction x" converges weakly to x”, thus M,R is convenient by (2.6.1). 

From this and (2.6.4) it follows that the M-closure of 1,(E) in IIR is 
convenient. 

Let now g: E>F be a Pre-morphism into an arbitrary convenient vector 
space F. Then F is M-closed in Ip. R by property (8) of (2.6.2) and g extends toa 
bornological linear map g: Ily R>Hp R. Hence g(M-closure of E) ¢M-closure 
of g(E)=M_-closure of F = F. Furthermore this extension is unique, since 1,(E) is 
M-dense in E as (2.6.4) implies. 


Remark. The separated completion of E can also be obtained in two 
steps: first one forms the associated separated space wE and then the con- 
venient vector space @(wE) associated to wE. More formally: © = ð ° 1° œw, where 
1: sPre- Pre denotes the inclusion. 


One might believe that the completion of E can be obtained by taking the M- 
closure of E in any convenient vector space F that contains E as a Pre- 
subspace. However this is not true in general; see (6.3.2) for an example. We will 
show in (2.6.7) that it holds under an additional assumption. The following 
lemma will be useful. 


2,6.6 Lemma, (Linear Extension Lemma.) Let X be a set, F a preconvenient 
vector space, G a convenient vector space; f:X—>F and g: X—G two maps. 
Suppose that the linear subspace < f(X)> generated by f(X) is dense in F with 
respect to the Mackey closure topology of F. If for every £€G' there exists an 
Cpe F’ with £°g=čr° f, then there exists a unique Pre-morphism g: F>G with 
g=G°f. 


Proof. Let ig:G-lI,gR be the Pre-embedding of (2.5.5); #: 
FoIlg,R the Pre-morphism with prse#=?, for all feG’. Then 
prz mo f=lpof=f°g=pre%tgeg for 6G’, hence on? f=1g°g, 
which implies #({(X))<1,¢(G). Using that % is linear and continuous with respect 
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to the Mackey closure topologies one obtains: +2 (F)=#(<(f(X)>)S a f(X)> 
clafl f(X) S<ig(G)> =ig(G). Therefore æ factors as #=1,°9 and by in- 
itiality of 1g one concludes that g: F-G is a Pre-morphism. One has /og+f 
=prz° t° G°f=pry° mo f=prz° t° g =f °g for all EG’, thus ĝe f=g. Unique- 
ness of ĝ is trivial. o 


2.6.7 Proposition. Let 2u: E-F be an injective morphism from a preconvenient 
vector space E into a convenient vector pace F with M-dense image. Then the 
Jollowing statements are equivalent: 


(1) #: E>F is a completion, i.e. every morphism ¢ from E into a convenient 
vector space G extends uniquely to a morphism ¢: FG; 

(2) every element of E’ has an extension belonging to F’; 

(3) #: EF is an embedding for the locally convex topologies. 


Proof. (i=3) We first show that # is a Pre-embedding. So let BCE with 
m(B)SF bounded. Then /(B)=7(»(B)) is bounded for cE’, thus B is 
bounded in E. 

Consider on 2z (E) the trace of the locally convex topology on F. Then the 
locally convex topology on E is the topology induced by the map » into the 
bornologification of 7 (E ). So it remains to show that #(E) is bornological. For 
this it is enough to show that all bornological linear maps into any Banach space 
are continuous, cf. [Jarchow, 1981, p. 272]. So let g: #(E)-G be such a map. 
Then g ° » is bornological, and so it extends to a morphism (g ° 22) on F. Thus 
g=(g°m a Loves is continuous with respect to the trace topology. 

(3=>2) This is a direct consequence of the Hahn—Banach theorem. 

(2=1) This follows from the linear extension lemma (2.6.6). o 


2.6.8 Corollary. Let #2: E—F be an injective Pre-morphism into a convenient 
vector space F. If every f e E' extends to F (i.e. m#*: F'—E' is surjective) then a 
completion of E is given by 2: E-+m(E), where m(E) denotes the M-closure of 
the image s (E) in F. 


Remark. Using this corollary one shows easily that the completion of a 
separated preconvenient vector space E can be obtained by taking its M-closure 
in the bidual E” which will be introduced later. 


3 MULTILINEAR MAPS 
AND CATEGORICAL 
PROPERTIES 


After having demonstrated in the previous chapter that convenient vector 
spaces have good internal properties which guarantee that derivatives and 
integrals exist and are unique, we show in this chapter that at the same time they 
form a category with excellent properties. As for analogous constructions of 
topological spaces, initial and final structures can be used to show the existence 
and give explicit descriptions of all categorical limits and colimits. The general 
procedure is described in section 3.1. The most important special cases, namely 
subspaces, quotients, products, direct sums and inductive limits, are discussed in 
sections 3.2 to 3.5, and it is shown that in these cases the general constructions 
often can be simplified. 

Function spaces of linear and multilinear maps are clearly of importance since 
for a differentiable map the (higher) derivative at a point will be a (multi-)linear 
map. Section 3.6 starts with the linear case. For convenient vector spaces the 
linear maps from E to F which satisfy the equivalent conditions of being 
continuous, bornological or differentiable, ic. being morphisms, form in a 
natural way a convenient vector space denoted by L(E, F). 

In section 3.7 multilinear morphisms are introduced and characterized in 
various ways. The function spaces formed by them are discussed and it is shown 
that they can be identified in the usual way with iterated function spaces of linear 
morphisms. 

In section 3.8 it is proved that for any convenient vector spaces E, and E, 
there exists a tensor product, i.e. a convenient vector space E, & E, with the 
property that the bilinear morphisms from E, x E, to any third space F are in 
one-to-one correspondence with the morphisms from E, & E, to F. 

Of great importance for many results is the fact that a version of the 
Banach-Steinhaus theorem, also called the linear uniform boundedness 
theorem, holds. It states that a subset of the space L(E, F) is bounded on 
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bounded subsets of E provided it is bounded on points of E. It allows to obtain 
related results for spaces of non-linear functions: a so-called bornological 
uniform boundedness principle in the same section, a multilinear version in 
section 3.7 and differentiable ones in Chapter 4. 

In the last section the duality functor which associates to a convenient vector 
space the space E’ = L(E, R) is studied. It is proved that any E can be naturally 
embedded into its bidual E”. Furthermore the duals of products and direct sums 
are determined. 


3.1 Initial and final structures, categorical completeness 


Since we not only want to prove the existence but also give explicit descriptions 
of categorical limits and colimits of convenient vector spaces, we first study some 
of the ambient categories. 


3.1.1 Lemma. For the following categories initial and final structures exist with 
respect to the forgetful functor to the category VS of vector spaces: 


(i) the category DVS. of dualized vector spaces; 
(ii) the category LCS of locally convex spaces; 
(iii) the category CBS of convex bornological spaces. 


They will be called initial and final dualized vector space structures in case (i), 
initial and final locally convex structures in case (ii) and initial and final convex 
bornological structures in case (iii) without explicit mention of the forgetful functor 
to VS. 


Proof. The verifications being trivial, we only describe for the three cases under 
(a) the initial structure for a given family of linear maps ,;: E > E, and under 
(b) the final structure for a given family of linear maps »,;: E; > E, where j varies 
in an arbitrary index set J, Ee|VS| and E; is an object in the corresponding 
category stated in the lemma. 

(i) (a) Take as E’ the linear subspace of the algebraic dual of E generated by 
jest (E). 

(b) Take E':= {£:E >R linear; / o »,€ E; for all je J}. 

(ii) (a) Put on E the initial topology, which has as sub-basis the sets #2; '(O,) 
for jeJ and O; running through a sub-basis of the topology of E,. 

(b) Put on E the locally convex topology having as basis for the 0-neighbor- 
hoods the collection of absolutely convex absorbent subsets U for which 
mj ‘(U) is a O-neighborhood in E, for all jeJ; cf. [Jarchow, 1981, p. 108]. 

Gii) (a) Put on E the initial bornology {B = E; »,(B) = E; bounded for all 
jeJ}, of. [Hogbe-Nlend, 1977, p. 29]. 

(b) Put on E the convex vector bornology 2 generated by the sets »;(B;) for 
jeJ and B, running through a basis of the bornology of E,. The bornology #..... 
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has as basis the absolutely convex hulls of finite unions of these and the finite 


sets; cf. [Hogbe-Nlend, 1977, p. 32] and (2.1.4). o 


3.1.2 Theorem. 


(i) Initial structures with respect to the forgetful functor Pre > VS exist. They 
will be called initial preconvenient structures and have, for given linear maps 
mE E, jeJ, Ee|VS| and E,¢|Pre|, the following descriptions: 


— the dual of E is obtained by applying the retraction functor dc: 
DVS >Pre, cf. (2.4.1), to E equipped with the initial dualized vector 
space structure; 

— the locally convex topology of E is obtained by bornologifying the 
initial locally convex structure, i.e. applying the functor 
yB: LCS >bLCS; 

— the bornology of E is the initial (convex vector) bornology; ef. (3.1.1); 

— the ¢”-structure of E is the initial ¢”-structure; 

— the Li~'-structure of E is the initial Lip'-structure. 

(ii) Final structures with respect to the forgetful functor Pre>VS exist. 
They will be called final preconvenient structures and have, for given linear 
maps m;:E;>E, je J, Ee|VS|, E;e|Pre|, the following descriptions: 

— the dual of E is the final dualized vector space structure; 

— the locally convex topology of E is the final locally convex topology; 

— the bornology of E is obtained by topologifying the final convex vector 
bornology, i.e. applying the functor By:CBS >tC BS; 

— the ¢~-structure of E is the one generated by those linear functions 
¢:E-+R for which fo, is an 2°-morphism for all je J; 

— the Lip'-structure of E is the one generated by those linear functions 
¢: ER for which £ o m; is a Lip-function for all je J. 


Proof. For the first three structures the result follows from (3.1.1) by using 
the special case (8.7.5) of the categorical proposition (8.7.4) and (2.4.3). For the 
f"- or Lip~'-structure one verifies directly that the described structures 
suffice. 


Remark. It will be shown in sections 3.2-3.5 that there are important special 
cases where certain of the above descriptions become much simpler in the sense 
that applying a retraction functor like da, yf or By becomes superfluous. 


3.1.3 Corollary. The category Pre of preconvenient vector spaces is complete 
and cocomplete. The forgetful functor to the category VS of vector spaces has a left 
and a right adjoint, hence commutes with limits and colimits. Limits (colimits) in 
Pre are obtained by forming them in VS and putting the initial (final) pre- 
convenient structure on them. 


Proof. The categorical proposition (8.7.3) applies directly. 
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3.1.4 Theorem. The category Con of convenient vector spaces is complete and 
cocomplete. Limits are obtained by forming them in Pre. Colimits are obtained by 
applying the completion functor © (cf. (2.6.5)) to the colimit formed in Pre. 


Proof. Since the retraction functor @: Pre-Con is left adjoint to the inclusion 
functor 1:Con—Pre, the categorical proposition (8.5.3) applies. o 


Remark, Again we refer to sections 3.2-3.5 for some special cases where 
colimits taken in Pre are already separated and sometimes even complete, so 
that the application of @ is superfluous. 


3.2 Subspaces and quotients 


We saw in (3.1.2) that initial and final Pre-structures do exist; this is not the case 
for Con-structures, even for families consisting of a single map only. The 
following proposition (of which only the second part will be used) describes the 
initial Con-morphisms: 


3.2.1 Proposition, Let f:E—>F be a linear map from a vector space E into a 
convenient vector space F. Then the initial Con-structure on E induced by f exists 
(and a basis of its bornology is given by the absolutely convex bounded sets B for 
which F sœ is complete) iff f is injective and the ultrabornologification of the trace 
topology of the locally convex topology of F on the image f(E) is Mackey complete. 
If in particular the image of f is M-closed then this ultrabornologification is 
Mackey complete and the initial Pre-structure equals the initial Con-structure. 


Proof. We first recall that the ultrabornologification of a locally convex space 
G has as O-neighborhood basis those absolutely convex sets that absorb the 
bounded absolutely convex sets B for which Gg is a Banach space. 

(<) Supply E with the initial topology induced by the locally convex top- 
ology of F and take its ultrabornologification. This makes E convenient since 
ultrabornological implies bornological, separation is trivial and Mackey com- 
pleteness is assumed. That the mentioned sets form a basis of the bornology of E 
is immediate by the description of the ultrabornologification. 

Let G be a convenient vector space and g: G>E a linear map for which fe g is 
a morphism. Then g:G—E is continuous with respect to the locally convex 
topology of G and the considered initial topology on E. By applying the 
ultrabornologification functor and using that the locally convex topology of 
every convenient vector space G is ultrabornological (i.e. invariant under 
ultrabornologification) one deduces that g: G>E is a morphism. 

(=) Suppose f(x) =0. Let G be a Banach space and f:G>R a linear 
functional that is not continuous. Then yt>/(y)- x defines a linear map g: G>E 
such that fog is a morphism (since fog = 0). By the assumed initiality g: GoE 
has to be a morphism. Let 4,€E’ be arbitrary. Then (4, °g9)(y) = f(y) A0) 
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defines a morphism on G. Thus /#,(x) has to be zero, otherwise / would be a 
morphism on G. Since E is assumed to be separated, x has to be 0. This proves 
the injectivity of f. 

The ultrabornologification of the trace topology of f(E) can be described as 
colimit in LCS of the Banach spaces Fẹ with bounded B € f(E). Let gg be the 
composite of the inverse of f: E>f(E) with the inclusion of F, into f(E). Then gg 
is linear and feg, is the inclusion and thus a morphism. By the initiality 
assumption gz has to be a morphism and by the universal property of the colimit 
the inverse of the restriction of f to the ultrabornologification of f(E) into E has 
to be a homeomorphism. Thus f(E) is convenient since it is isomorphic as locally 
convex space to E. 

That M-closedness suffices was proved in (2.6.4). 0O 


3.2.2 Remark. Any Con-morphism that is an initial Pre-morphism is also an 
initial Con-morphism. However an initial Con-morphism is in many cases not 
an initial Pre-morphism. For an example see (3.4.3) together with (3.4.4). 

For an initial Pre-structure (but not in general for an initial Con-structure) 
one has, as shown in (3.1.2), that the bornology is the initial bornology, the £”- 
structure is the initial 7”-structure, and the “y‘-structure is the initial p*- 
structure. 

But the locally convex topology is only in special cases the initial locally 
convex structure. A sufficient condition is the following: 


The inclusion of a Pre-subspace of F is also initial for the locally convex 
topologies if it is of finite codimension in F, or of at most countable 
codimension provided F is convenient. 


That subspaces of finite codimension of bornological locally convex spaces are 
bornological can be found in [Jarchow, 1981, p. 281]. Subspaces of countable 
codimension of ultrabornological locally convex spaces are bornological by 
[ Valdivia, 1971]. For subspaces of arbitrary codimension this is in general false, 
cf. (7.4.2). g 


Now we turn towards final morphisms. 


3.2.3 Lemma. Let (#;): E; >E be a final family of CBS-morphisms. If every E; is 
complete and E is separated then E is complete too. 


Proof. Let B S E be bounded. By (3.1.1) there are finitely many bounded sets 
B,CE,,..., B, S E; and a finite set Bo < E with B being contained in the 
absolutely convex hull of the union of m,,(B,),..., m; (Bu); Bo. Since each 
E,, is complete we may choose absolutely convex bounded sets K; S E,, con- 
taining B; and such that (E;,)x, is a Banach space. Since By is finite the space Ex, 
is finite dimensional and hence a Banach space, where Ko denotes the absolutely 
convex hull of By. The map z +t +æ; +id defined on the product 
M-1(E;)x: Ex, is a quotient map onto the normed space Ex, where 
K:=m;,(K,)+ +++ +a (Ka) t Ko, hence Ey is a Banach space which certainly 
contains B. 
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3.2.4 Proposition. Let f: E-F be a linear map from a convenient vector space E 
into a vector space F. Then the final Con-structure on F induced by f exists (and 
equals the final Pre-structure) iff the kernel of f is closed in the locally convex 
topology and the final locally convex topology on F is Mackey complete. If in 
particular the final convex bornological structure on F is separated and topological 
then these conditions are satisfied and the bornology of the final Con-structure on 
E is the final convex bornological structure. 


Proof. (=>) Every final Con-morphism has to be a final Pre-morphism and 
hence to be final for the locally convex topologies. But a final topology is 
separated only if the kernel is closed; cf. [Jarchow, 1981, p. 76]. 

(<=) The locally convex topology of the final Pre-structure is the final locally 
convex structure, thus the assumptions imply that it is convenient and hence the 
final Con-structure. 

In a case where the final convex bornological structure is topological and 
separated, it defines a separated preconvenient vector space which is complete 
since final convex bornological structures inherit completeness by the previous 
lemma. 


3.2.5 Remark. In (3.1.2) we showed that for the final Pre-structure the locally 
convex topology is the final locally convex topology. This is not the case for the 
bornology, the ¢*-structure and the “y'-structure. An example for the born- 
ology and hence 7%-structure can be found in [Jarchow, 1981, p. 233]. An 
example for the #4°-structure will be provided in (7.3.7). In (7.3.3) and (7.3.4) 
final Pre-morphisms will be described explicitly. 


3.3 Products 


3.3.1 Proposition. Let E; for jeJ be preconvenient (resp. convenient) vector 
spaces. The categorical product E = T1,,,;E,in Pre (resp. in Con) has as underlying 
vector space the product of the underlying vector spaces. 


—The bornology of E is the product bornology, i.e. B S E is bounded iff pr ,(B) is 
bounded in E; for all je J. 

—The dual of E is obtained by applying the retraction functor dc, cf. (2.4.1), to the 
product formed in DVS (having as dual the direct sum of the duals, cf. (3.1.1). 
(In most cases it is not necessary to apply ôo, cf. (3.9.5). 

—The locally convex topology is obtained by bornologification (applying yp) of the 
product of the locally convex topologies (Again in most cases it is not necessary 
to apply yB, cf. (3.3.5). 

—The bounded sequences (¢”-morphisms) are those c: N-E for which the co- 
ordinates pr;>c: NE, are bounded sequences of E; for all je J. 

—The Lip!-curves c: R->E are those whose coordinates pr;o c: R>E, are Lipt- 
curves of E; for all jeJ. 
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Proof. This is an immediate consequence of the general result in (3.1.3) and 
(3.1.4). 


Remark. If F; = F for all jeJ we also write F” for T],.;F;. 


We did not describe the Mackey convergence for general limits. Let us 
describe it now for finite products. 


3.3.2 Proposition, For a finite product E of (pre-)convenient vector spaces E; 
(i= 1,...,m)the Mackey convergence on E is the product convergence structure 


of those of the factors, i.e. for a filter # on E=;-1.. mE; one has HP iff 
pr()—— prj(p) forj=1...m. 
a 


Proof. Using the translation invariance one reduces the proof to the case 
p =0. Suppose first that pr(# ee 0 for j=1...m. Then there exist 
j 


bounded sets B; S E; such that pr,(#’) < U-B, and we thus obtain # < 
prl) x ...x Pimli) < UB, x ...x UB, < U(B,x ... x Bm) and since 


Bı x ... X B,, is bounded in E the assertion A follows. We remark that 

the first inequality fails for infinite products. Conversely, wo implies 

pr 8 because pr; is continuous with respect to the Mackey 
j 


convergence structures. O 


3.3.3 Remark, The following example shows that (3.3.2) in fact fails already for 
infinite denumerable products. Choose E = RY, i.e. the product of countably 
many factors R. Take as directed set J:= {k + 1/m; k, me N} with its natural 
order inherited from R and define a net x: J—>E as follows: 


raae 0 for t>n 
Lak at’ t=k+ml<n 


For every neN the net pr, ox: J—R is trivially M-convergent to zero, but x is 
not M-converging to 0 in R^. In fact, otherwise there would exist reals s, with 
5,00 for t 00 and such that {s,x(t);te J } would be bounded. This is obviously 
impossible, because for every toe J even {x(t);teJ, t > to} is unbounded. 


3.3.4 Remark. Even for a product of two convenient vector spaces the Mackey 
closure topology is often strictly finer than the product of the Mackey closure 
topologies of the factors. According to the characterization of multilinear 
morphisms in (3.7.1) it is enough to find two bornological locally convex spaces 
E and F that are complete and a bilinear function E x F-R which is born- 
ological but not continuous. Take as F any non-normable Fréchet space (as e.g. 
RN) and as E its dual with the strong topology; cf. [Jarchow, 1981, p. 154]. Then 
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the evaluation map E x F-R is bilinear and bornological. But for a non- 
normable locally convex space F there does not even exist a topology with point 
absorbing 0-neighborhoods on F’ making the evaluation map continuous. To 
see this, suppose there exists such a topology. Then take a 0-neighborhood U in 
F’ and a 0-neighborhood V in F with ev(U x V) = [—1, 1]. The 0-neighbor- 
hood V is bounded, since (cf. (i) in (2.1.21)) for every fe F’ one has fe K-U for 
some K >0 and hence (V) K-U(V) < K[—1, 1] =[—K, K]; this is a 
contradiction to the non-normability of F, cf. [Jarchow, 1981, p. 116]. 

An important special case where the product of the M-closure topologies is 
the M-closure topology of the product is the following: E and F convenient with 
E finite dimensional. 

It is enough to show this for E = R since any finite-dimensional E is 
isomorphic to some R”. So let (t,x)eU with U M-open in Rx F. Take a 
compact interval I containing t such that Ix {x}S U. Let V= {x'eF; 
(t’,x’)eU for all eI}. It remains to show that V is M-open in F. Otherwise 


3 7 A M : 
there is a sequence x,¢V in F with x Xw €V. Thus there are tef with 


(tas Xa) U. Since I is compact we may assume that t,>t,eJ/, and hence 
(ta X»)€ U. This is a contradiction to the assumption that U is M-open. 


3.3.5 Theorem. If the cardinality of the index set J is non-measurable (i.e. J does 
not admit a non-trivial additive {0, 1}-measure defined on all subsets of J; cf. 
[Jarchow, 1981, p. 282]) then the locally convex topology of a product T<; E; of 
(pre-)convenient vector spaces is the product topology of the locally convex 
topologies of the factors. 


Proof. The topologies of the factors are bornological. Hence by the 
Mackey—Ulam theorem [Jarchow, 1981, p. 282] so is the product topology. 
Thus the bornologification according to the general description in (3.3.1) is not 
necessary. O 


Remark, Ifin some model of set theory a measurable cardinal exists, then the 
smallest such cardinal has to be strongly inaccessible [Jarchow, 1981, p. 282]. 
Hence one can restrict set theory in such a way that all cardinals are non- 
measurable. 


3.3.6 Corollary. For a product II ;e;E; of (pre-)convenient vector spaces with an 
index set of non-measurable cardinality the dual (I],.;£;)' is the direct sum of the 
duals. 


Proof. One only has to combine the preceding result with the fact that the dual 
formed by the continuous linear functionals on any product of locally convex 
spaces is the direct sum of the duals of the factors; cf. [Jarchow, 1981, p. 165] for 
the separated case. 
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3.4 Coproducts or direct sums 


3.4.1 Proposition, Let E; for jeJ be convenient (preconvenient) vector spaces. 
The categorical coproduct E = U,.;E, in Con (in Pre) has as underlying vector 
space the direct sum (i.e. the coproduct in VS) of the underlying vector spaces 
[Jarchow, 1981, p. 17]. The dual of E is the product of the duals E;. The locally 
convex topology of E is the final one induced by the canonical injections in;: E; > E 
(also called the locally convex sum topology; see [Jarchow, 1981, p. 111]). The 
bounded sets of E are those sets which are contained in sums of finitely many 
bounded sets B;  E,. The ¢*-structure of E has as structure curves the sequences 
c:N-E' that are sums of a finite number of bounded sequences c;:N—E,. The 
Lip~'-structure of E has as structure curves those maps c:R>E which are locally 
representable as a finite sum of Lip*-curves ci R> Ej. 


Proof. We first consider the case of preconvenient spaces E, and begin with the 
description of the bornology of E. Using (2.1.4) it is easily verified that the finite 
sums of sets of the form in,(B,) with B; © E; bounded form a basis of a convex 
vector bornology (and it is of course the finest one for which all these sets in,(B,;) 
are bounded); ie. it is the final convex bornological structure induced by the 
maps in,: E;>E. Remains to verify that it is a topological bornology (otherwise 
we would have to apply the topologification functor By according to (3.1.2)). 
This is easy; one uses either (2.1.23), or the fact that it is the von Neumann 
bornology of the locally convex sum topology. The statements concerning the 
dual of E and the locally convex topology of E follow directly from the general 
results, cf. (3.1.2) and (3.1.1); those concerning the ¢%-structure and the 


Li~'-structure follow from the given description of the bornology, combined . 


with (1.3.22) in the case of “*-curves, cf. (4.1.12). 

For the case of convenient vector spaces E, it remains to show that the 
described coproduct E in Pre is already separated and complete and hence is the 
coproduct in Con. Separation is obvious: the only bounded subspace of E is the 
0-subspace. Completeness follows from lemma (3.2.3) applied to the family 
in; E; > U,.,E;. 


Remark. If F, = F for all jeJ then we also write F” for Uj.;F;. 


3.4.2 Proposition, Let E,(j¢J) be preconvenient vector spaces, S; S E; linear 
subspaces that generate the bornology of E; (i.e. B & E; is bounded iff ¢(B) is 
bounded for all £ € F;). Then ILs; f; generates the bornology of H jes Ej. 


Proof. Trivially B < LIE, bounded implies /(B) = R bounded for all fe. Y,. 
We have to show the converse. So let B < HE, be unbounded. Then by (3.4.1) 
either B meets some E, in an unbounded set and one trivially obtains an ¢ € ILY, 
with 4(B) unbounded; or there exist j eJ (ne N), all different, for which points 
b"eB with j,th coordinate b} #0 exist. Since every be B has only a finite 
number of non-zero coordinates we can choose the j, and b" such that, 


3.4 Coproducts or direct sums 69 


in addition, b% =0 for m<n. One chooses £, E€ S, inductively such that 
A (bi) =1 and 4,(b) =k-sign (2k21 in (b5). In IS, we consider the 
element ¢ having as j,th coordinate £, the others being 0. For xe LIE, one has 
(x) = Z,4,,(x;,), the sum being actually finite. For x:= b”, the terms of this sum 
with k > n are zero (by the choice of the indices j,); the nth term has absolute 
value n; the sum of the preceding terms has the same signature as the nth term. 
Therefore |/(b")| > n proving that ¢(B) is unbounded. oO 


We continue this section by comparing products and coproducts. The 
inclusion of a coproduct into the corresponding product is of course always a 
Pre-morphism. But even for convenient vector spaces it forms only in very 
special cases a Pre-subspace. However, the coproduct of convenient vector 
spaces is always a Con-subspace of the corresponding product. 


3.4.3 Proposition, Let E; (jeJ) be preconvenient vector spaces. If only finitely 
many factors E; are non-zero then the inclusion 1:U,.;E; > Ilj_yE; is a Pre- 
isomorphism and in this case we will also write ®jezE; for the product and the 
coproduct. Otherwise the Pre-morphism ı is neither initial nor surjective. 


Proof. Using the given descriptions of the bornologies on products and 
coproducts one easily verifies all the statements. O 


3.4.4 Proposition. Let E, (jeJ) be convenient vector spaces. Then the inclusion 
i UjeyE; > Mj-,E; is an initial Con-morphism, i.e. E, has the coarsest con- 
venient vector space structure for which the projections pr;: OE; —> E; are 
morphisms. 


Proof. For this we have to show that for an absolutely convex set B S LIE,, 
that generates a Banach space and is bounded in HE, only finitely many 
projections prj(B) are unequal to {0}; ie. B is bounded in WE,. Suppose 
indirectly that pr,(B) # {0} for infinitely many j, i.e. there exist be B with bj # 0. 
Using that only finitely many coordinates of b/ are non-zero we can choose a 
sequence b"e B and distinct j,eJ with b}, #0 and bj, = 0 for k >n. Next we 
want to modify this sequence to obtain a sequence xe B and 4,e(E,,)’ with 
G{pr,,(x")) = og Ge. 1 for k=n and 0 for k #n). We prove the existence 
of x" and £, by induction. For n = 1 let x':=b' and 4, be chosen such that 
¢,(b},) = 1. Suppose we already have constructed x',...,x""' and 4,..., 
lı satisfying the above equations. Define x":= ttxt +: >e +t- X"! 
+t: b" with appropriately chosen t;e R. To ensure that x"eB we impose the 
condition |t,|+ °°: +|t,-,/+|t}=1. As additional equations we have to 
satisfy 0 = Aix.) = t GOp)+ °° Hn- G4) 4+04(0)) for k=1... 
n—1. Since by induction hypothesis 4, (xt) = ôx for k,m < n, the kth equation 
reduces to t, = —t-4,(b’,). One uses this equation to define t,, and then has 
only to choose t according to |t,|+ °°: +lta-il +l =1; ie = 1+ 
Yucal) Finally as 4, one can use any 4,€(E,,) with 4,(xj,) = 1. Now 
consider the series 22~*x*. It is a Cauchy sequence in the Banach space 
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generated by B, hence converges to some xe HE, . On the other hand for the jth 
coordinate of x one obtains 4,(x;,) = &Pr (x) = E2 prax") = 27* #0. 
This is a contradiction to xe HE;. o 


3.4.5 Proposition. On any vector space E there exists a finest, convenient vector 
space structure (called the discrete Con-structure) and it is such that the dual is the 
algebraic dual E* of E. One thus gets a functor y: VS > Con which is left adjoint to 
the forgetful functor. It preserves the underlying vector spaces and the underlying 
maps. 


Proof. If J is a basis of E, then according to (3.4.1) the underlying vector space 
of R gets identified with E and its dual with E*. This means that WE is a 
dualized vector space isomorphic to R” and hence a convenient vector space. 
The remaining statements follow from (8.4.3). E 


3.4.6 Corollary 


(i) The forgetful functor Con > VS commutes with limits. 
(ii) The left adjoint functor y identifies VS with a full coreflective subcategory 
of Con. 
(iii) A convenient vector space belongs to this subcategory iff it is isomorphic to 
a coproduct of the form R“ for some set J. 


Proof. (i) and (ii) are immediate, cf. (8.5.1) and (8.4.4). For (iii) one uses that 
every vector space has a basis, or equivalently, is a coproduct in VS of 
summands equal to R, and that y preserves colimits according to (8.5.1). O 


3.5 Inductive limits 


In section 3.1 we proved that an inductive limit in Con is obtained by forming 
the limit in Pre and then applying the completion functor @ to it. We come now 
to the question in which situations the last step can be omitted. 


3.5.1 Proposition, Let E; (jeN) be a sequence of convenient vector spaces such 
that E, is a Pre-subspace of E;., and closed for the locally convex topology. Then 
the inductive limit E=\,E, formed in Pre is convenient and hence the inductive 
limit in Con. The bounded sets in the inductive limit are those that are contained 
and bounded in some E;. And Zif'-curves into the limit are locally Lifpt-curves 
into some E;. 


Proof. In[Jarchow, 1981, pp. 83] it is shown that the inductive limit formed in 
LCS is separated and that it is regular, ie. every bounded set is contained and 
bounded in some E , or, equivalently, that the bornology is the final bornology. 
Thus completeness follows from (3.2.3). Oo 
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Remark. Important cases of this situation are countable direct sums Mren Er 
In this situation the finite subsums define such a sequence of increasing sub- 
spaces and the corresponding inductive limit is the countable coproduct. 
Another application is given by the spaces of test functions used to define 
distributions. Here the space of smooth functions with compact support on a 
finite-dimensional separable smooth manifold X is the inductive limit of the 
Fréchet spaces of smooth functions with support contained in some K,,, where 
the K,,’s are assumed to form an increasing sequence of compact sets covering X. 


If the connecting maps in an inductive sequence of convenient vector spaces 
E, are no longer closed embeddings, then the inductive limit in Pre need not be 
separated or M-complete. A special situation when this is nevertheless the case is 
described in the following: 


3.5.2 Proposition. Let E;> E,4;(jeN) be morphisms between Fréchet spaces. 
Then the inductive limit formed in Pre is convenient (and hence equals the inductive 
limit formed in Con) iff the limit is separated and its von Neumann bornology is the 
final bornology. 


Proof. (<=) Completeness follows from (3.2.3). 

(=) Obviously it has to be separated and M-complete. A result of [Floret, 
1973] shows that completeness is equivalent to the assumption on the von 
Neumann bornology. E 


3.5.3 Remark. An easy (categorical) consideration shows that for every in- 
ductive limit inj: E;> E (jeJ) in Pre the map H.E; >E, (x) ¥ jin, (x;)is a 
quotient map in Pre. 


3.6 Function spaces of linear maps 


We shall show that for any convenient vector spaces E and F the function space 
L(E,F) of linear morphisms E-F has a natural convenient vector space 
structure and that the uniform boundedness principle holds for the corre- 
sponding bornology of L(E, F). 


3.6.1 Proposition 
(i) One has a functor ¢%:(¢°) x Pre— Pre, lifting the functor 
£°:(E*)? x £° +£°%, as follows: the vector space operations on the ¢”- 
space l” (X, E) are defined pointwise, cf. (1.2.8), and on morphisms one has 
E” g):htogchof. 
(ii) The functor ¢€°:(€°)? x Pre Pre restricts to a functor 
£”: (£7)? x Con > Con; i.e. £” (X, E) is convenient for convenient E. 


Proof. (i) Since the preconvenient vector spaces can be identified with the 
linearly generated ?”-vector spaces (cf (ii) in (2.4.4)), we can reformulate pro- 
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position (1.2.10) as follows: for any ¢°-space X and any preconvenient vector 
space E the function space ?*(X,E) is also a preconyenient vector space. 
Furthermore by (1.2.9) its ?®-structure and therefore its preconvenient vector 
space structure is the initial one induced by the maps /%(c,7) = ¢,°c*: 
€"(X, E) +f” for Ze EF’ and ce?” (N, X). Functoriality follows trivially from 
cartesian closedness of £”, cf. (1.2.8), and from the fact that ¢”(f,g) is linear 
provided g is linear. 

(ii) 2°(X, E) is separated, since the linear functionals 7° ev, are obviously 
point separating morphisms on /”(X, E). 

Completeness can be proved along the following pattern: take a Mackey- 
Cauchy sequence (g,) in £” (X, E). Then the values g,(x) = ev,(g,) form a 
Mackey—Cauchy sequence in E for any xe X. Thus the functions g, converge 
pointwise (Mackey) to some function g. And one then shows that g is an 
é*-morphism and is the Mackey limit of the given sequence. 

A more efficient proof is based on the classical result that 7° with its usual 
norm is a Banach space. Thus the preconvenient vector space 7” = £” (N, R) is 
convenient since its bornology is the von Neumann bornology of the Banach 
space topology; cf. (1.2.12). As mentioned above ?”(X, E) embeds by means of 
the maps /,°c* into the product of factors ¢* taken over all (¢,c)e 
E' x @™(N, X). Since the product of convenient vector spaces is again convenient 
it is by the closed embedding lemma (2.6.4) enough to show that the image is M- 
closed in the product. This is trivial since it is formed by the solutions of the 
equations x@° = x” °) for all Ze E’,c, ee” (N, X) and n, meN with c(n) =e(m), 
and hence is the intersection of the kernels of the morphisms ev,e prg, o 
— EV? Ply, 0): 


3.6.2 Proposition, One has a functor L: Pre? x Pre>Pre, lifting the hom- 
functor, as follows: L(E, F) is the Pre-subspace of ¢*(E, F) formed by the linear 
morphisms, and L(f, g):htygohof. 


Proof. One only has to show that for two linear morphisms f: E, > E, and 
g: F, > F, one has a linear morphism L(f, g): L(E,, F1) > L(E, F2) defined by 
ht» gchof. Clearly L(f, g) has values in L(E,, F,) and is linear. It is a morphism 
since it is the restriction of the morphism ¢”{f,g) and since the inclusion of 
L(E,, F2) into £” (E, F2) is an initial ?*-morphism. oO 


3.6.3 Proposition. The functor L:Pre°? x Pre Pre restricts to a functor 
L: Pre®? x Con > Con and hence to a functor L: Con® x Con > Con. 


Proof. We show that for a convenient vector space F also L(E,F) is con- 
venient. Since L(E, F) is defined as Pre-subspace of the convenient vector space 
£” (E, F) it is by the closed embedding lemma (2.6.4) enough to show that it is 
M-closed. Again, this is trivial to verify using that this subspace is formed by the 
solutions of the equations f(x + t-y) = f(x) +t-f(y) with x, ye E and te R (in fact 
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the equations with t = 1 suffice), hence is the intersection of the kernels of the 
morphisms ev, + f-eV, — €Vx41y- o 


We state now a generalization of the Banach—Steinhaus theorem which will 
play an important role also for the differentiation theory. 


3.6.4 Theorem, (Linear Uniform Boundedness Principle.) Let E be a convenient 
and F a preconvenient vector space. Then for a subset B © L(E, F) the following 
statements are equivalent: 


(1) B is bounded, i.e. B(A) is bounded for A S E bounded; 

(2) B is equicontinuous with respect to the locally convex topologies, i.e. for 
every O-neighborhood V in F there is a O-neighborhood U in E such that 
BU) € V; 

(3) B is pointwise bounded, i.e. ev (B) is bounded for all xe E. 


Proof. (1=2) Let V be an absolutely convex 0-neighborhood in F. Then 
U:= Merg '(V)is absolutely convex in E. We show that U is bornivorous and 
hence the 0-neighborhood we search for. Let A be bounded in E; then B(A) is 
bounded in F by (1.2.13) and hence gets absorbed by F, i.e. B(A) © K-V for some 
K >0. Thus K-U = Ng HK: V) 2 (gq 1(g(A)) 2 A, ie. U absorbs A. 

(2 => 3) Suppose B is unbounded at some point xeE. Then some 0- 
neighborhood VY in F does not absorb B(x) and hence we can choose points 
g,€ B with g,(x)¢n-V. By equicontinuity there exists a O-neighborhood U in E 
with B(U) = F. It follows that (1/n)x ¢ U in contradiction with the fact that U is 
point absorbing. 

(3= 1) By composing with elements of F’ one immediately reduces the 
general case to the case F = R. It is enough to prove that B(A) is bounded for A 
belonging to a basis of the bornology of E and thus we may assume that A is 
absolutely convex and E} a Banach space (cf. (3) in (2.6.2)). For B(A) only the 
restrictions glg, of the elements ge B play a role and these form a family of 
continuous linear operators on the Banach space E,. By the classical Banach- 
Steinhaus theorem [ Jarchow, 1981, p. 220] we conclude that they are uniformly 
bounded on the unit ball of E, which contains A; hence B(A) is bounded. O 


3.6.5 Theorem. Let E be a convenient and F a preconvenient vector space. Then 
the (pre)convenient structure of L(E, F) is the initial one induced by the evaluation 
maps ev,:L(E,F)—> F for xeE. In particular this implies that a curve 
g:R > L(E, F) or more generally a map g: X > L(E, F) for any Lif'-space X is a 
Lif'-map iff all its composites ev,..g:X > F with xe E are Lp*-maps. 


Proof. This is a direct consequence of (3.6.4) using the description of initial Pre- 
structures in (3.1.2). (al 


3.6.6 Proposition. (Bornological Uniform Boundedness Principle.) Let X be an 
£”-space and E a convenient vector space. The structure of ° (X, E) introduced in 
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(3.6.1) is the coarsest convenient vector space structure making all evaluations ev, 
(xeX) morphisms. In categorical language this means that ev,:¢ ”(X,E)> E 
(xe X) is an initial source with respect to the forgetful functor Con > VS. 


Proof. Let F be a convenient vector space and %2: F —> #°(X, E) a linear map 
such that ev, o æ is a morphism (i.e. ev, °#€ L(F, E)) for all xe X. We have to 
show that » is a morphism, i.e. that » is bornological. Let A S X be bounded. 
Put, for xe X, (x)= ev, 0 oe L(F, E) (Le. 2(x)(y) = we y)(x)). So we have a 
map %:X = L(F,E). For yeF one has ev,(#(A)) = #(A)(y) = an{y)(A) and 
since #(y)e¢”(X, E) we deduce that ev,(#(A)) = F is bounded. By the linear 
uniform boundedness principle (3.6.4) this implies that »(B)(A) = #(A)(B) 
c E is bounded for any bounded B € F. Since A was an arbitrary bounded 
subset of X the image »(B) = £® (X, E) is bounded for all bounded B. 


Remark. The name of the theorem is justified, since it shows that for an 
absolutely convex subset B € £” (X, E) one has: B pointwise bounded and the 
normed space /°(X,E), complete implies that B is uniformly bounded on 
bounded subsets of X, i.e. B(A) is bounded for every bounded A S X. 


We conclude this section with another description of the structure of f” (X, E) 
and thereby of L(E, F). 


3.6.7 Lemma. Let X be any bornological space, and BE the bornological space 
associated to a locally convex space E (cf. (i) in (2.1.10)). Then the bornology of the 
vector space Born(X, BE) is the von Neumann bornology of the topology of 
uniform convergence in E on bounded subsets of X. 


Proof. Recall that a subset B of Born(X, BE) is bounded iff B(A) is bounded in 
BE for all bounded A € X. By definition of the bornology of BE this is the case iff 
B(A) gets absorbed by every (absolutely convex) 0-neighborhood U of E; i.e. B 
gets absorbed by the sets {g;g(A) S U} with A bounded in X and U an 
absolutely convex 0-neighborhood in E. But these subsets define a basis of the 
topology of uniform convergence, cf. [Jarchow, 1981, p. 44]. o 


3.6.8 Corollary. Let X be an ¢°-space and E a (pre)convenient vector space. 
Then the bornology of 0° (X, E) is the von Neumann bornology of the topology of 
uniform convergence on bounded sets. 


It is an immediate consequence of (3.6.8) that the considered topology of 
uniform convergence is the locally convex topology of the preconvenient vector 
space £” (X, E) provided it is bornological. In general this is not the case. The 
following proposition gives conditions on X and E under which this holds. 


3.6.9 Proposition. If an ¢°-space X has a countable basis for its bornology and 
the preconvenient vector space E has a countable basis for the 0-neighborhoods of 
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its locally convex topology, then the topology of uniform convergence on the 
bounded sets is semimetrizable and is the locally convex topology of £” (X, E). 


Proof. Let & denote a countable basis of the bornology of X and % a 
countable basis of 0-neighborhoods of E. Then the sets {gef”(X,E); 
g(B) = U} (for Be A and U € %,) form a countable basis of 0-neighborhoods of 
the topology of uniform convergence, which therefore is semi-metrizable 
[Jarchow, 1981, p. 40] and thus bornological [Jarchow, 1981, p. 273]. m 


Remark, A locally convex space E has a countable basis of 0-neighborhoods iff 
there exists a countable family Z of seminorms generating the topology. The 
locally convex topology of f” (X, E) is then generated by the countable family of 
seminorms qp, p(g):= sup{p(g(x)); xe B}, where Be A and peA. 


3.7 Function spaces of multilinear maps 


We first characterize those multilinear maps which generalize linear morphisms 
between preconvenient vector spaces, and which will be called multilinear 
morphisms, cf. also (3.7.5). 


3.7.1 Theorem, (Characterizations of Multilinear Morphisms.) 
Let m: En... DEn > F be an m-linear map between preconvenient vector spaces 
and ke No, œ- Then the following statements are equivalent: 


(1) + is bornological, 

(2) 2z is an £°-morphism; 

(3) #2 is bounded on sequences M-converging to 0; 

(4) » is continuous with respect to M-convergence; 

(5) # is continuous with respect to the M-closure topologies; 
(6) » is a Lif '-morphism. 


Proof. Trivial are (1 = 2 = 3) and (4 => 5 = 3). 

(3 = 1) Suppose is unbounded on some bounded set B. Then there exists a 
0-neighborhood U and b, € B with (1/k) »((1/k)-b,) = (1/k)** * 2 (b,)¢ U. Since 
(1/k)b, is M-converging to 0 this is a contradiction to (3). 

(1=>4) Let us show continuity at O first: a O-converging filter 2/ on 
En... HE is finer than some filter UB, x ... x UB, with B; bounded 
in ŒE. Since s#(UB,x ... xUB,)=Ums(B,x ... xBu) and since 
o(B,x ... X Bm) is by assumption bounded, #:( 3f ) is O-converging. 

Now the continuity at an arbitrary point (a,,...,a,). Using multilinearity 
one develops #((UB,+a,)x ... x (UB,+4a,,)). One of the resulting terms is 
mldi... san) The others contain at least one UB;; that they are M- 
convergent to 0 can be seen by applying the above argument concerning 
continuity at 0 to the multilinear map obtained by keeping in a those variables 
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a, fixed that appear in the given term. Thus #((UB,+a,)x ...x(UB,+ am) iS 
M-convergent to s(a,,... 5 am) 

(1 => 6) Let cp RE, be Zp*-curves and fe F'. One has to show that 
hi=lomoley,..+5 Cm): R> R is Lip. One has Oh = £ o (a9 (C1, > Cm))- 
Using (1.3.30) (ie. 5’(eo(c,,..-, Cm)) is a linear combination of mo(d'Cy, 
..., d¢,) where Lj, = j) and (1.3.22) one finds: d/h: R? > R is bornological 
for j<k+2. The assertion now follows from (1.3.22) and (1.3.24). 

(6 > 3) Suppose » is unbounded on a sequence x that is M-convergent to 0. 
Passing to a subsequence we may assume, using the special curve lemma (2.3.4), 
that there exists a smooth curve c such that c(1/2") = x,. Then #oc is Lip and 
hence according to (1.3.14) bounded on [0,1] and one reaches a contra- 
diction. 


3.7.2 Definition. Let E, and F be preconvenient vector spaces. With 
L(E,, . . . , Em; F) we denote the Pre-subspace of £“ (E ni... UE,m F ) formed by 
the multilinear morphisms E;n . . . HE > F described in (3.7.1). 


3.7.3 Proposition, For preconvenient vector spaces E; and F one has natural 
isomorphisms: L(E4, . . . „Em F) S LEi... s Ers LlErs1» + .., Ey F). If F is 
assumed to be convenient then L(E,,...,E,_3F) is convenient as well. 


Proof. Since the category of ¢%-spaces is cartesian closed _ one has 
f°(E,n...0E,,F) = EP (En... ME, fo (Ey in... TE, F )). This isomor- 
phism restricts, of course, to the Pre-subspaces formed by the multilinear maps. 

The second statement is obtained inductively by means of the stated iso- 
morphism, using that it holds for m = 1 by (3.6.3). Oo 


3.7.4 Theorem. (Multilinear Uniform Boundedness Principle.) Let E; be con- 
venient vector spaces and F a preconvenient vector space. Then for a subset 
BCL(E,,...,Emj;F) the following statements are equivalent: 


(1) B is bounded, i.e. B(A) is bounded for all bounded A S E,n.. NEm; 
(2) B(A; x... Am) is bounded for all bounded A; S E,; 
(3) B(x,,...,;Xm) is bounded for all x;€ E;. 


Proof. (1<>2) is deduced easily, using that the products 4, x... X A, of 
bounded sets A, form a basis for the bornology of Ein... NEm- 

(2 = 3) is trivial. 

(3 => 2) We proceed by induction. For m = 1 this is (3.6.4). Suppose now 
BCL(E,,...,Em+i1i;F) is pointwise bounded. Set g¥(x1,....Xm)(%m+1) 
= g(X4,.. +) Xm+1) Then BY (x1, <. < > Xm) SL(En+1, F) is pointwise bounded. 
Thus by (3.6.4) BY (x1, ..., Xm) is bounded in L(Em+ 1, F). By induction hypoth- 
esis this implies that BY (A, x ...x Am) S L(Em+1,F) is bounded for A; = E; 
bounded, i.e. B(A, x... Am+1) = BY (Ay x... Am)(Am+1) is bounded in F 
for all bounded sets Am+1 Of Em+1- O 
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We can now, for the case of convenient vector spaces, add to the characteriz- 
ations of multilinear morphisms given in (3.7.1) a further one: 


3.7.5 Corollary. Let o:E,m... NE —> F be a multilinear map, E,,..., Em 
being convenient vector spaces. If m is partially bornological (i.e. partially a Pre- 
morphism), then m is bornological. 


Proof. One uses induction on m. For m=1 nothing has to be proved. For 
m > 1 the assertion is by (3.7.3) equivalent with #”:E, > L(E,,..., Em F) 
being well defined and bornological. Since æ is partially bornological in the last 
m— 1 variables, 2“ has by induction hypothesis values in L(E,,...,E,,;F). In 
order to show that #2“ (A) is bounded for any bounded A & E, one applies the 
previous theorem with B = m (A). 


3.8 The tensor product 


3.8.1 Proposition. The category Pre of preconvenient vector spaces is symmetric 
monoidal closed; i.e. there exist functors L: Pre™® x Pre Pre and Q: Pre x Pre 
Pre with natural isomorphisms L(E,;L(E,;E3))2 L(E, @ E, E3) 
E,@E,2=EF,@£,; E,@(E,@E,)=(E,@E,)@E,; E@RZE. 


Proof. The functor L was already defined in (3.6.2). The tensor product E, @E, 
has as underlying vector space the algebraic tensor product of the underlying 
vector spaces and as ¢*-structure the one genetated by the following set of 
functions: Fo:={h:E,@E,->R; h is linear and hob: E,nE,>R is an ¢”- 
morphism}, where b: E,nE,—E,@E, denotes the canonical bilinear map. With 
this linearly generated ¢”-structure, E,;®E, becomes an object of Pre, çf. (ii) in 
(2.4.4.), b an 7*-morphism, and by construction we have Fo S(E QEY. In 
order to show that in fact F7)=(E,@E,) we first remark that for arbitrary 
bounded sequences s,;:N—-E, and s3: N—>E, the sequence s: N>E,@E, de- 
fined by s(n):=b(s,(n),s2(n)) is an 2°-morphism. This is verified by composing 
with every he Fo. If s: E;@E,—R is linear and 2° se f” for all ¢*-morphisms 
s: NE, QE, then in particular #°b°(s,,s,)e¢™ for any s,,5, as before. This 
implies that »°b is an 2“-morphism and hence se Fp. 

Let now g:E,nE,—»E, be any element of L(E,,E£,;£,). By the universal 
property of the algebraic tensor product there exists a unique linear map 
g:E,@E,->E, such that g=g-b. For the proof that g is an ¢*-morphism 
we have to show that f*ge(E,@E,/=F, for all fe. This holds 
since fogob=fcg is an ¢*-morphism. So we get a natural bijection 
L(E, @E,;E,)=L(E,,E,; E3). That this is an isomorphism follows using car- 
tesian closedness of ?”. The first of the claimed isomorphisms now follows 
since L(E,,E,;E3,)2 L(E,; L(E,; E3)) by (3.7.3). The others are trivial. Func- 
toriality of ® is a consequence of the universal property; çf. (8.4.3). O 
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38.2 Lemma, Let a,,...,a, be linearly independent points of a separated 
preconvenient vector space E. Then there exists an fe E' with f(a,)=1 and 
¢(a,)= °° + =¢(a,)=0. 


Proof. Since E is assumed to be separated the lemma certainly holds for n= 1. 
Assume now it is valid for n—1, and let a,,..., a, be linearly independent. By 
the induction hypothesis there exists an /; € E’ with ¢,(a,) =1 and ¢,(a,)= ... 

=/,(a,-,)=0. Since a,,..., Gn—1,4n—4,(4,)' a; are linearly independent, the 
induction hypothesis also implies the existence of an 4,¢ E’ with flan -.: 

=/,(a,-,)=0 and 4(a,—4,(a,):4,)=1. We form f=s-4,+1t-4, with s,teR 
chosen in such a way that ¢(a,):=s+t-4,(a,)=1 and ¢(a,)=s:4,(a,) +t: &(a2) 
=0. This is possible since the determinant of this linear system equals 1 by the 
choice of Z. O 


3.8.3 Proposition, For separated preconvenient vector spaces E and F also 
E QF is separated. 


Proof. Let 04z€E@F. One can write z in the form of z=b(x,,yi)+... 
+b(x,,¥,) with x,,...,x,€E linearly independent and y,,...,y,€F; as 
before b: ENF >E®F denotes the canonical bilinear map. Since z#0 we may 
assume x, #0 and y; #0. We choose he F’ with h{y,)=1, and according to the 
lemma above, fe E' with ¢(x,)=1 and (x)= ... =¢(x,)=0. Then the map 
m EnF>R defined by »(x,y):=¢(x):h(y) is a bilinear £°-morphism and thus 
factors as m#=meb, where »:E@F->R is a linear ¢°-morphism, i.e. 
mE(E@FY. This gives o(z)=(x,,y,)+ -< +odXp =O.) hy) =1. O 


Since for separated E and F both L(E,F) and EQF are separated one 
concludes that by restricting the functors L and ® of proposition (3.8.1) the 
category sPre of separated preconyenient vector spaces is symmetric monoidal 
closed as well. 


3.8.4 Theorem. The category Con of convenient vector spaces is sym- 
metric monoidal closed; ie. there exist functors L:Con°? x Con->Con and 
&: Con x Con>Con with natural isomorphisms L(E 1;L(E,;E3)) 
= L(E,®E,;E3); E,@E,=E, BE; E @(E,@E3)=(E,@E,)@E,; EOR E. 


Proof. As shown in (3.6.3) the functor L used in (3.8.1) restricts to convenient 
vector spaces. However, for convenient vector spaces E and F the space EQF 
introduced in (3.8.1) is in general not complete. So we define by means of 
the completion functor (2.6.5) the functor ®:=@° @; ie. E®F is the com- 
pletion of the separated preconvenient vector space E®F. We further define 
5: EnF+E®F as the composite of b:EmnF-E@F and the canonical em- 
bedding E®F—-E®F. Thus 6 is bilinear and bornological, and one easily 
verifies that it has the desired universal property: for any bilinear bornological 
map æ: EnF—G into a convenient vector space G there exists a unique linear 
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morphism #: E®F—G with #=.°b. The rest follows from (3.8.1) and the 
universal property (2.6.5) of the completion functor ©. o 


Let us now give a consequence of the categorical situation established in this 
section: 


3.8.5 Proposition, For preconvenient vector spaces one has the following 
Pre-isomorphisms: 


(i) LE; MeH) SMe L(E; F); 
G) LUO. £j;F)= Mjes L(E;;F). 


Proof. (i) The functor L(E, _): Pre>Pre has a left adjoint (namely (_)@), 
hence commutes with categorical limits and thus in particular with products; cf. 
(8.5.1). 

(ii) The existence of natural isomorphisms L(E,;L(E3;F))=L(E,;L(E,;F)) 
can be expressed by saying that the functor L(_; F): Pre°?-» Pre has a left adjoint 
(namely L(_; F): Pre Pre°?), hence commutes with categorical limits. The limits 
in Pre” are the colimits in Pre. In particular, L(_;F) carries coproducts in Pre to 
products in Pre. i 


3.9 The duality functor 


3.9.1 Definition. The functor L(_,R): Pre°?— Pre is called the duality functor of 
the category of preconvenient vector spaces. Since for any preconvenient vector 
space E the space L(E,R) is always convenient this functor actually has values in 
Con. From now on E’ will denote the convenient vector space L(E,R), i.e. the 
dual of E together with its natural structure as convenient vector space. By 
restriction one gets the duality functor L(—; R): Con” —>Con. 


3.9.2 Proposition. For the dual E' of a convenient vector space E the linear 
uniform boundedness principle of (3.6.4) holds and the preconvenient structure of E' 
is the initial one induced by the point evaluations ev,: E'>R for xe E. 


Proof. This is (3.6.4) and (3.6.5) for F=R. o 


3.9.3 Proposition, For any preconvenient vector space E the canonical map 
lg! E>E” into its bidual is an initial morphism of Pre; it is injective iff E is 
separated. Moreover 1, is even an initial morphism of LCS. 


Proof. The morphism ix is obtained by symmetric monoidal closedness as 
follows: to the morphism id: EF’ E’ corresponds a bilinear morphism E'nE>R, 
which corresponds to a bilinear morphism EnE’—R and this corresponds to the 
morphism tg: E> E”. 
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A trivial calculation shows that 1p: E—>E” composed with the embedding 
E” >IT], R given by ¢ e (E'Y—(E(f)) rex is exactly the initial morphism defined in 
(2.5.5). Thus 1z: EE” is initial too by (i) in (8.7.2). It is trivial to verify the 
statement on injectivity. 

Now let us show the initiality for the locally convex topologies. Consider a 
closed absolutely convex O-neighborhood U of E. Then U°:={feE’; ¢(U) 
<[—1,1]} is equicontinuous and therefore bounded in E’. By the bipolar 
theorem [Jarchow, 1981, p. 149] U is equal to {xe E; |¢(x)|<1 for all fe U°} 
which is the trace of (U°)° on E. Since (U?) is the polar of a bounded set it is a 0- 
neighborhood in (E’)’. This shows that 1p: E> E” is an embedding for the locally 
convex topologies. O 


3.9.4 Proposition, For preconvenient vector spaces E, one has a canonical Con- 
isomorphism: He; E;, = (0 jej EY. 


Proof. This is (ii) in (3.8.5) for F:=R. 0O 


3.9.5 Proposition. For preconvenient vector spaces E, one has a canonical 
injective and initial Pre-morphism (of convenient vector spaces): U; ;E;—> 
Mes E;Y. 

For index sets J of non-measurable cardinality it is an isomorphism. 


Proof. The morphism is obtained by the universal property of the coproduct 
U je; E; using the morphism (pr;)*: E; >(I jeJ Hy). Injectivity is trivial. Initiality of 
this morphism, denoted by », can be seen as follows: let B < LIE; be unbounded. 
Using (3.4.2) with Y= E,C(E;y and (3.9.2) one deduces that there exists an 
xeTIE, such that x(B) is unbounded. Since x(B)=s»(B)(x)=ev,(s(B)) this 
proves that »(B)<(IE,)' is unbounded. 

If J has non-measurable cardinality then the embedding is a surjection by 
(3.3.6) and thus it is an isomorphism. oO 


4 CALCULUS IN 
CONVENIENT 
VECTOR SPACES 


Besides calculus function spaces are the major theme of this chapter. The 
differentiability classes which are considered yield function spaces which are 
convenient vector spaces provided the range itself is a convenient vector space 
or more generally a vector bundle. 

In. classical approaches k-fold differentiability is defined recursively. Our 
definition is, however, non-recursive in so far as it is based on the behavior of the 
map along curves. Thus it is natural to start with curves in section 4.1. We define 
i ~‘-curves as those curves c: RE into a convenient vector space E for which 
all composites f °c: R>R with functionals / of the dual E’ are k-times differ- 
entiable with a locally Lipschitzian derivative of order k. As in the finite- 
dimensional case they are also characterized by means of their difference 
quotients. The result that these curves are Mackey—Riemann integrable consti- 
tutes a useful tool in differentiation theory. A mean value theorem is established. 
It estimates the increment of a %%'-curve by means of its derivative in terms of 
a convex set. 

The purpose of section 4.2 is to show that the &y*-curves of a convenient 
vector space form again a convenient vector space, and to give various de- 
scriptions of its structure. These spaces are used later for the description of 
general function spaces. The section ends with the so-called general curve lemma 
which describes how certain sequences of pieces of smooth curves can be joined 
by a single smooth curve within a finite parameter interval. It is one of the main 
tools used for the study of differentiable maps. 

In section 4.3 we consider “%%*-maps. These are the maps for which all 
composites with “%#*-curves are Y~*-curves. We show that %#'-maps have 
derivatives up to order k, establish the chain rule and the symmetry of the higher 
derivatives, and prove that a map is &#* if and only if it is Sig’ and its 
derivative of order j is Leg’ for some j<k. In order to determine “f*-ness of 
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a map whose derivatives can be guessed by looking at the composites with the 
elements of a certain point separating subset S of the dual of the range we 
introduce the notion of #-differentiability. Its usefulness is due to the fact that 
one does not have to know all elements of the dual. In particular for function 
spaces one obtains such sets Y by means of the point evaluations. On the other 
hand, it is interesting to know that “%/*-ness implies rather strong differen- 
tiability properties. Together with a Lipschitz condition on the derivatives either 
k-fold ¥-differentiability as well as k-fold strong differentiability is equivalent 
with Lp*-ness. 

Section 4.4 shows that for very general domains, namely “%/*-spaces (in 
particular arbitrary subsets of convenient vector spaces and arbitrary classical 
differentiable manifolds) the &‘-functions with values in a convenient vector 
space form a convenient vector space as well. Based on the respective results for 
curve spaces the function space structure is described and compared with 
classical ones in case of manifolds modelled on convenient vector spaces. The so- 
called differentiable uniform boundedness principle gives an intrinsic descrip- 
tion of the function space structure as the coarsest convenient vector space 
structure making the point evaluations morphisms. Several natural maps be- 
tween function spaces such as evaluation and composition are proved to be 

fig. Some considerations on polynomial maps between convenient vector 
spaces open the way for the study of Taylor polynomials. It is shown that Hp*- 
maps admit Taylor expansions of order j for j<k and that these give a direct 
sum decomposition of the respective function spaces. 

In section 4.5 we study the relation between differentiability and partial 
differentiability of a map on a finite product of convenient vector spaces. It is 
also proved that fora “/*-map f: EnR- F the function g(x):= fo f (x,t)dt has as 
derivative the function g/(x)={}0, f(x,#dt. 

The vector bundles which are considered in section 4.6 have convenient vector 
spaces as fibres, a “z*-map as projection, and triviality is only assumed along 
Lif'-curves of the base space. 

Spaces of sections of vector bundles appear naturally if one wants to show, as 
it is done in section 4.7, that certain function spaces of maps between manifolds 
are manifolds modelled on conyenient vector spaces. For any classical smooth 
manifolds X and Y, where X is supposed to be compact, the following function 
spaces are manifolds modelled on convenient vector spaces which are 
even nuclear Fréchet spaces: The space Diff(X) of all smooth diffeomorphisms 
of X, the space Emb(X, Y) of all smooth embeddings of X into Y, the space 
Submf(X, Y) of all submanifolds of Y which are diffeomorphic to X. The main 
result of section 4.7 states that the canonical map Emb(X, Y)—-Submf(X, Y) 
constitutes a smooth principal fibre bundle of Fréchet manifolds with structure 
group Diff(X). 

There exist many examples showing that an inverse or implicit function 
theorem in the classical formulation fails even for smooth maps between nuclear 
Fréchet spaces. However, the results given in section 4.8 show that the respective 
theorems do not go wrong with respect to the differentiability class of the inverse 
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or implicit functions one is looking for. One can therefore obtain inverse and 
implicit function theorems for Zs4*-maps by adding tameness conditions, cf. 
[Hamilton, 1982]. 


41 Difierentiable curves 


Any subset U of a convenient vector space E has a natural “f-structure, 
namely the initial one induced by the inclusion UC E. According to the 
description of initial ./-structures the &g*-curves of U are those Mp*-curves of 
E having their image in U, or equivalently those curves c into U for which the 
composites ¢ ° c are k-times Lipschitz differentiable for all / e E’. For two subsets 
U S E and W S&F of convenient vector spaces a map f: U>W is called a Zeigt- 
map iff it is a “f"-morphism. This is precisely the case when 1°f: U>F is a 
Lip'-morphism (1 being the inclusion W S F), or equivalently if £ ofc is k-times 
Lipschitz differentiable for every fe F’ and every &g*-curve c:R>E with 
c(R)C U. 

Since we want to get derivatives of %f*-maps for k>1, we will restrict to 
special subsets U as domains; one might require U to be open for the locally 
convex topology of E, but the weaker condition of U being open in the Mackey- 
closure topology turns out to be adequate, and in order to get shorter formul- 
ations we adopt: 


4.1.1 Convention. By f:E2U—-F we will always mean that E and F are 
convenient vector spaces, U is M-open in E and fis a function from U to F. 


We first consider the integration of “f-curves. 


4.1,2 Definition, Let a4,beR with a<b. 

A marked partition P=(to,...,t,3 T1;-+-,T,) Of [a,b] consists of real 
numbers tı with a=to<...<tj;_,<tj<...<f,=b and real numbers 
t;€([t;-1, tj]. 

The mesh (P) of a (marked) partition is defined by u(P):=max {t;—t,-1; 
j=l... nh. 

The set P of marked partitions of [a,b] is directed by P > Q iff u(P)<p(Q). 

Let c: [a,b] E be a curve into a preconvenient vector space. 

The Riemann sum R,(P) of c with respect to a marked partition P is defined as 
R(P):= 5-1 et- 

If the net P> R.(P) converges Mackey, then its limit will be called the 
Mackey-Riemann integral of c and denoted by {?c or È c(t)dt and c is called 
Mackey—Riemann integrable. 

foc is defined to be 0 and if a>b then f? c is defined as — få c. 


4.1.3 Lemma, Let c R>E be a Lip-curve of a preconvenient vector space E, 
[a, b] E R a bounded interval. Then the net formed by the Riemann sums of clia, 5) is 
a Mackey—Cauchy net in E. 
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Proof. Since c is a “&-curye there exists for each fe E’ an M;eR with 
KZec)(s)—(€ec)(H|\<M;,\s—t| for all s,te[a,b]. Let P:=(f,..-, ti 


Ty,+++5T,) and Q:=(59,.--55m3 Cis- -> Om) be two marked partitions of 
[a,b]. Denote by a=ry< ... <r =b the ordered points of the set {fo,..., ty, 
So, < +++ Smt. Decomposing the terms of the Riemann sums for those intervals 


which are subdivided we get: 
R(P)= Yn —Ty-1) C(Tigy) and R,(Q)= Ye —Ty- 1) C(O) 


where Tig) Tml <p(P)+y(Q). Thus Eeim) Eee) (Tw) <Me(u(P)+ 
#(Q)) and |¢(R,(P))—2(R.(Q))| <(b—a) Me|H(P)+H(Q)|. Setting tp, g= 
1/(u(P)+ u(Q)) gives: {tp o(R.(P)—R.(Q)); P,QeEF} is bounded in E, and this 
yields the Mackey—Cauchy condition, cf. (2.2.13). o 


4.1.4 Proposition. Let c: R>E be a %cp*-curve into a convenient vector space 
with ke No, œ Then: 


(i) For all abe R the Mackey—Riemann integral Ëe exists. 
(ii) For any linear morphism »: E—>F into a convenient vector space one has 


È (az S c) = wf? c). 


Proof. (i) follows immediately from (4.1.3). 

(ii) One uses that for any marked partition P of [a,b] one trivially has 
Ryo-(P)=#(R,(P)), and that s is continuous with respect to the Mackey 
convergence structure. 


4.1.5 Lemma. Let U €= R? be open, with R x [0,1] = U, and f: U >F be a Ligt- 
map into a convenient vector space. Then the map tre fo f(t, s)ds is Lik? from 
R to F. 


Proof. Let c:R-F be defined by c(t):= i f(t,s)ds. We have to show that 6'c is 
bornological. 
For this we first consider the case F=R. Then 


s'etu) =( | sensas- flts,8)¢8) 1 = | Aet Ala ds 
o o t,—t, 


0 ti— tz 


1 
-Í 5, f(ty,t2;s)ds. 
0 


Since f is “f° it is locally Lipschitz by (1.4.2). Hence 6, f is bornological by 
(1.3.20), i.e. for every bounded BC R the set ô, f(B‘’? x [0, 1]) is bounded. Thus 
{fo Sif (tista; 8) ds;(t,,t,.)€ BS} is bounded, i.e. 6*c is bornological. 

Now the general case. The curve c is Sig? iff foc=2 off F(_,s)ds 
alt (¢°f)(_, s)ds (cf. (ii) in (4.1.4)) is Z°. This holds by the special case 
applied to the function fof. oO 
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4.1.6 Lemma. Let USE be M-open. The subspace topology on U of the 
Mackey-closure topology of E is the final one induced by the Zip'-curves into U. 


Proof. Since the inclusion : U->E is by definition a “*-map it is continuous 
with respect to the mentioned topologies. 

Conversely let W S U be open in U with respect to the &y*-curves in U. It is 
enough to show that W is open with respect to the “z*-curves in E. So let 
c RoE bea &f*-curve and c(t)e W S U for some te R. Since U S E is M-open, 
we conclude that an ¢>0 exists with [t— e, tt+e]<c 1(U). Take a smooth 
function h: Ro[t—«, t+e] with h(s)=t+s for 2|s|<é Then coh: RE is a 
Lif'-curve into U with (ceh)(0)eW and hence there exists a 6>0 with 
[—6,6] € (c° h) *(W). We may assume that 26 <e, hence c(t+s)=(c°h)(s)e W 
for |s| <ô. This shows that c~ 1(W) is open, i.e. Wis open in E with respect to the 
Mackey-closure topology. Oo 


4.1.7 Corollary. Let f:E2U>F be a ¥ip'-map. Then f is continuous with 
respect to the Mackey-closure topologies. 


We next give a lemma on extensions of maps which will be used in order to 
extend difference quotients of differentiable curves. 


41.8 Lemma, (%/'-Extension Lemma.) Let E and F be convenient vector 
spaces, USE be M-open; D a dense subset of U (with respect to the Mackey 
closure topology); and f: D>F a map such that for each eF the function 
€°f:D>R has a £:f'-extension fs: UR. Then f has a unique Lif-extension 
ff. UF. 


Proof. Let 1: F>; R be the canonical map, which is an embedding by the 
special embedding lemma (2.5.5). The map g: U—> MR characterized by 
preog=fy for all 7eF’ is a &y-map and satisfies g|p=1°f. Therefore 
g(D) S 1(F), and since &z*-maps are continuous for the Mackey closure topo- 
logies one obtains g(U) = g(D) < g(D) € (F). But 1(F)=1(F) since F is complete, 
cf. (8) of (2.6.2). Hence g factors over 1; let us put g=1 of for some f: U >F. Since 
is initial fis a Lip'-map, and it satisfies flp=f by construction. This proves the 
existence. Uniqueness is trivial since “,*-maps are continuous, cf. (4.1.7), and D 
is dense in U with respect to the Mackey closure topology. E 


4.1.9 Definition, Let U CR be open, c: U—>E be a curve into a preconvenient 
vector space, and S S E’ point separating. 

ü) e is called -differentiable at t iff lim, (c(t+s)—¢(t))/s exists with 
respect to the weak topology o(F, £), i.e. the initial topology on E induced by 
the family Z. Since the value of this limit (not the existence) is independent of the 
family it is simply denoted by c(t) and called the derivative of c at t. 

If cis -differentiable at every point of U, then c is called S -differentiable and 
c’ is called the derivative of c (E'-differentiability coincides with weak differen- 
tiability as defined in (2.5.1)). 


86 4 Calculus in Convenient Vector Spaces 


(ii) c is called strongly differentiable iff M-lim,,,.,,++5(c(r) —c(s))/(r —s) exists 
uniformly for t in compact subsets of U. This implies that c is S -differentiable 
for any F and that this M-limit is equal to c'(t). 

(iii) c is called (k+1)-times S -differentiable ((k+1)-times strongly N 
tiable) iff it is -differentiable (strongly differentiable) and c' is k-times S- 
differentiable (k-times strongly differentiable). The derivative c“*" of order k+ 1 
is defined as derivative of order k of c’. Instead of k-times E’-differentiable we also 
say k-times weakly differentiable. 


Remark. Since the weak topology a(E, S) depends only on the linear subspace 
of E’ generated by F, the same holds for ¥-differentiability. 


4.1.10 Lemma. Let c: R2U-E be a curve into a preconvenient vector space, 
and S SE’ point separating. Then the following statements are equivalent: 


(1) c is k-times S-differentiable; 
(2) There exist curves cl: U >E (1 <j <k) such that £ ° c is k-times differentiable 
and (°c) =f ec! for all fe F and 1<j<k. 


Under the equivalent conditions one has ci=c for all 1<j<k. 
Proof. The convergence of (c(t+s)—c(t))/s in the topology o(E, S) is equiv- 
alent to the convergence of 


F (£ tn) etta ee 


S S 


and the limits coincide for all leS. Using this the proposition follows by 
induction on k. 


4.1.11 Lemma. Let ISR be an open interval, S SE’ point separating and 
cI-E S-differentiable. If c'=0 then c is constant. 


Proof. Forany ?é¥ one has (¢°c)'=f°c'=0, hence ¢ ° cis constant and since 
F is point separating c is constant. O 


Remark. The previous lemma remains true if c is o (E, S)-continuous and S- 
differentiable at all te J\D for some countable set D. In fact, from (¢ ° c)'(t)=0 for 
teI\D and the continuity of 7°c it still follows that “°c is constant, cf. 
[Dieudonné, 1960, p. 156]. 


41.12 Theorem. Let keN and 0<j<k. For a curve c:R2U-E the following 
statements are equivalent: 


(1) cis a Lip'-curve; 
(2) d&*1e Ut E is bornological; 4 
(3,) ce: UPE has a Lig i-extension dic: Ui*!—E; 
j ; ; 
(4;) c is j-times strongly differentiable and c® is a Lif 4-curve; 
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(5;) c is j-times S -differentiable for some (all) point-separating F S E' and c) 
is a Lif 4-curve. 


Proof. Clearly 1=3)=4 9 =5o. 

(1=>2) By composing with fe E’ this is immediately deduced from (1=>3) of 
(1.3.22). 

(2=3;) Take / e E’. Then 54(¢ °c) is bornological, hence by (3 =4,) of (1.3.22) a 
Lip J extension to U/*! exists. Thus by (4.1.8) a Zig? extension of d/c to 
Us*! exists. 

(3;=>1) Let EF’. Using that (foc) has a Lifti extension to U/** we 
conclude from (4;=> 1) of (1.3.22) that “°c is k-times Lipschitz differentiable. 
Thus c is Lp". 

Thus we have proved: (1<>+2<>3;,). 

(1+2+3,=>4,) For a compact A S U take another compact set K SU such 
that the interior of K contains A. Since c is Gp" it is Lip'; hence, by (2), - 
B:=8 (K?) is bounded in E. Let now (t,s)#(t’, s‘)e K‘*’. By (1.3.13) we have 


d'c(t,s)—d4 c(t’, s) =} (tt) c(t, t, s') +4 (s—s') 6*c(t, s, s) 
provided {t,s} #4 {t’,s’}. Hence 
1 


oe aa (6'c(t, s)— d4c(t’, s’)) 


lies in the absolutely convex hull of B, i.e. in a bounded subset of E. So we have 
shown that the Mackey—Cauchy condition for the derivative is satisfied uni- 
formly on A. Thus c is strongly differentiable and c'(s)=M-lim,„oô c(t +s, s$) 
=6'c(s,s). Hence c’ is, by (3,), as restriction of a Si"! map also 
L ip" wie 

(4, = 5,) This is trivial. 

(5, = 1) Since c’ is at least 244° we may form the Mackey-Riemann integral 
e(t):=c(0)+ fic’. Let f € E'; then ¢(e(t))=¢(c(0))+ fof ec’. Since f °c is at least 
rnc one concludes that fee is differentiable with derivative 
(oe) =° c being (k—1)-times Lipschitz differentiable. Thus e is #f" and it 
remains to show that e is equal to c. Since e and c are both -differentiable and 
have the same derivative, the previous lemma implies that e—c is constant. 
Therefore e=c, since e(0)=c(0). 

Thus the proposition is proved for j=1 and for j=0. 

(4,<>4;,1) is easily proved by induction using (1<>4)<>4,). 

(5;<>5;41) is easily proved by induction using (1<>5)<=5,). m 


4.1.13 Theorem, Let c: R 2 U—>E be a curve into a convenient vector space and 
let je No. Then the following statements are equivalent: 


(1) cis Lip; 
(2) ðc UPE is bornological for all (infinitely many) ke N; 
(3;) Sic: USP +E has a Lip®-extension b/c: VI+! >E; 
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(4;) c is j-times strongly differentiable and c is a Lip*-curve; l 
(5;) c is j-times S -differentiable for some (all) point-separating F S E' and c 
is a Lip-curve. ; 


Proof. This follows easily from (4.1.12). 


4.1.14 Proposition, For a Lig?-curve c:R-E let fc denote the curve 
(J=Joe. F 

(i) If c is a Lipk-curve then fc is Ligë! and c=(jecy. 

(ii) If c is a Lep**+-curve then c is Lip" and c=c(0)+ f(c). 


Proof. (i) Let / € E'. Then f° [e= f(¢ ° c). Since £ °c is k-times locally Lipschitz 
differentiable one concludes that Ka °¢) is differentiable with derivative f °c, 
hence /2fc is ¥f**' with derivative equal to c. 

(ii) By (1=>5,) of (4.1.12) we know that c’ is ¥z*. Thus by (i) Jc’ exists and is 
Zijt! and the derivative of fe is c’. By (4.1.11), c— fe is constant and at 0 its 
value is obviously c(0)—0. oO 


Next we give a proposition estimating the increment of a curve c by means of 
its derivative, the estimation being expressed in terms of a convex set. This 
proposition generalizes the mean value theorem for curves in Banach spaces 
where the estimations are expressed in terms of the norm; cf. [Dieudonné, 1960, 
p. 153]. 


4.1.15 Proposition. (General Mean Value Theorem.) Let c: R>E be a Lif 1. 
curve into a convenient vector space; ASE an M-closed convex set; and h: RoR 
a monotonic differentiable function. If c(t)eh(t)A for all te[a,b] then 
c(b) — c(a)e(h(b) —h(a)) A. 


Proof. We show first that certain Riemann sums of h` converge to h(b)— h(a). 
For a fixed partition a=t)< ... <t,=b one chooses by the classical mean 
value theorem 1,€[t;_,,¢;] with h(t;)—A(t;-,)=(t;—t)-1)h'(;). Then for the 
marked partition P:=(to,..., fa Tis - - -> Tn) one has, using that A is conyex 
and h'(t)>0: R,-(P)€X((t;—t)- AeA) S (2, (tj t- A) A = hlb) —h@)) A. 
Taking the M-limit of Riemann sums so chosen and using (ii) of (4.1.14) and the 
M-closedness of A one obtains 


b 
chea- | c'=limp R,.(P)e(h(b)—h(a)) A. 0 


Remark. The previous proposition remains true if h is monotonic, con- 
tinuous and for all te[a,b]\D differentiable at t with derivative satisfying 
c'(t)e¢h(t)A, where D is some countable set. 

This can be proved by showing that certain Riemann sums of h` still converge 
to h(b)—h(a) (One uses that inf {h'(t);te[a, b]\ D} <(h(b)—h(a))/(b —a)). Then 
the rest follows easily using the product of a sequence in E which is Mackey 


am | 
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convergent to c(b)—c(a) with a sequence of real numbers converging to 
1/(h(b) — h(a)) is Mackey convergent to (c(b)—c(a))/(h(b) — h(a). 

Furthermore one may weaken the differentiability properties of c provided 
one assumes A to be closed in a stronger sense. More precisely: 

Assume that for some point separating S CE’ the curve c is o(E, ¥)- 
continuous and S -differentiable in all te[a,b]\D and satisfies c'(theh(t)A 
for a o(E, #)-closed convex set ASE and a countable set Dc[a, b]. Then 
c(b)—c(a) €(h(b) — h(a)) A. 

Using Hahn—Banach this can be easily reduced to the situation E= R; cf. 
[Dieudonné, 1960, p. 153]. 


As will be proved later, many function spaces such as the space %f"(X, E) of 
Lip~k-maps from a “if'-space X into a convenient vector space E are again 
convenient vector spaces. For curves c: Ro Lih" (X, E) into these spaces it is 
often easy to test whether ev,°c: RE is smooth, where ev,: Zig" (X, E)> E 
denotes the evaluation maps. So it is natural to ask under which conditions the 
smoothness of these composites implies the smoothness of c. If the bornology of 
the function space is the initial one induced by the evaluations (as for example 
for the function space L(E, F), cf. (3.6.5)) then no additional condition is 
necessary. In general this is, however, not the case. But often the evaluation 
maps form a family of morphisms which has a certain property allowing useful 
results to be given in the indicated direction. More generally one has in many 
situations in a natural way a point separating family f of Con-morphisms 
and a curve c: R-E for which one can guess the derivatives, i.e. one finds 
curves c*: RE with the property that fec is smooth with derivatives 
(lc) =f -că for all ke N and ¢ e Y. Under some mild condition on the family 
¥ it is then enough to assume that the c* are bornological in order to obtain 
that c is smooth and has c* as kth derivative. 

We will start with discussing this property in the case where the point 
separating family of Con-morphisms consists of real valued functionals only and 
prove the respective criterion for smoothness (and %°-ness) of a curve. In 
(4.1.20) we will show that the case of general families can be reduced to this one. 
We then give several examples; further ones will follow later, when the respective 
function spaces are available. 

At the first reading a shortcut can be made by skipping the rest of this section 
together with (4.3.10), (5) of (4.3.30) and (4.4.15)4{4.4.35). 


4.1.16 Lemma. Let E be a convenient vector space and  CE' a subset. Then 
the following statements are equivalent: 


(1) the bornology of E has a basis of o(E, ¥ )-closed sets, i.e. for every bounded 
BCE there exists a o(E, #)-closed bounded ACE with BSA; 

(2) the o(E, S )-closure of bounded sets is bounded; 

(3) zes, *(€(B)) is bounded for every bounded BCE, where Fo denotes the 
vector space generated by F. 
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Proof. (1=>2) trivial. 
(23) Use that by the bipolar theorem [Jarchow, 1981, p.149] 
\eer,¢ ' (€ (B)) is the o(E, %o)-closure of B if B is absolutely convex. 
(3=>1) Clearly Nres f~ + (E (B)) is a ofE, S )-closed subset containing B. 


C 


Remark, It is obvious that these equivalent conditions on S imply that S 
separates points. 


Now some applications of this condition on a subset F, first in order to 
determine the #°-curves and then the smooth curves. 


4.1.17 Lemma. Let F CE’ be such that the bornology of E has a basis of 
a(E, S )-closed sets; let c: RDU >E be a Lif°-curve; and A be a bounded subset 
of R with closure contained in U. If c is S-differentiable at t for all te A then 
{c'(t);te A} is bounded. 


Proof. Let ISU be a compact set such that A is contained in the interior of I. 
By assumption dc is bounded on I‘’?. So let B be a o(E, # )-closed subset 
containing dc(I‘!). For all teA one has c(t)=lim,,,dc(t,t+s)eB, hence 
{c'(t);t€ A} SB is bounded. 


4.1.18 Proposition, Let E be a convenient vector space, F SE’ a subset such 
that the bornology of E has a basis of o{E, #)-closed sets. Let c: RRU-E be a 
F -differentiable curve. Then c is 244° if and only if c is bornological. 


Proof. If c is 2° then c is bornological by lemma (4.1.17). 

Conversely suppose c’ is bornological. Let I SU be a compact set. Choose a 
a(E, F )-closed absolutely convex bounded set B that contains c(I). Let fe S, 
and t, se I, t#s. Then by the classical mean value theorem there exists an re[t, s] 
dependent on ¢ such that /(dc(t, s))=d(f °c) t,s)=C eo) = (crel (B). Since B 
was chosen absolutely convex and o(E,¥#)-closed one concludes 
that ôc(t, sje B, ie. dc? )E Neyl '/(B)ERB is bounded, cf. (23) of 
(4.1.16). Oo 


4.1.19 Theorem. Let c: RD U-—-E be a curve into a convenient vector space E, 
and let S SE' be a subset such that the bornology of E has a basis of a(E, F )- 
closed sets. Then the following statements are equivalent: 


(1) cis Lip”; 
(2) c is k-times S -differentiable and c is bornological for all ke No. 


Proof. (1=2) trivial. 

(2=>1) By assumption c is -differentiable and its derivative c“*” is 
bornological. Hence it follows from (4.1.18) that c® is Z~°. Using now (5,1) 
of (4.1.12) one deduces that c is Zp" for all k and hence Liz” 
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The following proposition shows that the general situation mentioned before, 
where one has a family f;: E-E, of linear morphisms, can be reduced to that of a 
subset SSE’. 


4.1.20 Proposition, Let fj:E>E, (jeJ) be a family of Con-morphisms, 
SF = jes SF (Ej), c: RoE a curve, BSE bounded and absolutely convex, and 
KENo, a: 


(i) T he curve c is k-times S -differentiable if and only if there exist curves 
cœ (i<k+ 1) such that for all je J, f,°c is k-times weakly differentiable and 
(feo=fec! for all i<k+1. 

(ii) The set B is o(E, ¥ )-closed if and only if it is closed for the initial locally 
convex topology on E induced by the family f; (jeJ). 


Proof. (i) cis k-times S-differentiable iff c' (for i< k+ 1) exist with (¢;° fc) 
=,°f;°c for all je J and all 7;¢£;. This is equivalent to foc being k-times 
weakly differentiable and 7,°( f,°c) = ¢,0(f,°c’). 

{ii) Since closed and weakly closed is equivalent for absolutely convex subsets 
of a locally convex space, cf. [ Jarchow, 1981, p. 149] it is enough to show that on 
E the weak topology associated to the initial locally convex topology induced by 
fi (j¢ J) is exactly the topology a(E, Z). This follows since taking initial locally 
convex topologies commutes with taking associated weak topologies, cf. 
[ Jarchow, 1981, p. 167]. 


In order to apply the above results (4.1.19) and (4.1.18) we give some 
4.1.21 Examples 


(i) Let f: E>E; (jeJ) be a family of Con-morphisms which is an initial ¢”- 
source. Then the bornology of E has a basis of sets being closed for the initial 
locally convex topology. It is enough to show that NJ '(f(B)) is bounded for 
every closed absolutely convex bounded set. Since the bornology on E is by 
assumption the initial one induced by the f; it is enough to show that 
HOG" GB))_is bounded. But this is trivial since it is contained in 
AUB) SA(B) and this is bounded as closure of a bounded set. For initial 
£ ”-sources theorem (4.1.19) is of course not interesting, since in this situation the 
boundedness assumption on the derivatives is not necessary. 

(ii) The bornology of 7° (N, E) has a basis of subsets closed in the initial 
locally convex topology induced by ev,: £” (N, E)>E (ne N). A basis of the 
bornology on f” (N, E) is given by the sets By:= {c;c(N)SB} (BSE bounded 
and closed in the locally convex topology). It is enough to show that 
B= nen eY; | eV, (Bo). Clearly ev,(By) = B, so ce Nev} tev, (Bo) iff c(n)e B for 
all n, i.e. ce Bo. 

(iii) Let co be the closed subspace of 7° formed by the sequences converging 
to 0. Then the bornology of cy has a basis of ø (co, {ev„; ne N}bclosed sets. To 
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prove this one only has to combine the initiality of the inclusion cy S ¢ with (ii) 
for E:=R. 

(iv) Let X be an ¢”-space, E a convenient vector space, and S S E’ such that 
the bornology of E has a basis of o({E, ¥ )-closed sets. Then the bornology on 
¢°(X, E) has a basis of o(f”(X, E), {f° ev,;f E€ S, xe X })-closed sets. To prove 
this one only has to combine the initiality of c*¥:7”(X, E)-?2”(N, E) 
(ce? ™ (N, X)) with example (ii). 

(v) Let K be a compact Hausdorff space and DSK a dense subset. Then the 
bornology of the Banach space C(K) of continuous real valued functions 
with the maximum norm has a basis of o(C(K), {ev,; x€ D})-closed subsets. It is 
enough to show that B=()\,.-pev, ' (ev,(B)), where B denotes the closed unit 
ball B={ fe C(K, R); |f(x)| <1 for all xe K}. It is obvious that ev,(B)=[—1, 1]. 
Suppose there is an fe C(K, R) with f(x)e[—1, 1] for all xe D but f¢B. Then 
there is an xe K with | f(x)|>1 and by continuity of f and denseness of D there is 
a yeD with |f(y)| > 1. This is a contradiction. 

(vi) The bornology of H.E; has a basis of o(LIE,, {7° pry jeJ, ¢ €E;})- 
closed sets, where pr;: U;.; E, > E; denotes the projection. This is obvious, since 
a bounded B is contained in a finite subsum of the coproduct. 

A general proposition that allows to obtain families Y with the desired 
condition is the following: 


4.1.22 Proposition. Let Z CEC(E’Y be a linear subspace that separates points 
of E'. Then the bornology of E' has a basis of o(E', S )-closed sets. 


Proof. It is enough to show that closed bounded subsets B of E’ are o(E', F )- 
closed. By the linear uniform boundedness principle (3.6.4) the bounded subsets 
of E’ are the equicontinuous ones. By the Alaoglu-Bourbaki theorem [ Jarchow, 
1981, p. 157] these sets are relatively o(E', E)-compact and their closures taken 
in II,R are contained in E’. So the closed ones are o(E’, E)-compact and since 
o(E’, F )is a coarser Hausdorff topology they are also o(E’, ¥ )-compact, hence 
o(E’, F )-closed. 


4.1.23 Corollary. Let E be a reflexive convenient vector space, i.e. ig: E> E” is 
bijective. Then the bornology of E has a basis of o(E, S )-closed sets for every 
point-separating set S SE’. 


Example. Let ¢? for 1<p<oo denote the classical Banach space of p- 
summable sequences. The bornology of ¢” has a basis of o(/?, {ev,;neN})- 
closed sets. This follows since for p>1 the Banach space 7” is the dual of 7%, 
where q is given by (1/p)+(1/q)=1. The Banach space £! is the dual of the 
Banach space cy of sequences converging to 0. 


4.1.24 Proposition, Let E be a convenient vector space, F SE’ be a subset and 
FP be the closure of S with respect to the topology of uniform convergence on 
bounded subsets of E (a 0-neighborhood basis of this topology is given by the polars 
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B°:= {fe E';¢(B)S[—1,1]} of all bounded BCE). If the bornology of E has a 
basis of o(E, F )-closed sets then it has a basis of a(E, S )-closed sets. 


Proof. Itis enough to show that for any bounded absolutely convex BCE one 
has (Vert *(¢(B))= wert *(¢(B)). 

(2) is trivial, since FCS. 

(<) Admit that this is not true, then there exists an xe E with 7(x) e/(B) for 
all lef but 2o(x) ¢2,(B) for some fg e F. Now choose an absolutely convex 0- 
neighborhood U in R with /)(x)+3U CR\¢)(B). Then ¢)+ {fe E’; ¢({x} UB) 
SU} is a neighborhood of f, with respect to the topology of uniform conver- 
gence on bounded sets. Since ¥ is dense in ¥ with respect to this topology there 
has to exist an ĉie that is in this neighborhood. In order to reach a 
contradiction we claim that 7,(x)¢/,(B). By construction (7, —4)(x)e U and 
(fi —lo)(B)SU and thus 7, (x)e4)(x)+U and 7,(B)S4,(B)+U S4,(B) 4 2U, 
cf. [Jarchow, 1981, p.31]. The claim now follows using that /,(x)+U and 
fo(B)+2U are disjoint. 


An application of this proposition will be given in (4.4.34). 


4.2 Curve spaces 


In the preceding section we considered “f*-curves of a convenient vector space 
E. They obviously form a vector space “*(R, E), and we will show now that 
this space has in fact a natural convenient vector space structure. These curve 
spaces will be used later in order to study more general function spaces. 

We begin with the case k< œ and make use of the following linear maps: 


6°: Lip" (R, E) >l” (RP, E) O<p<k+1) 
DP: Pik" (R, E)> Lip* ?(R, E) (0<p<k); 
ev,: Lip" (R, E)>E (te R); 


where ĝ”c is the difference quotient of c of order p; ?c:=c™ is the pth derivative 
of c; and ev, is the evaluation at t. 


4.2.1 Lemma. Let keNo; aeR all different; and b,eR. For a subset of 
Lip" (R, E) it is equivalent to be bounded under any of the following five families of 
maps: 


(Yn Py. cs, s 


(2) ev,,; EVp, ° 2, - 2 D*, ôte D"; 
(Jovea h e ait bo Dt; 
(4) EVaor +--+ Va, 61° D*; 

(5) Nene: 9 CFs 
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Proof. The bornology of E is the initial one induced by the maps f e E’, and 
that of 7“(R‘°,E) is the initial one induced by the maps ¢,:7%(R‘”, E) 
>l” (R?, R) for EE’, cf. (1.1.8) or (1.2.9). Using this and furthermore that 9’, 
ô and ey, commute with f one reduces the general case to the special case 
E=R which we study in what follows. So let Bo &*(R, R) be an arbitrary 
subset. 

(1=2) Let O<p<k; fe B; beR. Choose I:=]b—1, b+1[. According to the 
remark following (1.3.15), f(b) is in the closure of 6?f(I‘”’); therefore 
(ev, ° D”)(B) is in the closure of the bounded set 6? B (I?) and hence is bounded. 
Finally, for any bounded open interval J, 6**' BUU“**>) is bounded by some 
value M; then by (1.3.18), ôt 9“ B(J<!’) is bounded by the same value M. So we 
conclude that ôt 9" B is bounded in ?”(R‘"’, R). 

(2=>3) Let I be a bounded interval containing the points a, and b;. From the 
boundedness of (61° D*) BUS’) and D* B(b,) we deduce immediately that 
9* BUI) and hence 9" B(by) is bounded. Using that Z* B(I) is bounded one 
further deduces that also 6*~' B(I‘'”) is bounded (by the same value, ac- 
cording to the first mean value theorem (1.3.15) for k=j=1). Combining this 
with the hypothesis that @*~1B(b,_,) is bounded one obtains as before: 
2*-t B(I) is bounded. Repeating the same arguments gives: 2° B(I)= B(I) is 
bounded. From this the boundedness of B(a;) follows. 

(3=4) Let I be a bounded interval containing the points a; and b,. From 
2*(B)(b,) and (ô! ° 9*) BIS’) both bounded one deduces that O* B(I) is 
bounded, and hence, by (1.3.15) for j=k, also 6*B(IS*). Using (1.3.2), i.e. the 
identity 6"f(a),..., a,)=k! Bios B;-f(a;), one deduces, since the terms of the 
sum for i<k are bounded for fe B, that also B(a,) is bounded. 

(4=>5) follows immediately using (1.3.15) for j=k—1. 

(5=1) Using again d5*f(ao, ..., a,)=k! $ f-o B,-f(a,) one first remarks that 
6" B(ay,..., a) is bounded. Furthermore, for any bounded interval TER, 
6**! BUI *1>) is bounded. So, using (1.3.14), 6°BUIS”) is bounded, and this 
shows that 6*Bc/(R“™, R) is bounded. Repeating the same argument one suc- 
cessively obtains that 6*"1B,..., 6'B are all bounded. Oo 


4.2.2 Definition, For keNo we will from now on denote with &%g"(R, E) 
the vector space formed by the &%f%"-curves of E together with the initial 
preconvenient vector space structure induced by the maps ô: %g"(R, E) 
>l °(R, E) i=0,...,k+1). 


4.2.3 Proposition. The structure of the preconvenient vector space Zif*(R, E) is 
the initial one induced by any of the five families of maps considered in (4.2.1). 


Proof.. This is a direct consequence of (4.2.1). o 


4.2.4 Proposition, Let E be a convenient vector space and ke N. Differentiation 
and integration yield morphisms of preconvenient vector spaces as follows: 

(i) D: Lik" (R, E) > Lig” (R, E), defined by D(c):=¢; 

(ii) f: Lip" R, E) => Lip" (R, E), defined by (fo) (O:= foe. 
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Proof. (i) is trivially verified if one uses the characterization of the structure of 
Lif**(R, E) as being the initial one induced by the family (4) of (4.2.1), where of 
course one has to replace k by k—1. For the verification of (ii), the family (2) 
of (4.2.1) is adequate. o 


4.2.5 Proposition. Let E be a convenient vector space and ke N. One has a Pre- 
isomorphism Zip (R, E)= En Lif‘ (R, E). 


Proof. One considers the map (evo, 2): Lij" (R, E)> En Lp" 1 (R, E). It has 
an inverse, by (4.1.14), namely (a, c) —a+ fe. Both are morphisms according to 
the previous proposition (4.2.4). Oo 


4.2.6 Proposition, For a convenient vector space E and ke No the curve space 
Life*(R, E) is also convenient. 


Proof. By the above proposition (4.2.5) it is enough to prove that “°(R, E) 
is convenient. The map (evo, 6'): &°(R, E)>En?*(R‘”, E) is a Pre- 
embedding. Hence #°(R, E) is isomorphic to its image. Since En’? (RS, E) 
is complete by (ii) in (3.6.1) the image is also complete provided it is closed with 
respect to the Mackey closure topology, see the closed embedding lemma (2.6.4). 
We verify this by showing that this image is the intersection of the kernels of the 
Pre-morphisms: 


h, s Enf” (RO, E)>E for (r,s, t)eR® where 
hy, 5, (4 g)=(r—S)gr, s}+ (s —t)g (s, t) + (t—r)g(r, 0. 


The verification that h,, s :° (€Vo, 6')=0 is trivial. So let conversely h,, s, (a, g)=0 
for all (r, s, t)e R. The non-symmetric choice of h, s, allows to deduce that 
g is symmetric: 0=0+0=h, s(a, g) + hs,- (a, g9) =(r— s): (glr, s)—g(s, 7), hence 
g(r, s)=g(s, r) for r#s. Define now c: R>E by c(0):=a and c(t):=a + tg(t, 0) for 
t#0. One verifies that d'c=g and c(0)=a, ie. (a, g)=(€Vo, 5')(c) as to be 
shown. 2 


We now consider the vector space Af” (R, E) formed by the Zip °-curves of 
a convenient vector space E: 


4.2.7 Proposition. Let keNo; a,ER all different; and b,;eR. For a subset 
BE Lip” (R, E) it is equivalent to be bounded under any of the following four 
families of maps: 


(1) 54: Zif” (R, E)>£ ° (RÈ, E) for all ie No; 
(2) u: Lija” (R, E)> Lif (R, E) for infinitely many i; 
(3) evp; ° DÄ: Lip” (R, E)>E for 0<i<k and 
D: Lip” (R, E)>Ll” (R, E) for i>k; 
(4) ev,,: Lif” (R, E)>E for 0<i<k and 
5! Lip” (R, E) >£ (RÈ, E) for i>k. 


Proof. Follows directly from (4.2.1) and the remark after (1.3.15). Oo 
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4.2.8 Definition, %%(R, E) will from now on denote the vector space formed 
by the &*-curves of E together with the initial preconvenient vector space 
structure induced by the maps 5': %"(R, E) 30" (RÈ, E) (ie No). 


42.9 Proposition, The structure of the preconvenient vector space Zip” (R, E) 
is the initial one induced by any of the four families of maps considered in (4.2.7). 


Proof. This is a direct consequence of (4.2.7). 


4.2.10 Proposition. For any convenient vector space E the curve space 
Lif” (R, E) is also convenient. 


Proof. The maps of (2) in (4.2.7) yield a Pre-embedding 1: %4%(R, E)> 
Ten, “#"(R, E). As in the proof of (4.2.6) it is enough to show that the image of 
this morphism is equal to the intersection of the kernels of some morphisms. It is 
trivial that the maps hy: jen, LA (R, E)—> Zip" (R, E) for ke No defined by 
hylCos - - . = Cy41—C, do the job. 


Remark. Zi” (R, E)= Lih" (R, E) is the projective limit of the spaces 
Lih" (R, E) in the category Pre. Hence the previous proposition can also be 
deduced from (4.2.6) using that Con is reflective in Pre, cf. (2.6.5). 


The following proposition is a special case of the differentiable uniform 
boundedness principle (4.4.7). 


4.2.11 Proposition. Let F be a convenient vector space. The structure of 
Lif*(R, F) introduced in (4.2.2) respectively (4.2.8) is the coarsest convenient 
vector space structure making all evaluations ev, (te R) morphisms. 


Proof. Let E be a convenient vector space and #: E> %f*(R, F) a linear map 
such that ev, ° 22e L(E, F) for all te R. We have to show that sz is a morphism 
which means that ° »: E>/°(R‘?, F) is an £®-morphism for i<k+2 or, 
using (3.6.6), that eva... n° 0°: EF is an ¢”-morphism for i<k+2 and 
(tos... ti)E R. But this obviously holds, since using (1.3.2) we can write 
Vito... ti)” 5! o a = 55 By (ev, R m). 


We now consider some functoriality properties of the curye spaces 
Lih" (R, E). 


4.2.12 Lemma, Let F be a convenient vector space. For any £i~*-function 

f:.RR the induced map f*: Ligt (R, F)—> Lih" (R, F) is a morphism of convenient 
¢ 7 7 P ) 

vector spaces. 


Proof. Since by (4.2.6) and (4.2.10) we know that &*(R, F) is convenient and 
since f* is a linear map we can apply the preceding proposition (4.2.11) 
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and hence have only to show that ev,°f* is a morphism. But this is trivial, since 
ev, of * = EV pn. O 


4.2.13 Lemma. For any linear morphism m: E—>F of convenient vector spaces 
the induced map m, : Lih" (R, E)> Lipt (R, F) is also a morphism of convenient 
vector spaces. 


Proof. One either uses (4.2.11) and the commutative diagram 


Lift (R, E) — 7 #ip(R, F) 


or that the bornology of &#*(R, F) is the initial one induced by the maps 6' 
(i<k+2) and the commuting diagram 


Lip (R, E)——> Fi", F) 


ô ô 


L> (RÈ, E) — > ¢°(R®, F). o 


In order to study “f"-functions in section 4.3 we often have to construct 
certain curves, and for that purpose the following lemma will be quite useful. We 
start with a 


4.2.14 Definition, A sequence nx, in a convex bornological vector space E is 
called fast falling iff for every real polynomial p the set {p(n)x,; ne N} is bounded 
or equivalently iff {n*x,;neN} is bounded for every keN. 


4.2.15 Proposition. (General Curve Lemma.) Let E be a preconvenient vector 
space, nrc, € C” (R, E) a fast falling sequence of curves; e, =0 with Le, < œ. Then 
there exists a smooth curve c: R>E and a convergent sequence of reals t, such that 
c(t+t,)=c,(t) for |t|<e, and c(limt,)=0 (so c ‘joins’ all the pieces C,\,—2,, ent 
within a finite interval). 


Proof. Let 
Nath nt1 


rem rca jat 2a) and t, = 5 


Then O=r,<... <%<fyai< +) <ra m= limo and 4,4,—1,=2/n? 
+2z,. Using a fixed smooth function k: R>[0, 1] with A(t)=1 for t>0 and 
h(t)=0 for t<—1 one constructs smooth functions h,: R-[0, 1] with the 
properties h,(t)=0 for |t|>1/n? +¢,, h,(t)=1 for |t| <£, and |h?(t)| < (n7) H; for 
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all teR where H,:=max{|h(|; te R} (e.g. h,()):=h(n7(e, +t) ) hln (e, — t))). Now 
define c(t):=),cwh,(t—t,)ca(t—t,). For every teR there is at most one 
non-zero summand; hence c is well-defined and c(t)=c,(t—t,) for 
—é,<t—t,<¢é,. It remains to show that ¢ec is smooth for any feF'. 
We have (/°c)(t)=) ,cwh(t) for teR, where f,(t+t,):=h, (0): (E° ca) (t). Since 
each f, is smooth the assertion follows if we show that for any keN the series 
oft) converges uniformly in t. So we estimate: 


1 
sup (POL tER) =sup | IHH sis Zeta} 


k/k\ y. , 1 
< $ (Hufi eeo shat, 


hence 


k 


n2- sup {| PW]; te R} <( a (ppe) -sup HA o €,)(s)|; 


|s|<i+max{s,;neN} and O<j<k}. 


The hypothesis that c, is fast falling implies that the right side of the above 
inequality is bounded with respect to ne N. This shows that D/f,(t) converges 
uniformly in t. o 


If the curves are polynomials of bounded degree, the application of the 
general curve lemma is simplified to a large extent by the following 


4.2.16 Proposition. Let c,: R—E be polynomials of bounded degree. If for every 
CEE’ the sequence nt-sup {|(f°c,) (|; |t|<1} is fast falling in R then the 
sequence c, is fast falling in C™(R, E). 


Proof. The bornology of C“(R, E) is the initial one induced by the maps 
¢,,:C”(R, E)>C(R, R), where ¢ varies in E’. Thus we only have to show the 
result for E =R. Let d be an upper bound of the degrees and let Poly’ denote the 
(d+1)-dimensional vector space of polynomials of degree at most d. Since 
ctosup {{c(t)|; |t]<1} is a norm on Poly’, it defines a vector bornology that is 
separated. Thus the inclusion Polyf—>C®”(R, R) is bornological. By assumption 
c, is fast falling in Poly’; hence also in C®(R, R). 


Explicit constants for the boundedness of the inclusion Poly’+C™(R, R) are 
given by [Rivlin, 1974, p. 93, p. 119]: For ke N, r>0, and polynomial c of degree 
at most d one has 

max {|c(t)|; lt] <r} <max {| T{?(@)|; |t| <r} max {|c(t)|; |t] <1}, 


where T, denotes the Tschebyschef polynomial of degree d. The maximum on 
the left side is a typical seminorm on C%(R, R). 
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Now we take up the discussion of general “f‘-maps f: E2U—>F. For this 
notion we refer to the beginning of section 4.1. 


43.1 Lemma. Let f: E2U-—-F be a map; and 0<k<j<oo. Then the following 
statements are equivalent: 


(1) foe: R>F is Lip" for all Zip’-curves c: RU; 
(2) foc: c (U)F is Lip" for all Lipi-curves c: RE. 


Proof. (1<2) is obvious. 

(12) By composing with f e F’ one reduces the considerations to F =R. Let 
c: R>E be a “Zp/-curve and toec™ t(U). Since U is open in the Mackey closure 
topology which is the final one induced by the &/-curves there exists a d>0 
such that [to—2ô, tp +26]Gc~'(U). Choose a smooth h: Rot,+[—26, 26] 
with A(t)=t for |t—to| <ô. Then cy=cch is Zipi and has its image in 
c(t + [—26, 25]) = e(c~1(U)) S U, hence foc, is k-times Lipschitz differen- 
tiable and equals foc on tg+[—6,6] showing that foc is k-times Lipschitz 
differentiable around tọ. Since t)¢c”'(U) was arbitrary one concludes that 
foc is k-times Lipschitz differentiable. 0 


4.3.2 Proposition. (/'-ness is a local concept). Let f. E2U—>F be a map. 
(i) Iff: U->F is Zift and U, SU open then f\y,: U1 >F is Left. 
(ii) If U =U;ier U; is an open covering and f |y, is Zig for all ie 1 then f: U>E 
is Lift. 


Proof. (i) is trivial since the inclusion U, —>U is a &'-morphism. 

(ii) By composing with 7eF’ we may again assume F=R. Let c: RU 
be a &f'-curve. Then by assumption and the previous lemma (4.3.1) 
(fe ley =f ly,ccie” (U,)-R is k-times Lipschitz differentiable. Since the 
cHU) cover c7(U), fec:c7t(U)>F is k-times Lipschitz differentiable and 
therefore f is Zp* by the previous lemma (4.3.1). O 


Of central importance is the following 


4.3.3 Proposition. (Smooth curves suffice.) Let f: E2U-—-F be a map and 
kENo, » Uf foc is Lip for all smooth curves c then the same is true for all Lif 
curves c. 


Remark, Lemma (4.3.1) shows that it does not matter whether one admits 
curves c: R-E or only curves c: R2U. 


Proof. To simplify notation we prove this theorem for k— 1 withO<k—1<oo. 
By composing with / € F’ the general situation can be immediately reduced to 
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that with F = R, which we shall consider now. Let us assume indirectly that there 
exists a ¥7/*~ +-curve e such that foe¢ “~*~. Because of lemma (4.3.1) we can 
assume that e has values in U. According to (1.3.22) there exists a tọ € R such that 
the difference quotient 5*( f° e) is unbounded on every neighborhood of tọ. By 
means of translations we reduce the consideration to the case to =0 and e(t) =0. 


Choose 
A n n 1 1 ene 
a"=(ap,..- „ael — Fas | 


such that |6*( f° e)(a")|>n2"" and define e, to be the interpolation polynomial 
with e,(a5):=e(ag), . . . , &,(at):= e(az). Explicitly one has by (i) in (1.3.7): 


1 
enl = ela) += (t aö elab, at) + -+ 


bis. 
+t a): J. (t—at_)b*e(a",, ..., ae). 


Let c,(t):=e,(t/2"). Thus, with «”":=2”-a", one has 


noe 
|O*( fe c,)(a")| = = |O*( fe e)(a")| > z =n, 
and we remark that |«?|=2"|a?|<1/2". Let us verify that {c,; ne N } is fast falling 
in C*(R, E), using (4.2.16). So let fe E’ and |t|< 1. Since e is a %A*~ !-curve and 
|a"| <1 for all n and i there exists a K >0 such that | 7(d‘e(a"))|<K for all ne N 
and 0<i<k. Using that |t—«”|<2 and that e(a%)=a’,-6'e(a,,,0) we obtain: 


(fec,)O=(E° elat . .- 
ae er . (2 "t—at_ 6 E> ela ... , a0); 


\(€ec,)(t)|<|a3|K+——|t-at|K+ ... + |t—ak}.. taal 


ki2 kn 


= 


m g p 


and this is fast falling in R for n>. 

Applying now the general curve lemma (4.2.15) with ¢,:= 1/2" we get a smooth 
curve c with c(t+t,)=c,(t) for |t|<e,. Hence |6"(foc)(aj+t,,...,a¢+t,)|2a 
which shows that 6*(fec)(¥‘”) is unbounded for any neighborhood V of 
t,,.=lim,.,,t,. Since ¢(t,)=c,(0)=e,(0)=e(aj)e(0) we have that fec is not 
k-times Lipschitz differentiable in a neighborhood of t,, in c7 +(U). E 


4.3.4 Corollary. Letf. E2U>F be a map and 0<j<k<oo. If fis a %p*-map 
then it is a Lip/-map. 
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4.3.5 Theorem. Let E, F be convenient vector spaces; ke No, 3 X be a Zijt- 
space; and f: X x EF be linear in the second factor E. Then the following 
statements are equivalent: 
(1) f XNEF is Liz", where XTE denotes the product of X with E considered 
as Lif'-space; 
(2) fis partially Lip*, ie. f(x, _) and f(_,y) are Lif* for all xe X and yan 
(3) for all xe X one has f “ (x)=f(x,_-)e L(E, F) and P”: X —>L(E, F) is Lip" 


Proof. (1=2) is obvious, since the partial maps are obtained by composing f 
with the smooth maps x(x, y) and y(x, y). 

(2=>3) f “ (x)e LE, F) since it is linear and Lig”. The map f“ As Lift, since by 
(3.6.5) it is enough to verify that all composites ev, °f Y are Zif", which holds by 
assumption because ev, =f “Y =f(_,y). 

(3=1) Since fY is ZZ" so is P n id: XNE>L(E, F)nE. Furthermore 
ev: LE, Fn E-F is bilinear and %/* by (3.7.1), hence f=ev+ (f “u id) is Lift. 

a 


In order to obtain a recursive characterization of “"-maps we begin with 
k=0 and for this we need the following 


4.3.6 Definition. (i) Let E be a convenient vector space. A subset KSE is 
called bornologically compact or shortly b-compact iff there exists a bounded 
absolutely convex BCE such that K is compact in the normed space Eg, cf. 
(2.1.15). 

For USE the family of b-compact sets contained in U is a basis for a 
bornology. It will be called the b-compact bornology of U. (It is induced by the b- 
compact bornology of E iff U is M-closed in E.) The b-compact bornology of E 
is a convex vector bornology since the closed convex hull of a compact subset of 
a Banach space is compact. 

Let f ED U-F be a map. 

Gi) f is called Zsa ' iff f(K) is bounded for every b-compact set KSU or, 
equivalently, iff fis bounded on M-convergent sequences in U having also their 
limit point in U. 

(iii) The directional difference quotient $f: E’ nR? 2 Ug—>F of f is defined by 
Of (x, y; t 8):= (f(x t+ty)—f(x+sy)t—s) where Uş:={(x, y; t, sje E*nR?; 
x+tyeU, xtsyeU, t¥s}. 


Remark. The assumption that U is M-open in E implies that Uy is M-open in 
E*nR?. 


4.3.7 Lemma. (Characterization of Li} ‘-maps.) Let f: E2 U—F be a map and 
ke No, Then the following statements are equivalent: 


(1) fisa Lp *-map; 

(2,,) fec is an £®-map for every Lipk-curve c: R>U SE; 

(3) fex is an *-map for every sequence x: NU which is M-convergent to 
some XEU. 
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Proof. (1>>2p) is trivial, since c(K) is b-compact in U for every compact K CR 
and any “°-curve c. 

(29=>2,>>2,,). Trivial since less and less composites have to be ¢”-curves. 

(22 =3) Suppose f(x,) is unbounded for some sequence (x,) converging 
Mackey to x„ € U. Using the special curve lemma (2.3.4) we conclude that there 
is a smooth curve c passing in finite time through infinitely many x,. Thus we 
have a contradiction to the assumption that f° c is an ¢°-map. 

(3=>1) Let KSU be b-compact, i.e. compact in some Banach space Ep. 
Suppose f(K) is unbounded. Then there exists an x: NK with (f°x)(N) 
unbounded. Since K is compact in the metrizable space Eg we may assume that 
x converges in Eg to some x,,¢K SU. Thus x is M-convergent to x, which 
gives a contradiction to (3). o 


4.3.8 Theorem. (Characterization of Lip°-maps.) Let E and F be convenient 
vector spaces, USE be M-open and f:U—F be a map. Then the following 
statements are equivalent: 


(1) fis Lip; 

(2) f °fle,: Eg>R is locally Lipschitzian for every absolutely convex bounded 
BCE and every £e F'; 

x — 
(3) poo, x, yeEK, say}: is bounded for all compact K © U ^ Ep with 
B 

BC E bounded and absolutely convex; 

(4) {r(f(x)—f(y)); reR, x, ye K, r(x —y)e B} is bounded for all bounded BCE 
and b-compact KSU; 

(5) Sf is bounded on K,xK,x[—1,1]‘” for all b-compact K,,K, with 
K,+({—1,1)K,SU; for ¥ cf. (4.3.6). 


Proof. (1=2) Obviously £ ° f| g, Es >E>F—R is Zik’, hence by the character- 
ization of &~°-maps between normed spaces (1.4.2) one concludes that it is 
locally Lipschitzian. 

(2=>3) By composing with ¢ e F’ we may assume that F =R. Let KS Un Ez be 
compact. Now (3) follows by applying (1.4.2) to the map flg, 

(3=>4) By enlarging the bounded absolutely convex set B if necessary we may 
assume that K is compact in Ep. For r(x—y)eB one has |r|-||x—y||,= 
IIn(x—y)llp<1, ie. |r|>\|x—yllg. Consequently {r(f(x)—f(y)); x, yeK, 
(x — y)€ B} is a subset of the absolutely convex hull of the bounded set 


fl) —f(9). 
[eva ee sey 


(4=5) Let K,, K, be b-compact with K,+[—1, 1]K,<U. By setting 
x=a+tv, y=atsv, r:=1/(t—s), one verifies that 
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f +to)—fla + so), 


(=§ 


t,s €[—1,1], t4#s, ae Ky, veka} 


S {A-O r(x ye Ka, x, ye K}, 


where K:=K,+[—1,1]-K . The assertion now follows since with K, and K, 
also K is b-compact. 

(51) Let c: RU be smooth. We have to show that foc is “f° in a 
neighborhood of any tọeR. Without loss of generality let tọ=0. Since the 
extension h:=ôc: R?>E of the difference quotient is also smooth, cf. (2) in 
(4.1.13), Ky:=de({—1,1]?) and K,:=c([—1,1]) are b-compact. 

Now 


t—s t—S 


ice a eee D-H). cert rt a3} 


is a subset of the bounded set 


[e +t'v)—f(xts'v) : 


t'—s’ 


‘se[—1,1], 4s’, xeK,, veka}, 


as verified by setting x:=c(s), v:= k(t, s), t:=t—s and s:=0. 


4.3.9 Definition, Let f: E2U—-F be a map and S CF’ be point separating. 

(i) fis called ¥-differentiable at x in direction v iff the curve trof(x + tv) is S- 
differentiable at 0. The derivative of this curve at 0 is called the differential of f at 
x in direction v and is denoted by df(x, v); cf. @) in (4.1.9). 

fis called ¥-differentiable at x iff fis S -differentiable at x in direction v for all 
veE. 

fis called -differentiable iff f is -differentiable at x for all xe U. The map 
df: U x E—>F is then called the differential of f. 

For curves this definition of #-differentiability is equivalent with that given in 
(4.1.9). 

(ii) fis called strongly differentiable iff for all b-compact K, SU and K,cE 
the limit 

f(x+tve)—f(x + sv) 


t—s 


F'()):= M-lim,, .+0,145 


exists uniformly for xeK, and veK,; and f(x)eL(E,F) for all xeU 
(The difference quotient makes sense since there exists an e>0 with 
Kı +[—86, £]: K,U.) The map f’: U>L(E, F) will be called the derivative of f. 

For curves this definition of strong differentiability is equivalent with that 
given in (4.1.9). The derivative c of c defined in (4.1.9) corresponds to the 
derivative c’ as defined now via the canonical isomorphism €= L(R, E), 
ie. c'(t)(s}=s8: c(t). 

The contrast between strong differentiability and S -differentiability consists 
not only in a stronger form of convergence but also in the assumption that the 
derivative at each point is a linear morphism. We shall show, however, in (4.3.12) 


104 4 Calculus in Convenient Vector Spaces 


that combined with the condition that the differentials, respectively the de- 
rivatives, are ¥i~*-maps they both become equivalent. 
We first give a generalization of (4.1.18). 


4.3.10 Proposition, Let E and F be convenient vector spaces, S SF’ a subset 
such that the bornology of F has a basis of o(F,  )-closed sets. Let f: E 2 U >F be 
a S -differentiable map. Then f is Lip? iff df is Lip! 


Proof. (<=) By (4.3.8) we have to show that 


f(x4+tv)—f(x + sv) 
t—s 


f(x, v; t, 8) = 


is bounded for x,v varying in b-compact subsets K,, K, satisfying K,+ 
[—1,1]K,<¢U and t, se[—1,1] with t4s. For fe. we have by the classical 
mean value theorem that /(8f(x, v; t,s))=/(df(x+rv, v)) for some re[—1, 1]. 
Thus f(x, v; t,s)e zes +£ (By, where B is the bounded image under df of 
(K,+[—1,1]K,)x K, (Use that a sa~ '-map is bounded on b-compact sets.) 
By the condition on the bornology we conclude that this intersection is 
bounded; cf. (4.1.16). 

(=) Assume df is not bounded on some M-converging sequence (Xn, vn). 
Using homogeneity of df(x,_) one can assume that the », converge Mackey 
to 0. And by passing to a subsequence we may assume that the polynomials 
tX, + tu, are fast falling. Hence by the general curve lemma (4.2.15) there exist 
a smooth curve c and a bounded sequence of reals t, such that for every n one 
has c(t+t,)=x,+tv, for small t. Hence df(x,,v,)=(f° c)(t,) is unbounded, 
which is a contradiction to the corresponding proposition (4.1.18) for curves. 


Let us now generalize the result (4.1.5) on integrals with respect to a 
parameter. 


4.3.11 Proposition. Let f:EnRƏ2U—>F be a £i~°-map. Then the domain of 
definition W:= {xe E; (x, t)e U for all te[0, 1]} af the map g: xef fl, t)dt is 
M-open in E and g:E2W-F is Lipe. 


Proof. We first show that W is M-open in E. Let c: R>E be a smooth curve 
with e(0)e W, i.e. {c(0)} x [0, 1] SU. Since (s, t)++(c(s), t) is smooth there is a 
neighborhood W, of {0} x [0, 1] in R? with (c(s), t)e U for all (s, t)e Wo. Thus 
there exists an e>0 with [—¢, e€] x [0, 1] € Who, ie. c(s)e W for |s|<e. 

Now let ¢:R>W be a smooth curve. Then fọ: R?2Uo:= {(s, t); (elo), t) 
ceU }>F defined by f(s, t):= = fiefs). t) is a ¥ip°-map; hence by (4.1.5) the map 
go:R—F defined by go(s):= J} fo (s, dt = g(c(s)) is Zp, ie. g is Lip. 


4.3.12 Proposition, Let f:E2U-—F be a map and FEF be point separating. 
Then the following statements are equivalent: 


(1) fis F-differentiable and df Lik’; 
(2) fis strongly differentiable and f’ is Lip; 


43 Differentiable maps 105 


(3) Of:Ug>F has a Lp°-extension Of: Ug>F, where Us={(x,y; 1,5) 
e E*nR?; x+tve U, x+sve U }; cf. (iii) in (4.3.6). 


Proof. (1=3) Define 


Q. a "ET Sf(x, y; t, s) for t#s 
ie i ie (x+ty, y) for t=s. 


Then $f lus= Sf is Zig? since fis f°. Furthermore O:={(x, y; t, s}; xtryeU 
for all r in the interval from t to s} is M-open and (x, y;t, s) 
=x, y; t =F df(x+ty+#{s—t)y, y)dr is Zig? on O by (4.3.11). Some 
Ug=U UU, the map Sf is ¥~° on Us by (ii) of (4.3.2). 

(3=>2) We show first that the directional difference quotients are uniformly M- 
convergent to the corresponding differential. So let K; SU, K SE be b- 
compact. Choose an ¢>0 such that K, +[—e, £] K, SU. It is enough to prove 
that 


-{ 1 (fee 


lt} +|s| t—s 


is bounded, where d f(x, v) is defined as 9f(x, v; 0, 0). 

By assumption 9f: U 5^ (Eg, x Eg, x R?°)>F is locally Lipschitzian, where B, 
(resp. B,) is an absolutely convex bounded subset of E in which K, (resp. K3) is 
compact. Thus, with ||(t, s)|; =lt| + A 


d f(x, D) xeK,, veK,, tsel- ee], ras} 


TE y; t, s)—Sf(x, y; 0, 0))——-;: (x, y, t, s)¢ K, x K, x [— 8, €]’, ras} 


It, i 


is bounded. Since 


ET E PE T E A ( etin aty) 


I(t s)lla t—s 


—df(x, y » 
itl + Isl 
the claim is proved. 
Let us show next that df{x,_) is linear. By composing f with fe F' we may g 
assume that F=R. Obviously df(x,_) is homogeneous (consider for AeR the 
smooth curve tr+x+tdv). To prove the additivity consider 


S(xt+tottw)—f(x + tv) E fx+te+tw f) fx +t- fx) 
t t t 


which converges to df(x, v+ w)— dfx, v) for t0. 
By vroperty (3) we know that 3f is 4°. Thus 


“+, ty t+tw)—f(x + tv) 
t 
Hence djya, w)=df (x, v + w)—df(x, v). 


Since df(x,_) is 24° and linear it is in L(E, F). Thus we have shown that f is 
strongly differentiable and that, by (4.3.5) for k=0, the derivative f’ is 4°. 


=9f(x+ tv, w; t, 0—>F (x, w; 0, 0) =df(x, w). 
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(1<=2) Strongly differentiable implies Y-differentiable with the differential df 
given by df(x, v)=f'(x)(v). Using (4.3.5) for k=0 it follows that df is Z/°. 


4.3.13 Definition. A map f:E2U-F is called &f£-differentiable iff it satisfies 
the equivalent conditions of (4.3.12). 
This definition is consistent with (ii) of (1.3.19). 


4.3.14 Lemma. (Special Chain Rule.) Let f. E2U->F be a Lifp-differentiable 
map; c:R>U a Lif'-curve. Then foc is Lip and (foc) (s)=df (els), c'(s)) for all 
seR. 


Proof. Since dfe(c,c’) is Zig? we only have to show that fofec is dif- 
ferentiable with derivative f° dfo (c, c)=d(¢ef)>(c, c) for all Z e F’. This is only 
a statement about f ° f, so we may assume that F =R. 


flelt+s)) fll) _1. (o 4 Metals) | ) -fte)) 


t t t 


converges to df(e(s),c'(s)) as t20 since on one hand (1/t)-(f(x+6de(r):t) 
—f(x))-df(x, dc(r)) as t—0 uniformly for r in any compact interval (fis assumed 
to be strongly differentiable), where x:=c(s) and dc is the Zig- 
extension of r+o(c(st+r)—c(s))/r; and on the other hand df(x, dc(r))—> 
df(x, c’(s)) for r0. 


In order to compare “f-differentiability of a map between Banach spaces 
with the standard concept of Fréchet-differentiability we recall the following 
classical 


4.3.15 Definition, A map f: E2 U—>F between Banach spaces is called Fréchet 
differentiable (resp. strictly Fréchet differentiable) iff it is continuous and for every 
xéU there exists a (necessarily unique) linear map »,: E—F such that 


A+ )-fO)— lll _ 9 
k lvl 7 


tim,- 


Ifet -fx tw- mw) =o) 


(resp. lim, w>0,v#w lo—w] 


The continuity of f implies that æ, is continuous. Any Fréchet differentiable 
map is obviously weakly differentiable and +,.(v)=df(x, v). In classical calculus 
the derivative f’ is defined by f'(x):=,. 


4.3.16 Proposition, Let f:E2U-—F be a map between Banach spaces. Then the 
following statements are equivalent: 


(1) fis Lp-differentiable; 


(2) fis strictly Fréchet differentiable and f’ is locally Lipschitzian; 
(3) f is Fréchet differentiable and f’ is locally Lipschitzian. 
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Proof. (1=2) Since f is &p-differentiable there exists by (4.3.12) a Lig- 
extension 3f: Us F of the directional difference quotient 3. Thus for a given 
peU there exist ô>0 and NeR such that ||9f(x,y; 45)—Ox,y3 r,s) 
<(\|x—-x'l+l_y—y' I +lt-¢'|+|s—s'|)-N provided ||\x—pll<6, lx —pl <ô, 
lvl <6, Iyl <6, tt]<0, |t’'|<6, |s| <6, |s’|<6. In particular for t40, s=—t, 
x' =p, y =y, t'=s'=0 one has 


f(x+ty)—f(x—ty) 
2t 


provided ||x—p|| <ô, yl <6, 04|t|<6. We have to show that 
| f(p + v)—flp + w)—df(p, v— w)|| 


||v—w| 


—dfip, y) <(x—pl] +2lti) N 


—=0 for v, w—>0, vÆw. 


Let lvli, Iwl <6 and |v—wl| <26? and set 


V+W =5 v—w = lew 
ap ES a Pe gs 


x:=p+ 
Then 
v—w 
LE |x—pll <6, Iyl <6, 0#|t| <ô. 
Thus we obtain 


| flp+2)—flp + w)—dflp, v-w)i _ If +ty)-Ax—ty)—df(p, 2ty)l 


llv—w| |v—w| 
= 1 te 
Ne PE y. (EL sit) 0 for v, w>0. 


(2=3) is trivial. 
(3=>2) Since f is Fréchet differentiable it is obviously weakly differentiable. 
Since f’ is assumed to be locally Lipschitzian it is Zp° by (1.4.2), and thus dfis 
Lip by (4.3.5). Therefore fis “4-differentiable. o 


We start now the investigation of differentiability properties of #f"-maps. 
For a &p**'-map f the existence of the differential df is an immediate con- 
sequence of (4.1.12). We want to prove that df is in fact #p* and shall deduce 
this easily from (4.3.23), which says that for any &g**'-map g:R?—R the 
function @,g(_,0):R>R is &f". This is a trivial consequence of Boman’s 
characterization of %g'-functions on R? [Boman, 1967]. We will, however, 
prove (4.3.23) directly by means of some lemmas on functions of two variables. 
We thus not only obtain the desired generalization of Boman’s result from finite- 
dimensional vector spaces to arbitrary convenient vector spaces, but also a new 
proof of Boman’s original result. 


4.3.17 Notation, Let keN be fixed. Then 7ro,...,7, denote the unique 
rational numbers satisfying the equations: 
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rotri+ rates + %=0 
ryt 23+: + tkr=l 
ritr e +k’n,=0 


ryt2*ry+ eens +k7,=0 


(They exist since the determinant of Vandermonde is non-zero.) 


4.3.18 Lemma. (Approximation of a Derivative.) For any fe Sifi(R, R) and any 
A>O there exists N such that |f-(a)-h—-Yi_or;-flat+ih)|<N-|hlK** for all 
a, he[—A, A]. 


Proof. Consider fi: R>R defined by /,(h):=f ‘(@h-Yio r;f(atih). Ac- 
cording to the choice of the coefficients r; one has f,(0)=f, (=: --=f ®© (0) =0. 
Since f™ is Lipschitzian on [—(k+ 1)A, (k + 1)A] there exists an Ny such that 
[f® (h) <N: |h] for all a,he[—A, A] which implies successively 
Ih]? \h| k+1 


Tie (WISN => TT ASN: ay 


for all a, he [— A, A]. Hence N:=N,/(k+1)! suffices. 
4,3,19 Lemma. For fe Zip (R?, R), 0. f (0): R>R is bornological. 


Proof. Suppose ô, f(_, 0) is unbounded in every neighborhood of some point a. 
Without loss of generality a=0. Then there exist 


1 1 
E| -F 


with |, f (an, 0)|>n2". For the curve c,: R—>R? defined by 


C,(t)= (a. tx) 


one has - i 
ISe ca) Ol = 2f (an 0) =n. 

Since the sequence (c,) is fast falling we can apply the general curve lemma 
(4.2.15) with ¢,= 1/2". It yields a smooth curve c: R—=R? for which (fe cy would 
be unbounded on a bounded interval which is a contradiction with 
foce £ ip". O 


4,3,20 Proposition, (Approximation of a Partial Derivative.) Let keN 
and ro,...,řy as in (4.3.17). For any fe Lif'(R?,R) and any A>O there 
exists an NeR such that |0,f(a,0)h—Yi_orif(a ihia Nihit for all 
a,he[—A, A]. 
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Proof. By lemma (4.3.19) there certainly exists for any ô2 0 an N such that the 
above inequality is fulfilled for |h|>6. Proceed now indirectly. Then there exist 


a,€[—A, A] and 
1 1 
h -nm 
eel =| 


with |8 flan, O ha Yia o Tif (ans ih) =n2"**|h,|***, and by passing to a 
subsequence we may assume that the a, converge to some point a, say a=0, and 


that 
Swe 1 1 
n 2m Qn ii 


t| an 
n? gn a 


Let f,:=fec, and v,:=2"h,. One obtains 


Let c,: RR? be the curve 


k : 1 ; 
lJa (0) i ta P i-o ri falita l= zr OI Gn: 0) à 2"h,— Eio T; fans ih,) 2 


n2nkt ih et 1 =n|p,,|"* s 


Since the sequence formed by the curves c, is fast falling we can apply once more 
the general curve lemma (4.2.15) with ¢,:=1/2". It yields a smooth curve 
c:R->R? such that for g:=f«c one would have CALAS riglita tiv,)| = 
alv,|**1 and this is a contradiction with lemma (4.3.18) since t, and v, are 
bounded. 


43,21 Lemma. Let g:R->R and consider G: R?—R defined by G(t, s):=g(t)s. 
Then for any ae R and h#40 one has (k+ 1)6*, g(a; h)=d§7* (Goc)(a; h), where 
c: ROR? is defined by c(t):=(t—h, t—a). 
Proof. 
1 k+1 5 
grg Goede: h) 
=k $$ (Go ca+ih) M,a: ih rh! 
=k Yi} g(at+G—Vh)ih—Oh)N1, , >ra: lih rh 


=k! F ogla +jh Mase; (ih—-sh) =al hb) (j=i— 1, s:=r 1) 


4.3.22 Lemma. For each ke No there exists a constant C, with the property: for 
any function G: R?>R with |G(t, s)| <N |s|*+* for t, se[—(k+ 1), k+1] and any 
curve c: R>R? of the form c(t)=(t—h, t—a) with a,he[—1, 1], h#0 one has 
lött (Go e)(a; AIS NC. 
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Proof. In fact, 
x+11G(i—1)h+a, ih)| ¡+1 di-rl73, 


liht: rži 


lôa (Gec)(a; h| <k+ DIN) 


hence Cy:=(k+ 1)! '* 1 i*+01,.;li—r|7? suffices. 


4.3.23 Lemma. For keN and Ge &p*(R?, R) one has 
6,G(, He Liht! (R, R). 


Proof. Let Go(t,s):= ee r;G(t, is) with r; defined as in (4.3.17); g(Q):= 
6,G(t, 0); G (t, s):=g(t):s; G,{t, s):= G (t, s)—Go(t, s). Then Go is Zp" and 
02 Golt, 0) = 0, G(t, 0). 

Suppose g is not Yf*~*. Then there exists an aeR such that ôt g is 
unbounded in every neighborhood of (a,0). Without loss of generality 
a=0. Choose a,, h, with |a,|<1/4" and 0<h,<1/4" such that |6€, glan; h,)| 
>n’ prk + 1) 

Consider the curves e,:R—R? defined by e,(t):=(t—h,,t—a,) and c: 
R>R? defined by c,(t):=e,(t/2"+a,). Let v,:=2"h,. . 

Since the curves c, form a fast-falling sequence we can apply the general curve 
lemma (4.2.15) with ¢,:=(k+ 1)/2” to obtain a smooth curve c: RR? such that 
c(t+t,)=c,(0 for 0<t<(k + 1)/2". 

The set {Of *(Goec)(t,; v,)|; nEN} is bounded since the t, and v, form 
bounded sequences. 

By (4.3.20) there exists an N such that |G,(t,s)|<N|s\**1 for all 
t,se[—(k+1), k+1]. Using (4.3.22) one obtains 


[Seq (G22 C) (tn; Un)l=15eq * (G2 ° ca)(0; v,)| | 


1 ! 
= pen lit 1 (G3 ° €,)(4y; hy) Same NC, 


which is also bounded. Together this gives for G, = Go + G3: 
OKT! (Gz © c)(t,, Va) is bounded. 
But using (4.3.21) one obtains a contradiction with this: 


[ae t (G, o¢)(t,; v v,)| al i (G °c, a)(0; Un)! 


k+1 
=n T) [Seq (G1 ° €n)(an; b,)|= = atk 1) lők 9(4,3 hnl = n(k + 1) | 


which is unbounded. o 


Now we are able to prove that for a map between convenient vector spaces 
Lip'-ness can be characterized recursively. 


4.3.24 Theorem, (Recursiveness of Likt.) Let E and F be convenient vector 
spaces, USE be M-open, f:U—>F be a map and keN,. Then the following 
statements are equivalent: 
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(1) fis Lip**; 
(2) fis Lip-differentiable and f' is Lif", 
(3) fis Lip-differentiable and df is Lip. 


Proof. (1=>3) Let us first show that the differential df exists: Since for xe U and 
ve E the map c: t x+ tv isa &p*-curve in E, the composite e:=f° c is defined 
and Zip" in a neighbourhood of 0. So by (4.1.12) 


eO):= — sess 


JS (x+tv) =(weak-) lim 
t=0 t70 
exists. 

In order to show that dfis Zp", let (c1, c2): R> UNE be any &f”-curve of 
Unk; fe F'. Since g:R?->+E defined by g(t, s):=c,(t)+sc,(t) is a Zp~*-map, 
f ofog is Lp" as composite of ¥z*-maps. One has 


f (c(t) +sc2(t))—f (ce, (0) ) 


S 


(Eodfolc,,c,)(Q=¢ (Mim 
s>0 
“hn ELDE ICSD 


s>0 5 


=0 (f -f° g)(t, 0). 


So by (4.3.23) the composite Z o dfo(c,,c,)e ~*~ ' as to be shown. 

(3=1) Let c: R->U be a smooth curve. By the special chain rule (4.3.14) we 
know that foc is Zp! and (foc) =dfe(c,c), which is by assumption Lip". 
Hence foc is Lep**?. 

(23) holds by (4.3.5). g 


4.3.25 Proposition. (Chain Rule.) Let f: E2 UWE F and g: F2W-G be two 
Lipf.'-maps. Then gof:E2U 3G is Lik’ and (gof Y (x)=g'(f (x) of (x) for all 
xeU. 


Proof. Clearly gofis Zp. Since (g of)’ (x)(v)=(g °c) (0) for c(t):=f (x + tv) the 
formula follows directly from the special chain rule (4.3.14). o 


4.3.26 Definition, Let f:E2U—F be a map. 

(i) f is called (k+1)-times S-differentiable iff it is -differentiable and 
df(_,v): U-F is k-times &-differentiable for all veE. The differential 
d'*1¢: UnE**t1F of order k+1 is then defined by d'*'f (x; tos... , Vy) 
=d'[df(, to) ] (x; Vis. +> Uy). 

This recursive definition starts with the convention that every function is 
0-times -differentiable and d°f:=f. We remark that 1-times S -differentiable is 
the same as ¥-differentiable (4.3.9) and d! f=df. The function f is called co-times 
F -differentiable iff f is k-times -differentiable for all keN. 

(ii) fis called (k+ 1)-times strongly differentiable iff it is strongly differentiable 
and f’:U->L(E, F) is k-times strongly differentiable. The derivative f**": 
U->L(E,..., E;F) of order k+1 is then defined by f**¥(x)(v9,..., 0%) 
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=LS'TO)O,, ..., vto); ie f** P(x) corresponds to [ f/](x) via the can- 
onical isomorphism L(E,..., E, E;F)=L(E,..., E; L(E; F)). 

This recursive definition starts with the convention that every function fis 0- 
times strongly differentiable and f:=f. We remark that 1-times strongly 
differentiable is the same as strongly differentiable (4.3:9) and f =f". 

fis called oo-times strongly differentiable iff fis k-times strongly differentiable 
for all keN. 

(iii) f is called (k+ 1)-times &cp-differentiable iff it is cf-differentiable and 
df(_, v): UF is k-times &f-differentiable for all ve E. This is exactly the case 
if f is (k+ 1)-times strongly differentiable and f® is Lip? for alli=O... k+1. 

Fis called 0-times %f-differentiable iff fis Z4. 

P J k called co-times &f-differentiable iff fis k-times Y/-differentiable for all 
eN. 

This definition is consistent with (ii) of (1.3.19). 


Now we can prove that a map between convenient vector spaces is Lop" iff it 


is k-times ¥%-differentiable, a result established by [Boman, 1967] for maps 
R”—R. 


4.3.27 Theorem. (&~"-maps as k-times differentiable maps.) Let E and F be 
convenient vector spaces, USE be M-open, f:U—>F be a map, YSF' point 
separating and ke No. Then the following statements are equivalent: 

(1) fis Lip"; 

(2) fis k-times S -differentiable and dif: UnEi=F is Lik? for all j<k; 

(3) fis k-times Yip-differentiable; 

(4) f is k-times strongly differentiable and f ®: U+L(E, . . . , E; F) is Lip I 

for all j<k. 


Proof. We prove this by induction on k. For k=0 this is trivial. Now for (K+ 1): 

(1=4) By (4.3.24), fis strongly differentiable and f” is Lip". Thus by induction 
hypothesis f’ is k-times strongly differentiable and [f’] is Lipt for all 
j=0...k. Hence fis (k + 1)-times strongly differentiable, fis Zip, f’ is Lip! 
and f is Zip O-Y for 1<j<k+1. 

(4=3) One uses that 4"! implies Le? by (4.3.4). 

(3=2) We show that d* f(x; vos... , uJ=f(x)(u9, .. . , v): 


FEM ADU, «5 04) = 
=([f'](x)(o,, ..., u))(vo) = (by induction hypothesis) 
=(4"[f'](x;0,,..., 0,))(vo)= (evo is a linear morphism) 
=d*(f'\()@o) 3 01... ., 4) = (by (4.3.12)) 
=d*(df(_, Vox; 01, ..., 0,)= (by definition) 
=d***fix- to, ..., te) 


(21) By assumption f is -differentiable and df(_,v 9) is ketimes 
S -differentiable with differential dIEdf(, v9) I(x; ti.. v= 


(by definition) 
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d/* f(x; u9,..., vj). By induction hypothesis df(_, vo) is Zp". Since df exist 
and is Zi}? one concludes that df (x, _) is linear by (4.3.12). Thus dfis Z*, by 
(4.3.5), and hence fis Hp*** by (4.3.24). o 


Remark. In (2) it is not enough to assume that the highest derivative d*f is 
Lip. In fact, consider a linear non-bornological map f. Then df (x, v)=f(v) and 
d?f (x; v, w)=0. Thus d? fis smooth but fis not Lip. 


4.3.28 Corollary. Let f:E2U—>F be a ZLip"-map. Then d*f(x; v1, ..., 0%) 
=f(x)(v,,..., 0,) is symmetric in V4, ... 5 Uk- 


Proof. By composing with fe F’ we may assume that F=R. Consider the 
smooth map h: (tis... , t) x +tivi + +++ +t,v,. Then gi=f ofoh is Lipt. 
Since d*f (x; Vegy - -s Voay) = (Âs) <- - Foayg) O, ..., 0), the result follows 
from the classical theorem according to which 6,(1)... Osajg=01 - . - êg for 
any k-times continuously differentiable function g: R*>R. g 


Having shown that the derivative of order k of a map f: E2U—>F is a map 
f®:UAL(E, ..., E; F) whose values are symmetric it is natural to ask which 
maps g: U>L(E, .. ., E; F) appear as derivatives. We give a first characteriz- 
ation for k=1 here. Under additional differentiability conditions on g we will 
again take up this question in (4.5.5). 


4,3.29 Lemma. Let g: U>F be a Lip°-map where USE is a convex subset 
containing 0. Then there exists a ¥éf'-map f:U—F (which is given by 
SO:= fò g(tx)(x)dt) with f’ =g if and only if fà g(t(x + v))(x + v)dt— fo g(tx) (dt 
=f; g(x + tu)(u)dt for all x,x+ueU. 


Proof. If g=f’ for some &g'-map f the equation obviously holds, since 
BrO +tw)(w}dt=g(y+w)—g(y) for every y, ytweU. 

Assume, conversely, that the equation holds. Then fis weakly differentiable 
with differential df (x, v)=g(x){v) since 


; n gt 1 1 
Poa faif gæsla | g(x + tsv)(v)dt 
0 


(0 


is by (4.1.5) “f°, hence converges to g(x)(v). Using that g is £~° we have: fis 
Lij’ and f'=g. O 


4.3.30 Proposition. ( £°-maps as œ-times differentiable maps.) Let E and F 
be convenient vector spaces, U CE be M-open, f: U—>F be a map, and let FSF’ 
be such that the bornology of F has a basis of o(F, #)-closed sets. Then the 
following statements are equivalent: 


(1) fis Lip”; 
(2) f is co-times -differentiable and dif: UnE/—F is Zig? for all j; 
(3) fis «-times Lip-differentiable; 


114 4 Calculus in Convenient Vector Spaces 


(4) fis œ-times strongly differentiable and fP: U>L(E, ..., E; F) is Zig” for 
all j. 
(5) fis co-times S-differentiable and dif: UnE/ — F is Lip ™' for all j. 


Proof. The equivalences (1<>2<>3<>4) follow immediately from (4.3.27) with- 
out using the assumption on the bornology of F. 

(3=>5) is trivial. 

(5=>1) By (4.3.10) fis Zp. 

We next show that f is &'. By assumption f and df(_, v) are ¥-differen- 
tiable for any ve E. It is enough to show that df is %/° since this implies 
by (4.3.27) that f is “'. Applying the case k=0 to df(_, v) we conclude 
that df(_, v) is Z°. We next show that df(, v) is linear. Only the additivity 
df (x, v+w)=df(x, v)+ df (x, w) is not trivial. For this we consider 


f(x+to+sw)—f(x+tw) 
s 


—df (x+ tv, w)= [arets w)—df (x+ tv, w)do 


1 P1 
-s| | d? f (x+ tv +sotw, w, ow) dtdo. 
0 JO 
This M-conyerges uniformly to 0 for s—>0 and te[—1,1]. Now divide the 
equation f(x+svo+sw)—f(x)=(f(x+sv+sw)—f(x+sv))+(f%+4+sv)—f(x)) by 
s and take the limit for s—0. This gives df(x, v+w)=df (x, v)+ df (x, w). By 
assumption df (x, _) is Zit and hence even &p°, using for example (4.3.10). 
Now (4.3.5) implies that df is 24°. 

Finally we prove by induction that fis s4" for all ke N. Since fis Zp" one 
has df(x, v)=f'(x)(v) and by assumption ev,°f’=df(, v) satisfies (5). Thus 
by induction hypothesis ev,°f’ is &* and using the corollary (3.6.5) of the 
linear uniform boundedness principle we conclude that f’ is 2:4". Thus f 
is Lipt t, O 


Remark. For a comparison of i4” with more classically considered differen- 
tiability concepts (cf. [Keller, 1974]) and, in particular, for such maps between 
Fréchet spaces see [Kriegl, 1983]. 


4.4 Function spaces and exponential laws 


We shall first describe explicitly how the function space “p"(X, E) can be 
equipped with a convenient vector space structure, X being an arbitrary &g'- 
space and E a convenient vector space. In particular X can be any subset of a 
convenient vector space, or any classical differentiable manifold whose coordi- 
nate transformations are k-times Lipschitz differentiable. We then show that this 
structure is natural by verifying that it satisfies a universal property by which it 
is characterized. We shall also compare these function spaces with classical ones. 
Finally we will examine the differentiability of natural maps between function 
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spaces. Since function spaces are often written in exponential form, some of these 
results are also called exponential laws, cf. (8.6.4). 


4.4.1 Definition. Let keNo,., X a “p*-space and E a convenient vector 
space. By Z4" (X, E) we denote from now on the vector space formed by the 
Lif'-maps XE together with the initial Pre-structure induced by the linear 
maps c*: Lif"(X, E)> LZp"(R, E) for ce C, where C is the set “f*(R, X) of 
structure curves of X. 


Remark. We already saw in (4.2.6) and (4.2.10) that 2:4*(R, E) is a convenient 
vector space. For X =R the structure described above in (4.4.1) coincides with 
the one of (4.2.2) and of (4.2.8) since for a &g*-function f: RoR the map 
f*: Lp(R, E)>LA"(R, E) is a morphism of convenient vector space; cf. 
(4.2.12). 


4.4.2 Theorem. For keNo,,., any Lip*-space X and any convenient vector 
space E, the function space Li~{X, E) is also a convenient vector space. 


Proof. Let #: Lip"(X, E)N> TI Lip*(R, E) be the Pre-morphism characterized 
by pr,°=c* for ceC, where C denotes again the set of “%*-curves R>X. 
This morphism » is trivially injective; and by the definition of the structure 
of Lip*(X, E) it is also initial, Hence “p*(X, E) is isomorphic to its image 
under zz, and by the closed embedding lemma (2.6.4) it is enough to show that 
this image is M-closed in II, &~*(R, E), since we know by (4.2.6) and (4.2.10) 
and (3.3.1) that this product is complete. But the M-closedness follows because 
the image can be described by the equations ev,, ° Pre, =€V;,° Pre, for t4, t2 ER 
and c4, c, E€ C satisfying c,(t,)=c2(t), hence is an intersection of kernels of Pre- 
morphisms. 0 


An alternate more direct but less elegant proof of the completeness of 
Lift (X, E) can be given along the following lines: If (g,,) is a Mackey-Cauchy 
sequence in Lif (X, E), then (g,(x)) is a Mackey—Cauchy sequence in E (since 
ev,: Zif" (X, E)>E is a Pre-morphism) and hence g(x):= M-lim, .. o n(x) exists. 
One then verifies that ge 2i (X, E) and g=M-lim, > v Jr- 


4.4.3 Proposition, One has, for ke No, o a functor Lip :( Lip")? x Con 
Con for which Lip*(X, E) is the function space defined in (4.4.1) and Lip*(g, ») 


=g* 2 My 


Proof. Obviously g* is linear. That it is bornological follows from (4.2.12) 
since c*: Lip"(X, E)> Lip"(R, E) (ce G~"(R, X)) is an initial source and 
ctag*=(goc)*. 

That the same holds for #, is shown similarly, using (4.2.13) instead of 
(4.2.12). o 
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4.4.4 Proposition, LetkeNo, ,,,X bea Lip*-space, E a convenient vector space 
thoe Pre-structure is the initial one induced by F SE’. Then the Pre-structure of 
Lif"(X, E) is the initial one induced by any of the following families: 


(1) oF: Liph(X, E)> Lip(R, E) (ce Lip'(R, X)); 
(2) lg: LAX, E) > Lih X, R) (EFN 
(3) Pip" le, £Y. Pip (X, E)>Lip*(R,R) (ce ZA" (R, X), LES). 


Proof. (1) is the definiton of the structure of 2:4*(X, E). 
(2) We show this first for the case X =R. One has a commutative diagram: 


Lip*(R, E) £ 


£ Liht (R, R) 
6/ 54 


EPRD, E) —*— ¢°(R0, R) 


Using now that the family 5/(j=0,..., +1) is initial by definition and the 
family formed by the f, in the lower row of the diagram for f e F is initial by (ii) 
in (1.2.9) one concludes that the family formed by the ¢ , in the upper row of the 
diagram is initial by (8.7.2). The general case follows now from (1). 

(3) is a combination of (1) and (2), since Lipt (c, f )=0c* obs. g 


4.4.5 Proposition, Let ke No, .; X bea Lif'-space, E a preconvenient and F a 
convenient vector space. The map ft+f where f(y)(x):=f (x)(y) constitutes an 
isomorphism of convenient vector spaces: Lif*(X, L(E, F))= L(E, Lip" (X, F)). 


Proof. By using evaluations at points of X and E, which are linear morphisms 
on the function spaces %"(X, F) and L(E, F), one concludes that for a map of 
one of the two iterated function spaces the associated map has values in the 
appropriate function space. 
We next show that ff defines a bijection in case where ¥ =R: 
F:R>L(E, F) is Lap; 
<> ôi f: RP L(E, F) is bornological for all j<k+2; 
<> ĝ! f (KT?) L(E, F) is bounded for j<k+2 and all compact KSR; 
<> (5/0 f)(B)(K‘”?)=6/f(K?)(B)CF is bounded for j<k+2, compact KER 
and all bounded Bc E; s 
<> f(B)S Zif (R, F) is bounded for all bounded BSE; 
< f: E> Lij (R, F) is bornological. 


That f/f is even a bornological isomorphism follows by the same argument 
applied to a set of maps instead of a single map f. 

Now the result for a general “y*-space X follows from that for X=R by 
using the finality of the family of structure curves c:R-X, the initiality of 
c*: Lip(X, F)o Lip" (R, F), ie. (i) in (4.4.4), and the equation (fe ef =c* of, 

0O 
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Using the previous proposition the point (1) of (4.4.4) can be generalized as 
follows: 


4.4.6 Proposition. Let E be a convenient vector space, and gj: X;>X (jeJ) 
be a final family of %ip'-maps whose images cover X. Then 
(g))*: LAX, E)> Lip'(X,, E) (je J) is a Pre-initial source. 


Proof. Let F be an arbitrary preconvenient vector space and g: F> Lip(X, E)a 
linear map for which all composites (g;)* ° g are Lif. We have to show that g is 
a morphism. Since every xe X can be written as g,(x,) for some jeJ and some 
x,;€X, we conclude that (ev,>g)(y)=g( YX) =9( WG lx ;)) =(G)* DON) 
=(ev,,°(9;)* say) and hence (ev, ° g) is a linear morphism. Thus we get a map 
gj: X > L(F, E), x (ev,°g). We want to show that it is Lip. Since the family 
gj: X;>X is final it is enough to show that ĝ° g;: X,>L(F, E)is Zif", but this is 
clear by (4.4.5) since it equals ((g,)* °g)7: x (evs ° ((g;)* ° gD) =CV 9,429 Thus 
the associated map g: F> Lij" (X, E) is a linear morphism by (4.4.5). oO 


4.4.7 Theorem. (Differentiable Uniform Boundedness Principle.) Let kENo, x; 
X be a Lip'-space; and E a convenient vector space. The structure of Lip(X, E) 
introduced in (4.4.1) is the coarsest convenient vector space structure making all 
evaluations ev,(x¢éX) morphisms. In categorical language this means: 
ev,: Lipt(X, E)>E (xe X ) is an initial source with respect to the fargetful functor 
Con VS. 


Proof. This follows immediately from the special case X=R treated in 
(4.2.11) using the definition (4.4.1) of the structure of Lif'(X, F) and the identity 
eV, 9 C* = OV (1). E 


4.4.8 Corollary. Let E,, F be convenient vector spaces. Then LlEie e ea Enn) 
is a Pre-subspace of Ligt (E 1n . . . NEm F). 


Remark. The much weaker result that it is also a Com-subspace is a trivial 
consequence, cf. (3.2.2). 


Proof. That the inclusion L(E,,..., Em; P> Syt (En... nEn F) is 
a morphism is an immediate consequence of (4.4.7). Initiality follows 
since the inclusion composed with the map 6°: Zig (En... NEm F) 
>/(E;n... Em, F) is the inclusion of L(E,...-, Em F) in 
ESEN... NEm, F) which is by definition initial. Oo 


4.4.9 Proposition, Let E and F be convenient vector spaces and Uc E M-open. 
Then the following maps are Con-morphism. 


(i) d: if t(U, F) > Lit (UnE, F) 
(ii) (Y: Li tU, F)> Lf, LE, F)) 
(iii) 9: Zip! U, F)> Ligt (Us, F) 
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Proof. (i) Since by the differentiable uniform bounded principle (4.4.7) the 
Con-structure of “%*(UnE, F) is the initial one induced by the evalu- 
ations ev, y: iA (UDNE, F) > F (xeU,veE) it is enough to show that 
fdf (x, v), Zip (U, F)>F is a Con-morphism for all (x, v)e U x E. This 
map can be factorized as 

evo Boc*: Zijt t(U, F)> Litt (R, F)> Lip"(R, F)>F, 


where c: R-U is any smooth curve which equals t+-+x + tv locally around 0. 
Now (i) follows, since c* is a Con-morphism by (4.4.4) and evg:@ is a Con- 
morphism by (4.2.3). o 
(ii) holds provided ev, o(_)': Zi4*(U, F)—>L(E, F) is a Con-morphism for all 
xe U. It is a Con-morphism provided ev, ° ev,0(_}' is one for all ve E. And this 
now follows from (i) since f'(x)(v) = df (x, v) implies ev, «ev, ° (Y =CVix, v) ° d- 
Gii) Recall that Usn{(x, y; t, s); t # s}= Us and 9 f(x, y; t, s):=9f (x, y; t, s) for 
t#s and 3f (x, y; t, t)=df (x+ ty, y). Since the Con-structure on 2s4*(Uz, F) is 
the initial one induced by the evaluation maps ey,,,,-,, it is enough to show 
that the composites ev, y; ;, ° 9 are morphisms. In case t =s this follows from (i) 
and for t#s this is true since df (x, y; t, s)\=(f(x+ty)—f(x+sy)(t—s) and 
eV, +r and ev,,,, are morphisms. Lal 


4.4.10 Proposition. Let E, F be convenient vector spaces and U SE be M-open. 
Then the maps fof: Lipt (U, F)> Liy i(U, L(E, ..., E; F)) are Con-mor- 
phisms for 0<j<k. 


Proof. We show this by induction on j. For j=0 it is trivial since f© =f. For 
j=1 it follows from (4.4.9). 
If j>1, then fisf™ is the composite of the maps 
P Y a SE n 8 j 
Lift (U; F) Lip (U, LE, F) 2, Ligt (U, LE, ..., E; LE, F)))& 
Lip (U, L(E,..., E, E; F)), hence by the case (j=1) and the induction 
hypothesis it is a morphism. o 


4.4.11 Corollary. Let keNo, œ, E and F be two convenient vector spaces and 
U CE be M-open. T hen the Pre-structure of Lép*(U, F) is the initial one induced 
by the family ff (j=0...k), HAMU, F)N > LAU, L(E, ..., E; F)). 


Proof. It is enough to show that the Pre-structure of 4%*(U, F) is the initial 
one induced by the two maps fief’, “~"(U, F) > Lip" (U, L(E, F)) and 
the inclusion into %°(U,F). For a ce %y*(R,U) the map c*: 
Lip'(U,F)> Lcf(R, F) composed with the isomorphism (evo, 2): 
Lip" (R, F)> Fn Lipt (R, F) can be written by (4.3.14) as composite 


Lip(U, F) MY, gyo(u, Fyn Lip U, LE; F)) Soom", 


idti(c, ¢’)* 
— 


Fn Lip (UNE, F) Fn Lint HR, F). 
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The map (_)*: Zip*T U, L(E, F))> &p*"'(UnE, F) is a morphism by 
(4.4.7). Since the Pre-structure of Z:4*(U, F) is the initial one induced by the 
family c* (ce “*(R, U)) it is also the initial one induced by the map 


GU, F) 22 gy (U, Fyn Gip*"1(U, L(E; F)). Thus the proof is com- 


pleted in case k < oo. The structure of Z(U, F) is the initial one induced by 
the inclusions into “&/"(U, F) for all keN and so the statement for k=% 
follows immediately. Oo 


4.4.12 Proposition, Let X be a smooth space and E a convenient vector space. 
Then Lip*(X, E) considered as smooth vector space, cf. (3) of (2.4.4), is identical 
with C?” (X, E) considered in (1.4.4), whose smooth structure is the one according to 
cartesian closedness of the category C® of smooth spaces. 


Proof. The underlying vector spaces being the same we only have to compare 
the smooth structures. By (1.4.4) that of C“(X, E) is the initial one induced 
by the maps C%(c, 7): C*®(X, E)>C”(R, R) for ceC(R, X) and cE’. The 
Pre-structure and hence by (3.1.2) also the smooth structure of A(X, E) is 
(using (4.4.1) and (1.2.9)) the initial one induced by the maps 
Lip” (c, £ Y. Lip (X, E)> Lip.” (R, R) for the same c and ¢. Hence it is enough 
to show that C“(R, R) and 2:4” (R, R) have the same smooth structure. By 
(1.4.3) the one of C™(R, R) is generated by (i.e. is the initial one induced by) all 
functions of the form yo ô": C°(R, R)>R with ôt: C” (R, RNaF7(R™, R) for 
0<k<oo and wy: 77(R“’, R)-R linear and bornological. The Pre-structure 
and hence by (3.1.2) also the smooth structure of 44%(R, R) is by definition the 
initial one induced by the maps 6': Zi} ”(R, R)N>¢ *(R‘”, R) and hence also 
induced by the maps pod": Zi} ”(R, RJR, with k and y as before. O 


4.4.13 Corollary. Let X and Y be smooth spaces, E a convenient vector space. 
The map fief constitutes an isomorphism of convenient vector spaces: 


Lipp (XTY, E)= Lip (X, Lip“, E)). 
Proof. One uses cartesian closedness of C™, cf. (1.4.3), and the remark (8.6.4). 


O 


We now determine the differentiability class of maps between function spaces 
and begin with the evaluation map: 


4.4.14 Lemma, Let X bea Zip"-space, E a convenient vector space. 
Then the evaluation map ev: Lip"(X, E)OX >E is Lipk. 


Proof. Since this map is linear in the first factor and the partial maps ev( f, _)=f 
and ev(_, x)=ev, are Zip" the assertion follows using (4.3.5). Oo 
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4.4.15 Proposition. Let X bea %ip*-space; E and F convenient vector spaces; 
and fe Lip**"(E, F). Then fp: Lip" (x, E)>Lip"(X, F) is Lip". 


Proof. First we prove the statement by induction on n, for the case X =R: 

We begin with n=0 and recall that a map is called 2447+ iff it transforms 
smooth curves into ¢”-curves. We have the following implications, where we 
shortly write ‘is 7°" for ‘is an ¢ ”-map’: 


c:R>F~p*(R, E) is a smooth curve; 
=> dic: RÈ + Lih" (R, E) is Z” for all i; 
= (6,642) “ =(6/), o 8c: RP +2 °(R™, E) is £” for all i and all j<k+2; 
= ôi ô$: RnR? 3E is f” for all i,j with i+j<k+2; 
> éRIR-E is Lp'; 
=> foé: RoR F is Likt; 
=> ((6/),.°f, °c)* =8} (fo ê): RR‘? >F is £” for all j with j<k+2; 
=> (6/), of, oc: Raf (R™, F) is £” for all j<k+2; 
=> f,oc:R> Lip"(R, F) is £ °. 


Let now n>0. We take as Z the set {fcev,;feF’, seR}, where 
ev,’ Fip"(R, F)>F is the evaluation at s. The set ¥ is a point separating subset 
of ¥cp*(R, Fy. We want to poe that f, is S-differentiable and that its 
derivative is the map (d f Jy: ZAR, EnE) > Zop'(R, F) composed with the 
natural isomorphism 2:4" (R, 5 Lip" (R, E)= Lip*(R, EE). This follows by 
calculating d(ev, ° fy). With c(t):=g+th we have: 


etl 
d(ev, of, )(g, h) = (evs ofa °c) (0)= lim zO) th(s)—FG(9))) = df (a), hls) 
i> 
=ev, (dfs (g, h))=ev,((df),.(g, h))= (evs ° (df), )(9, h). 
Since df: EnE>F is &p**"~* the induction hypothesis implies that (df), is 
Zip" ™?. So by (4.3.24) it follows that f, is Zp" 1. 
Let now X be arbitrary. By definition (4.4. 1) it is enough to show that 


c*of,: Lip (X, E)> Lih (R, F)is Lip" for all Ycp*-curves c: RX. Using the 
commutative diagram: 


Lip(X,E) > Lip*(X, F) 


|" fe 


Lip(R,E) > Zep*(R, E) 


one reduces this immediately to the case X =R. o 


Remark. To obtain the conclusion of the proposition above it is not enough to 
have merely fe Lip" t” 1HE, F). 

We first give an example in case n= 1: 
Let f: R>R be a map that is Ssg" but not Hy"*". We claim that f: C”(R, R) 
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> Lip(R,R) is not Bp. Otherwise d*** of, oc:R>C%(R, R) 
> Lipt (R, R) >L (RFO, R) is Lip? where c:R+C*(R,R) denotes 
the curve t(st+s)} Thus 6(6**!of,oc): REPLI (REDOR) is 2”. 
An easy calculation shows that ô(ô"**-f, °c) (0, d;t,t+d,...,t+(k+1)d} 

=0 +1 f(t, t+d,...,t+(k+2)d)}=ôkt (t,d) which is not locally bounded, 
since fis not Liy g+, 

In order to nein an example for arbitrary n, take as f a function R->R whose 
nth derivative is Af" but not Lp***. For S = {ev,; te R} the map fy is n-times 
&-differentiable aad the difterentdal d"(f,,) of order n equals (d'f b= E 
hence is not Lig’. Thus fy: Liz" (R, R)> “Pip*(R, R) is not Lp" 


4.4.16 Corollary. Let X be a Zip"-space and E and F be convenient vector 
spaces. Then the composition map comp: Ligt" HE, Fn Zp'(X, E)> 
Lih" (X, F) is Lip” 


Proof. The composition map comp is linear in the second variable, 
comp(f,_)=f, is Fig" and comp(_, g)=g* is smooth. Thus by (4.3.5) the map 
comp is Lip". 0 


Now we want to prove a Taylor formula for &*-functions f, cf. [Kock, 
1984]. Such a formula involves terms of the form fH’ (x)(v, . . . , v), which can be 
calculated as follows. 


4.4.17 Lemma. Let f.E2U—>F be a Ycp'-map, xeU and veE. Then 
f(x)(v, ..., v)=(f2 c)(0), where the curve c is defined locally around 0 by 
c(t):=x + to. 


Proof. By (i) in (4.3.9) df(x + tv, v) was defined as the derivative (f° c)(t). Thus 
the lemma is true for k<1. The general statement follows now by induction 
using the recursive definition (ii) of (4.3.26) and the special chain rule: 


SMO, D= TOG, -.-, YO=LF'e lO =[ev, f IO) 
=[(fecyYO)=(f ec)** (0). o 
4.4.18 Proposition. (Taylor Expansion.) Let fE2U>F be a Lipi**-map, 
xeU and ve E with x+ [0, 1Ju SU. Then one has the following expansion of f: 


1 
f(xto= d 5 FP CD, - Lote | (1—s)Ef“* (x + su)(v, ..., v)ds. 


Proof. We consider the &/**'-curve c: tif (x + tv). By (ii) in (4.1.14) we have 
(Y= KOLAY c(s)ds. By k- fold partial integration one obtains 


c(1)= pE r O+ al, (1—s)Kc* Y(s)ds. 
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The previous lemma (4.4.17), i.e. c(s)=f(x + sv){v, ..., v), yields the desired 
result. E 


Since the derivatives f“(0) are symmetric and multilinear, cf. (4.328), they can 
be regained from their restriction to the diagonal and hence from the Taylor 
polynomial using the following lemma. 


4.4.19 Lemma, (Polarization Formula.) Leta: Ex ... x E—>F be a symmetric 
k-linear map between vector spaces and A: E>Ex ... x E the diagonal map, i.e. 
A(x):=(x, ..., x). Then one has for any x;¢ E: 


k 
Kl-wo{X4,..., X= by (—1)*-4 D (m0 A(x + -o Hx). 
j=l i<. .<iy 
Proof. We compute 5*9(0, 1;...; 0, 1) in two ways, where g: R*"—>F is defined 
by g(ty, . . . , t= (22° A) (t,x, + --- +6,x;,) and x is the multi-index (1, . . . , 1). 
First we use the defining formula (1.3.4) for 6*g. Since for the respective 
coefficients B; one has ßo(0,1)=—1 and £,(0,1)=1 one obtains exactly 
the right-hand side of the stated equation. For the second computation we 
use that by the multilinearity of æ one has g(t,,...,t,) 
Sy aes Acie. wti, --- tai...» Xh and ô of the term with index 
(i,,..., i) isOif(i,,..., i,)isnot a permutation of (1, ..., k), since this term is 
then independent of some variable t; The remaining terms are, by symmetry of 
az, all equal to t; ... t,o (x,,..., X,) and using (v) of (1.3.5) one finds that 
6*g(0, 1;...; 0, 1) has the constant value k!-s2(x,,..., Xg) oO 


4.4.20 Definition. For keN, a map f: E>F between vector spaces is called k- 
homogeneous if f(tv)=t* f(v) for all te R and ve E. 


Remark, Ina case where f is a &*~* -map between convenient vector spaces 
it is enough for k-homogeneity to assume that f(tv) = ¢* f (v) for all t>0 and ve E. 
In fact, taking the kth derivative of this equation and then the limit for t—0 gives 
by (4.4.17) fO)(v, . . . , v) =k! f(v). Since the k-linear map f (0) restricted to the 
diagonal is obviously k-homogeneous, the same is true for f. 


4.4.21 Lemma. Let f:E>F be Lip". Then the following statements are equiv- 
alent: 


(1) f is (k + 1)-homogeneous; 
(2) f(0)=0 and f' is k-homogeneous. 


Proof. (1=>2) We differentiate the equation t** 'f(x)=f(tx) in direction of v and 
obtain by (4.4.17) +! -f/O)(o=f (tx)(to) =t-f (tx)(v). 

(2=>1) By (4.4.18) we have f(tx)=/(0)+ fi f’ (stx)(tx)ds=0 + fi t't-f’(sx)(x)ds 
= t +1 f(x). g 
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4.4.22 Proposition. (Characterization of Homogeneous Maps.) Let f:E->F bea 
map between convenient vector spaces, jENo, keNo, œ and j<k. Then the 
following statements are equivalent: 


(1,) fis Lip* and j-homogeneous; 

(2,) fis Zipk**, f9FY=0 and f(0)=0 for all i<j; 

(3) f= A for some symmetric j-linear meL(E, ..., E; F), where 
A(x):= (x... 5 X) 

(4,) fis Lip* and df (v, v)=j-f(v) (Euler’s equation) for all ve E. 


Proof. (1,,=>1,) is trivial. 

(1,=>2,,) Since f is j-homogeneous we conclude from (4.4.21) that f® is (j—i)- 
homogeneous for all i<j, i.e. f(tx)=t)" f(x). By substituting t=0 we conclude 
that f(0)=0 for i<j and f is constant and hence Zig”, and f+ =0. 

(2,,=>2,=>2,) is trivial. 

(2;=3) By (4.4.18) we have 

j 1 
flv)= i TEON ee a» | (1-90 supa =F F OVE oy 0h 
i=1 i 0 l 
and f‘(0) is j-linear and symmetric by (4.3.28). 

B=>1,,) f(tre) =aa(tv, ..., we) =t-m(v,..., o) =t-f(v)}, where æ is a j-linear 
symmetric function with f= 72° A. 

(1,>4,) We differentiate the equation f(tv)=t/-f(v) with respect to t at t=1 
and obtain: df(v, »)=f'”)(0) =F f@=7- fo). 

(4,=>1,) For fixed v we consider the curve c(t)=t~/f(tv) for t>0. We want to 
show that c is constant. So we take the derivative ¢(t)=t~/f'(tv)(v) —j-t 7" 1f (te) 
=t~J-1(j-f(tv)—j-f(tv))=0 (by Eulers equation). Thus t~/f(tv)=c(t)=c(1) 
=f(v), but this is enough for j-homogeneity. o 


4.4.23 Definition, For j¢N, and convenient vector spaces E and F we denote 
with Homog,(E, F) the vector space of all j-homogeneous maps from E to F 
which satisfy thẹ equivalent conditions of (4.4.22). 


4.4.24 Proposition. LetjeNo, keNo, œ with j < k; and let E and F be convenient 
vector spaces. The initial Pre-structures on Homog,(E, F) induced by the follow- 
ing maps coincide: 


(1,) the inclusion map Homog,(E, F)> LZ(E, F); 
(2) the map evo of: Homog,(E, F)>L(E, .. . , E; F). 


For both maps there exist natural left inverse morphisms. 


Proof. By (ii) in (44.9) we know that fre(i/)f%, AXE, F)-> 
Lip! XE, LE, ..., E; F)) is a morphism. Composing with the morphisms evo 
and A* gives a map which restricted to Homog,(E, F) is the identity. This shows 
the existence of the claimed left inverse morphisms and that the initial structures 
induced by the maps in (1,) and (2) coincide. o 
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4.4.25 Definition, For j¢N, and convenient vector spaces E and F we will 
from now on denote with Homog,(E, F) the preconvenient vector space whose 
structure is described in the previous proposition. This makes Homog,(E, F) 


into a convenient vector space since the initial embeddings of (4.4.24) have left 
inverse morphisms. 


4.4.26 Proposition. (Characterization of Polynomial Maps.) Let j¢No, ke No, wo 
j <k; let f: E — F be a map between convenient vector spaces, and F S F' be point 
separating. Then the following statements are equivalent: 


(1,) f is Ligt and for every €¢¥ and veE the real function tred(f(tv)) is 
polynomial of degree at most j. 

(2,) fis Zegt and f¥t) =0; 

(3,) fis Ligă and for one (or equivalently every) x and every v one has f(x +0) 


I N 
= y Gf Oto, zarg v); 
i=ol! 


(4) f= a Ji for some f,eHomog,(E, F); 


Proof. (1,=>2,) By (4.4.17) f(x)(v, . .., v)=c(0) for the curve c defined by 
c(t):=f (x + tv) which composed with an /€F’ is polynomial of at most degree j. 
Thus f“(tx)(v, . . . , v) is independent of t and substituting t=0 and t=1 gives 
that it is independent of x. Using the polarization formula (4.4.19) we conclude 
that f9*(_)(v,,..., vy) is constant and hence fis #4” and fit» =0, 

(2,=>3,) follows immediately for arbitrary xeE from the Taylor expansion 
(4.4.18). 

(3,>4) If (3,) holds for x=0, this is obvious, since f(0) is i-linear and 
symmetric by (4.3.28). If x is arbitrary then g(v):=f(x + v) satisfies (3,) hence (4), 


i.e. f(x+v=v!_ o gilt, ..., vV). So the claim follows by substituting w:=x +v 
and developing g,(w—x,..., w—x) into a finite sum of terms g,(w,..., wW, 
—X,...,—X), which are homogeneous in w. 

(4=1,) is trivial since t£ (f;(tv)) is i-homogeneous. oO 


4.4.27 Definition, ForjeN,amap f:E—F between convenient vector spaces is 
called polynomial of at most degree j if it satisfies the equivalent conditions of the 
previous proposition (4.4.26). With Poly,(E, F) we denote the vector space of all 
polynomials from E to F of at most degree j. 


4.4.28 Proposition. Let jeNo, keNo, w j <k; let E and F be convenient vector 
spaces and U CE be M-open with UeU. Then the initial Pre-structures on 
Poly ,(E, F) induced by the following maps coincide: 


(1,) the inclusion map Poly (E, F)> LAU, F); 
(2) the map Poly,(E, F)>®}-o Homog,(E, F), fir ((1/i!) f(0))j_ 9. 


a 
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The first map admits as left inverse the morphism T J which associates to a map 
fe Lip4U, F) its Taylor polynomial T’f: ve o (DSO, .-., v). The 


second map is even a bijection with left inverse (f))!_y0Y5_ ofi- 


Proof. The map &/(U, F)>@/_. Homog,(E, F), Fro (/iDFOOM=o com- 
posed with £: ®}-o Homog;(E, F)>Poly,(E, F) © “pr (E, F ) yields the Taylor 
expansion T’. Restricted to Poly,(E, F) the Taylor expansion is the identity. 
Thus we have proved that the claimed maps are left inverse and that the initial 
structures induced by the maps in (1,) and (2) coincide. Oo 


4.4.29 Proposition. (Characterization of Flat Maps.) Let jeNo,.. let 
f:E2U-F bea Lif?-map between convenient vector spaces with Oe U, and let 
SL <F' be point separating. Then the following statements are equivalent: 


(1) f@(0)=0 for all O0<i<j+1; 

(2) For all Lép/-curves c: R>U with c(0)=0 the derivatives of order less than 
j+1 of the composites fə c vanish at 0, 

(3) For all ve E and £E the derivatives of order less than j+1 of the real 
function tr ¢(f(tv)) vanish at 0. 


Proof. (1=2) this follows by applying the chain rule (4.3.14) inductively. 
(2=>3) is trivial. 
(31) is trivial by the polarization formula (4.4.19) since £ (f (0) (v, ..., v)) 

= c'(0) by (4.4.17), where c(t):=¢ (f(tv)). Èi 


4.4.30 Definition. For jeNo,,, a &’-map f: E 2 U-F is called j-flat (at 0) if 
the equivalent conditions of the previous proposition are satisfied. The vector 
space of all j-flat %"-maps (for ke No,,., J <k) with the initial Pre-structure 
induced from the inclusion in “*(U, F) will be denoted by Zig k nat(U, F). It is 
in fact a convenient vector space by the closed embedding lemma (2.6.4), since it 
is given by the equations f(0)=0 (i<j+ 1). 


4.4.31 Theorem. Let E and F be convenient vector spaces, U CE be M-open 
with 0e U; jE No, ke No,» JSk. Then one has the decomposition 

#ipU, F)= Poly (E, F) ® Lip} palU, F) 
given by f=Tif +(f—Tf) where T’f is the Taylor polynomial of order j of f. 


Proof. Since T' is a left inverse to the inclusion map Poly, (E, F)> Lig" (U, F) 
by (4.4.28) and the kernel of T/ is Lip H at(U, F) by (4.4.29) the stated decompo- 
sition follows. g 


4.4.32 Remark. We shall see in (7.1.3) that the analogous result for j= œ fails 
to be true: i.e. Liz £- nalE, F) is not a direct summand of Liga” (E, F), not even 
for E=F=R. 
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Now we take up the discussion about point separating families of linear 
functionals initiated in section 4.1: 


4.4.33 Proposition, Let X be a Yip"-space and F a convenient vector space. 
Then the bornology of Lif'(X, F) has a basis of o( Gcp*(X, F), {Coev,; xe X, 
£ €F'})-closed sets, where ev,: Lip(X, F)>F denotes the evaluation map. 


Proof. Since c*: Lip"(X, F) > Lip'(R, F) (ce Gf"(R, X) is an initial family of 
Pre-morphisms, and since {ev,oc*; ce Zf*(R, X), teR}={ev,; xeX}, it is 
enough to show the statement for X =R. In this case the difference quotients 6: 
Lip(R, F) >l? (RY, F) (0<j<k+2) form an initial family of Pre-morphisms 
and the sets {ev,; teR} and {ev,o6/; xe R®, 0<j<k+2} generate the same 
linear subspace of L (&{R, F), F) the result follows from the corresponding 
one in (iv) of (4.1.21) for £°(X, F). a 


The above proposition can be improved by taking only the evaluations ev, 
with x in some dense subset: 


4.4.34 Corollary. Let X be a ¥ip"-space and D <X a subset of X which is dense 
for the final topology induced by the Lip'-curves into X; let F be a convenient 
vector space. Then the bornology on Lip'(X, F) has a basis of o( Lip'{X, F), 
{£ cev; £ e F', xe D})-closed sets. 


Proof. Because of (4.1.24) and (4.4.33) it is enough to prove that {ev,; xe D} is 
dense in {ev,; xe X} with respect to the topology of uniform convergence on 
bounded subsets of “*(X, F). In (4.4.14) we proved that ev: Ap'(X, FunX >F 
is Sig. Hence the associated map 1: X>L(Lip"(X, F), F) is Zig and 
in particular continuous for the final topologies induced by the &s*-curves. 
Thus for the closures in these topologies one has the inclusions: 
wD = {ev,; xe D} 2 1(D)=1X = {ev,; xeX}. Since the Mackey-closure topology 
on L(L~'{X; F), F), ie. the final topology induced by the &/"-curves, is finer 
than the topology of uniform convergence on bounded sets, cf. (3.6.8), the result 
follows. 0 


In order to show that this result is interesting even in the special case where 
X=F=R and k=% we give an 


4.4.35 Example. Suppose bornological curves c*: Ro &™(R, R) are given for 
all ke No. If ev, o c° is smooth with derivatives (ev, o c°) =ev, o c* for all k and all 
seD for some dense set D CR, then c? is smooth and c is its kth derivative (one 
combines (4.1.19) and (4.4.34)). 

Another formulation of the same result is the following: let f: R?-+R be a 
function. Suppose that for some dense set DCR the first partial derivatives 
6% f(t, s) exist for all keNo, teR and seD; that furthermore for all teR the 
function ô% f(t, .) has a smooth extension; and that 3} a‘ fis bornological for all 
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i, keNo. Then f: R?>R is smooth (put c=(04 f)” to reduce this to the result 
above). 

In particular (for D = R) any function f: R?—>R for which all partial derivatives 
a ôk f exist and are locally bounded is smooth. 


We shall show that quite often the locally convex topology of our convenient 
function spaces coincides with some classical function space topology. For this 
we shall first describe their bornology as the von Neumann bornology of a 
locally convex topology 7. Then Z is the locally convex topology of the 
convenient vector space exactly if it is bornological, and this is in particular the 
case if 7 admits a countable basis for the 0-neighborhoods. 

We will use the following kind of difference quotients, cf. (3) in (4.3.8): 


4.4.36 Definition, Forf: E2 U—>F and BCE absolutely convex and bounded, 
obf: USPO—F is defined by 


«rte p AOO 
A Eas 


where Ug:= U Ez. 
We consider first the 2s4°-function spaces. 


4.4.37 Lemma. Let E and F be convenient vector spaces, U an M-open subset of 
E, X a basis of the b-compact bornology of U formed by b-compact sets and Z a 
basis of the bornology of E formed by absolutely convex sets. Then a set 
AS Lip(U, F) is bounded iff the sets A(K) and 65A(K‘’”) are bounded in F for 
every KeX and Be¥ with K © Eg compact.. 


Proof. (+) Let c RU be Zig? and ISR be a compact interval. Then we 
choose an absolutely convex bounded set B which contains c(I) and d*c(I‘!). 
Since c:I>U AE, SE, is a £f°-curve of the normed space Eg we can choose a 
Kex which contains c(J). Finally we enlarge B such that it is an element of # 
and K is compact in E,. By assumption the sets A(K) and ô$ A(K<®>) are 
bounded. Writing 

lle(t)— ce(s) |l s 


t—s 


in case c(t)#c(s) one deduces that 6(foc)(I<!”) and (f° o) (f) are bounded for 
fe A. Thus c*(A) S Lik (R, F) is bounded. Since c was an arbitrary Zp°-curve 
in U we conclude that A S &°(U, F) is bounded. 

(=) Admit first that A(K) is unbounded for some K e X. Since every sequence 
in K has an M-converging subsequence, one concludes, using the special curve 
lemma (2.3.4), that A(c(I)) is unbounded for some smooth curve c: R>U and 
some compact interval I CR. Since c*(A) is bounded in %°(R, F) and therefore 
in f ”(R, F) this is a contradiction. 

Admit now that 65A(K‘’”) is unbounded for some Kex and Be@ with 
K SE, compact. Then there exists a functional fe F’ and sequences a,, b,¢K 


ôl fo c)(t, s)= Saf (c(t), cfs) 
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and f,¢A such that |/(d5f,(a,,b,))|>n"*!. By going if necessary to sub- 
sequences and using that we already showed that A(K) is bounded we may 


assume that a, and b, converge in E, to a common limit, say 0, and that this - 


convergence is so fast that n7"\a,||, and n7"||b,||, remain bounded. Let now 
2d,:= ||@,—b,||g:n” and consider the line p,: RE, characterized by p,(—d,) 
=a, and p,(d,)=5,. Since the sequence p, is obviously fast falling in C”(R, Ep) 
we can apply the general curve lemma (4.2.15) to obtain a smooth curve 
c: R>Eg joining the pieces p,|;-4,,4,; and one has c({t,)=a, and c(s,)=b, for 
some t, and s, in a bounded interval and satisfying t, —s,=2d,. Since 


E(frlcltn)))— ECCS) _ (54, (a,, bn): lly Bolla neat 


tr—Sp a n" 


n n 


the set {¢ ef, 0c; ne N} is not bounded in “%°(R, R), hence A is not bounded in 
Lip (U, F). o 


In view of the last lemma it is natural to try to characterize those convenient 
vector spaces for which a given M-open subset has a countable basis of the b- 
compact bornology. We start by considering convenient vector spaces that have 
a countable basis of the compact bornology associated to the locally convex 
topology. 


4.4.38 Proposition, For any convenient vector space E the following statements 
are equivalent: 


(1) The compact bornology of the locally convex topology of E has a countable 
basis; 

(2) The bornology of E has a countable basis and the locally convex topology of 
E is Montel; 

(3) E is the dual of a Fréchet Montel space (for which one can choose E’). 


Proof. (1=>2) Let {K,; ne N} be a countable basis of the bornology generated 
by the compact subsets of E. 

It is enough to show that every bounded B £ E is contained in K, for some n, 
since this implies that E is Montel and {K,; ne N} is a basis of the bornology of 
E. Admit that B¢ K, for every ne N. Then B €n- K, for every n, since n- K, is 
compact and is thus contained in some K,,. Choose b, ¢ B with b, ¢n- K,,. Since 
(1/n)b, converges (Mackey) to 0, the set K:= {0} U{(1//)b;; je N} is compact and 
thus contained in some K,,. In particular (1/n)b, ¢ K„, which is a contradiction. 

= (2=>3) Since the bornology of E has a countable basis we conclude that the 

locally convex topology on F:= E’ is the strong topology and is metrizable. The 
locally convex topology of F is even Montel, since every bounded subset of E’ is 
equicontinuous, hence by the Alaoglu-Bourbaki theorem [Jarchow, 1981, 
p. 157] relatively compact in the topology of uniform convergence on precom- 
pact subsets. But this is the strong topology, since E is Montel. 

It remains to show that F’ = E. It is enough to show that : E>E” =F’ is onto. 
So let xeF’=E". Then xe U® for some 0-neighborhood U in F (xe F’ implies 


4.4 Function spaces and exponential laws 129 


that x~! ([—1, 1]) is the desired 0-neighborhood in F). By the definition of the 
strong topology there has to exist an absolutely convex bounded BSE with 
B? c U. Thus x is contained in the bipolar of B with respect to (F’, F). Since B is 
relatively compact in E, the image by 1 of its closure is compact in E” and thus 
contains the bipolar of B. Hence x eE). 

(2<3) Let F be a Fréchet Montel space. The bornology of E:= F’ is formed by 
the equicontinuous subsets, hence has a countable basis {U°; U e %}, where & is 
a countable 0-neighborhood basis of the locally convex topology of F and y’ 
denotes the polar {¢ € F’; |¢(x)| <1 for all xe U} of U. By the Alaoglu-Bourbaki 
theorem [Jarchow, 1981, p. 157] these sets U? are compact in the topology of 
uniform convergence on precompact subsets of F. Since F is Montel this 
topology is the strong topology on E and it remains to show that it is the locally 
convex topology of E. For this it is enough to show that it is bornological. Since 
F as locally convex space is semi-reflexive [Jarchow, 1981, p. 230], the strong 
topology on E is barrelled [Jarchow, 1981, p. 227] and since E is metrizable it 
thus is bornological [Jarchow, 1981, p. 280]. 

(2=>1) since for Montel spaces the bornology and the compact bornology 
coincide by definition. o 


Now we are able to characterize the convenient vector spaces for which an M- 
open subset has a countable basis of the b-compact bornology. 


4.4.39 Proposition, Let E be a convenient vector space and U#@ an M-open 
subset of E. Then the following statements are equivalent: 


(1) The b-compact bornology of U has a countable basis; 

(2) The b-compact bornology of E has a countable basis; 

(3) The bornology of E has a countable basis and every bounded subset is 
contained in a b-compact subset; 

(4) E is the dual of a Fréchet Schwartz space (for which one can choose E’). 


Proof. {1=>2) We may assume that one has a countable basis {K,; ne N} of the 
b-compact bornology of U with K„, © K,,, for all n and that Oe U. We show 
that {nK,; ne N} is a basis of the b-compact bornology of E. So let KC E be 
bornologically compact. Then it gets absorbed by U, ie. Kon U for some 
néN, otherwise k,¢K exist with k,¢n-U, but (1/n)k, converges Mackey to 0, 
contradiction. Since (1/n)K is bornologically compact there exists an me N with 
(1/n)\K € K,,. For the maximum N of n and m we obtain 


1 1 
wks K Ek E Kx, 
ie. KON: Ky. 

(2=3) Similarly to the proof of (23) of the previous proposition (4.4.38) one 
shows that every bounded B is contained in K, for some ne N. Moreover, K, is 
by definition compact in E, for some bounded B, which itself has to be 
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contained in K,, for some meN. Thus the inclusion E,—>Ey,, is continuous and 
K,, is compact in Ex, . 

(3=>4) By the previous proposition (4.4.38) F:= E’ is a Fréchet Montel space 
and EF’. It remains to show that the locally convex topology of F is Schwartz, 
i.e. for every absolutely convex 0-neighborhood U of F there is another one W 
containing U and such that the image of U is precompact in the normed space 
Fay= Fw/{x3llxll=0}, or equivalently [Jarchow, 1981, p. 201] such that U° is 
compact in (F)wo. Since F’= E and the sets U? form a basis of the bornology of 
E this amounts exactly to saying that every bounded set is contained in a 
bornologically compact set. 

(14) Let F be a Fréchet Schwartz space, ¥:= {U,„; ne N} be a countable 0- 
neighborhood basis of the locally convex topology of F and E:= F’. The family 
{U°; Ue%} forms a countable basis of the bornology of E and, since F 
is Schwartz, we may assume that K,:=(U,)° is compact in E,,.:=Ex,,,.,- Let 
{|_l,7= ll-lx, be the norm on E, and W, the open unit ball of E, For every 
meN the family {(1/m)W,,,+x; xeK,} forms an open covering of the 
compact set K,©E,,;, hence there exists a finite set Dm,n S K,, such that 
{(1/m)W41.+x; xEDm n} still covers K, We claim that {(1/m) K,41+%; 
m, neN, xE Dyn, (1/m)Ky41+x SU} isa subbasis of the b-compact bornology 
of U. In order to show this let K S U be a b-compact set, ie. K = K, for some 
neN. Then {(1/m)W,4,+x; neN, xeD,, n U/mKys1 +x S U} is an open 
covering of K in E,,,and hence has a finite subcovering, i.e. K is contained in a 
finite union of sets (1/m)K„+1 +x € U. In fact, for any ye K there exists an me N 
with {x; |y —xlin+ 1 <2/m} S U. By the definition of D,,,, there exists an x€ Dyn 
with ye(1/m)U,4,+x, ie. |x—yln+ı<1/m. Let ze((1/mKn„+ı +x). Since 
Kaa1€{z; |izln+1<1} one concludes that ||z—xlln+1 < 1/m and hence 
lz—yla+1 < lz- xlla+1 + (X—Yllat1 <2: (l/m), which shows that ze U. Ol 


4.4.40 Corollary. Let E and F be convenient vector spaces, U an M-open subset 
of E, X a basis of the b-compact bornology of U formed by b-compact sets and B a 
basis of the bornology of E formed by absolutely convex sets. Then we have: 


(i) The bornology of Lp°(U, F) is the von Neumann bornology of the topology 
of uniform convergence (in the locally convex topology of F) of f on K and 
ôb f on KS? for Ke, BEB and K & Ep compact. 

A O-neighborhood basis of this topology is given by the sets 
{fe Lip(U, F); f(K) E V and 65 f(K‘Y) E V} with KEX, Be B, K c Eg 
compact and Ve ¥o for some O-neighborhood basis Vo of the locally 
convex topology of E. 
(ii) The locally convex topology of LéA°(U, F) is the topology described in (i) if 
the b-compact bornology of U has a countable basis and F is metrizable. 


Proof. (i) We have to show that A = Zi? (U, F) is bounded iff it gets absorbed 
by the sets {fe Lip(U, F); f(K) SV} and (fe pV, F); SLAK) SV} with 
Ke, Beg and K SE, compact. By lemma (4.4.37), A is bounded iff each of 
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the sets A(K) and 5}A(K‘'”) is bounded and hence absorbed by V, i.e. is 
contained in N- V for some N EN. This is exactly the case when Ais contained in 
N- {fe Zip (U, F); f(K) = V} and in N` {fe Lip(U, F); ôb f(K P) SV}. 

(ii) Let # be a countable basis of the b-compact bornology of U. Then by 
(4.4.39) there is a countable basis Z of the bornology of E (formed by absolutely 
convex sets). Since F is metrizable its locally convex topology has a countable 0- 
neighborhood basis ¥. Hence the topology on AU, F) which was described 
in (i) has a countable 0-neighborhood basis and thus is bornological. Since by (i) 
its von Neumann bornology is the bornology of Lip(U, F), the assertion 
follows. o 


We next consider the spaces “f"(U, F) with keN,,. 


4.4.41 Corollary. The locally convex topology of Lip(U, F) is the bornologifi- 
cation of the topology of uniform convergence (in the locally convex topology of 
L(E,..., E; F)) of f® on K for i<k+1 and (in case where k< œ) of 63f® on 
K‘® with compact K S Eg. Thus the locally convex topology of Lip'(U, F) is 
metrizable if the b-compact bornology of U has a countable basis and F is 
metrizable. 


Proof. One uses (4.4.11), ie. the initiality of the family of maps fof”, 
GipU, F) > Lip (U, LE, ..., E; F )) for j<k+1. It remains to show that the 
condition on ô$ fY’ is implied by that on fU +”. First remark that it is enough to 
show uniform boundedness of K‘'? for those K having the additional property 
that {tx+(1—dy; x, yeK, te[0,1]} is a subset of U, since these K form a 
subbasis of the b-compact bornology of U. In fact if K SE, is an arbitrary b- 
compact subset of U then we consider the continuous map (t, x4, X2) (tx, + 
(1—1)x,), [0, 1]mEgnE,-E which maps [0, 1] x {x} x {x} to x for all xeK. 
Thus there exists a neighborhood U, of x in Eg such that [0, 1] x U, x U, is 
mapped into U. These sets U, (xe K) form a covering of K with M-open subsets, 
hence admit a finite subcovering. A closed refinement of this finite subcovering 
then consists of b-compact sets with the desired additional property. 
Now let K S Ep be such a set and let g:-=f. Then 


g(x)—g(y)_ (7 y-x 
b4g(x, p= = ( -x)| ——_ jd 
sao D= kyls f saro vr 


and since the maps g’ are by assumption bounded on the b-compact set 
{tx+(1—dy; te (0, t], x, ye K} and since (y—x)/\ly—xllp is bounded, the differ- 
ence quotient 54g is uniformly bounded on Ke. 

In order to obtain the metrizability by applying (4.4.40) we only need to know 
that L(E, F) is metrizable if F is metrizable and E has a countable basis of the b- 
compact bornology. But also this follows from (4.4.40) since L(E, F) is a Pre- 
subspace of Lih (E, F). 


Next we want to apply the previous corollary in order to identify the topology 
of &p'(X, F) for a manifold X with the classically considered topology. For 
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this we introduce manifolds modelled on convenient vector spaces; see also . 
[Wegenkittl, 1987] where with the aid of jets various topologies on spaces of 


smooth maps between such manifolds are discussed. 


4,4.42 Definition. A chart for a set X is an injective map u: UX, where U is 
M-open in some convenient vector space. 

A Lift-atlas on a set X is a family .o of charts such that the images of all 
charts in at comet X and for any two charts u,: U, >X and u>: U,->X in æ the 
domain u; “(u,(U2)) is M-open and uy! o u;: uz '(u,(U)) uz (u,(U,)) E U, is 
a ¥if'-map. 

Ta ip'-atlases on a set X are called “#*-equivalent if the union is a Zift- 
atlas. 

A Lipi-manifold (modelled on convenient vector spaces) is a set X together with 
an equivalence class of “/'-atlases on X, or, equivalently, with a maximal 
Lip-atlas. 

# map f: X,>X, between two “%"-manifolds X, and X, is called of class 
Lif if for any chart u, of X, and u, of X, the domain uy (fuU) is M- 
ee and the composite u, *ofou,: uy (f~ '(ua(U2))) uz "(fa (U) EU, is 

ft. 

On every %/'-manifold we will consider the final %*-structure induced by 
the family of charts of the maximal ig'-atlas (or, equivalently, of an equivalent 
Lif'-atias). . 

On every “yi*-space X, and in particular on every Lif*-manifold, we will 
consider the final topology generated by the Lipk-curves of X. 


Remark: If X is a ¥if*-manifold, the structure-functions of the considered 
“cp"-structure on X are precisely the maps f:X—>R which composed with 
charts of X are c4", ie. are exactly the functions of class 44". However, there 
may be more %*-curves for the ¥/*-structures on such manifolds than curves 


i : ie $ 
of class ¥z4*. The following proposition gives equivalent conditions when this 
does not occur. 


4,4,43 Proposition. Let X be a Lif'-manifold modelled on convenient vector 
spaces with (maximal) %if'-atlas £. Then the following statements are equivalent: 


(1) The structure curves of the natural Lif'-structure of X are precisely the 
curves in X of class Lig", 
sak į . š 
(2) The Lip'-maps from any Liz '-manifold into X are precisely the maps of 
class Lif: 
(3) The image of each chart is open: 


(4) bie topology of X is the classical one, i.e. the final one induced b y the charts 
of af. 


Proof. (1=>4) Since by assumption (1) the Lip'-structure curves factor locally 
over the charts, the final topology induced by the ip'-curves and the one 
induced by the charts coincide. 
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(4=>3) For any chart u: U >X we have to show that the image u(U) is open, i.e. 
the inverse image of u(U) under any other chart v: VX is M-open. This is 
obvious, since by definition of an atlas v~ '(u(U)) is M-open in FV. 

(3=>2) Let Y be another &/*-manifold and let g: YX be a Lip'-map. We 
have to show that g is of class Ys". So let u: U>X and v: VY be charts. We 
first show that v~(g~ '(u(U))) is M-open in V. Obviously g is continuous with 
respect to the final topologies generated by the S#i~'-structure-curves and by 
assumption u(U) is open in X. Thus g™‘(u(U)) is open in Y, so 
c7'(v7 (g7 (u(U)))) is open in R for every Zf*-curve c: RV, since vec is a 
$ip*-curve in F. This shows at the same time that u~ logovecisa Lip*-curve, 
ie. utagov is Lig and thus g is of class Zp". 

(2=>1) is obvious by taking as second manifold R. O 


Now let us show that in all interesting cases the equivalent conditions of the 
previous proposition are satisfied. 


4.4.44 Proposition, Let X be a Lij"-manifold modelled on convenient vector 
spaces such that the topology of X is regular and the M-closure topology of each of 
the modelling vector spaces is the initial one induced by its Lipk-functions. Then X 
satisfies the equivalent conditions of (4.4.43). 


Remarks. (i) For a Banach space the topology is the initial one induced by its 
smooth functions if and only if there exists a smooth non-zero function with 
bounded support [Bonic, Frampton, 1966]. 

(ii) Examples of Fréchet spaces which'carry the initial topology induced by 
the smooth functions are: all nuclear ones [Michor, 1983], alt function spaces 
C(Z, E) with Z a finite-dimensional separable manifold and E a Fréchet space 
satisfying the condition; and in particular C”(Z, R") with Z as before. 

(iii) If the M-closure topology of a convenient vector space coincides with the 
locally convex topology then it also coincides with the initial topology induced 
by the “%/°-functions, cf. (6.4.4). 


Proof. We will verify condition (3) of (4.4.43). So let u:U—>X be a chart and 
consider a &p*-structure-curve c:R-+X. We have to show that c7(u(U)) is 
open in R. So let tgec” ‘(u(U)). Since the topology of X was assumed to be 
regular we can choose an open neighborhood V of xo:= c(to) such that its 
closure is contained in u(U). By assumption on the topology of the modelling 
vector space E2 U there exists a Lif¢'-function h:E>R with h{ué 1(x0))>0 and 
h<0 outside of u~1(V). By composing with an appropriately chosen smooth 
function R>R we obtain a “&/"-function h,:E->R satisfying h,=1 ona 
neighborhood of u~ t(x) and h, =0 outside u~*(V’). Now we define the global 
function f: XR by f(x):= h,(u71(x)) for xeu(U) and f,(x):= 0 for x¢ F. It is 
well-defined and of class %* since composed with the chart u it is just h, and 
composed with another chart u,:U,—-X it is locally either 0 or the Ssg- 
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composite h; ou~ + ou}. Thus foc has to be Zig" and hence {te R; f(c(t))>0} is 
an open neighborhood of ty contained in c71(V)Sc7 (u(U)). 


4.4.45 Proposition. Let X be a Lcf'-manifold with countable atlas modelled on 
duals of Fréechet-Schwartz spaces and let F be metrizable. Then the locally convex 
topology of Lif'(X, F) is metrizable. 


Proof. This follows from (4.4.41) by applying (4.4.6). Oo 


Remark. It also follows from (4.4.41) that for finite-dimensional smooth mani- 
folds X the locally convex topology of C°(X, F) is the classical ‘C'°-compact- 
open’ topology, which is roughly speaking the topology of uniform convergence 
on compact sets of all the derivatives separately, cf. [Hirsch, 1976, p. 34]. 


4.5 Partial differentiability 


4.5.1 Proposition, Let keNo,.,; X bea Lip'-space, Y a ¢°-space; and E a 
convenient vector space. The map ff, where f(y)(x):=f(x)(y) constitutes an 
isomorphism of convenient vector spaces 


Lip(X, €°( Y, E)=l°(Y, Lif(X, E). 


Proof. Let fe Lip(X, €°(Y, E)). Then for ye Y one has f(y) =ev, of showing 
that f(y) is a Lig*-map and one thus obtains a map f: Y> Gp"(X; E). 
Conversely, let ge/°(Y, £p"(X, E)). Then for xe X one has g=ev,.° g show- 
ing that g(x) is an 7°-map and one thus obtains a map g: X >f ”(Y, E). 
Now we show that the correspondence is a bijection: Let f be a map from X to 
the space of mappings from Y to E and g:= f the corresponding map from Y to 
the space of mappings from X to E. 


g: Y> Lip'{X, E) is an £” -morphism; 

= goe: N>Lif(X, E) is £” for every ?°-map e: NY; 

= c*ogoe: N> LZih(R, E) is £” for all e and all Zz"-curves c: RX; 

<> [d'(e* o f oc)]~ =d'oc* ogoe:N34°(R™, E) is Z” for all i<k+2 and all c 
and e; 

<> di(e*o foc): RÈ —/”(N, E) is £” for all i<k+2, c and e (according to 
(1.2.8); 

<> e*o foc:R>/™(N, E) is Z4" for all c and e; 

<> foc:R>?"(Y, E) is Zi for all c; 

a f:X30°(Y, E) is Li. 


Let p: Lip'(X, £” (Y, E) >l (Y, Lif#(X, E)) be the map defined by ff and 
w:l°(Y, Lip'(X, E))> Lip'(X, ¢°(¥, E)) the map defined by gg. Let us show 
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that ọ is a morphism: Since ¢°(Y, E) is a convenient vector space by (ii) in 
(3.6.1) so is Lip'(X, 2°(Y, Z)) by (4.4.2); and since ¢ is linear it is by the 
bornological uniform boundedness principle (3.6.6) enough to show that 
ev, P: Lip(X, C°(Y, E)) > Li~(X, E) is a morphism. This holds according to 
the differentiable uniform boundedness principle (4.4.7) provided that 
ev, ev, 09: Lip'(X, €°( Y, E))>E is a morphism. This is true since ev, o ev, ° Q 
=€V, ° eV,. 

The proof that w is a morphism is analogous. oO 


4.5.2 Proposition. Let k, je No, œ; X bea Lip'-space, Y a Lip'-space; and E a 
convenient vector space. Then the map ff constitutes an isomorphism between 
convenient vector spaces: 


Liph(X, Lip Y, E)E Lip Y, Lip'{X, E)). 


Proof. Let fe Lip'(X, Lipt( Y, E)). Since JO) =ev, 2 fone has f( y)e Li4"(X, E) 
and thus obtains a map f: Y> Zf*(X, E). 
Let us show that f is Zip’: 

f: X> Lipat Y, E) is Lip, 
=> ef o f: X>Lipi(R, E) is Lip" for all Lz/-curves e: R> Y; 
=> oet o f: X3£(R™, E) is Lik for all e and all i<j+2; 
=> d(foe)=[dcetof] : RP +Lig'X, E) is £” for all i<j+2 and all e; 
=> foe: R>Gip'X, E) is Lp) for all e; 
=> f: Y> Lip'X, E) is Lip’. 

Next we show that 9: LieX, Lipi Y, E) —> Lipil Y, Lif"(X, E)) defined by 
ff is a morphism: using the differentiable uniform boundedness principle 
(4.4.7) twice it is enough to show that ev, oev, =ev, ° ev, ° is a morphism for all 
ye Y and xeX. This is trivially the case. 

The converse direction follows from symmetry. o 


Remark, One may call f: X x YrEa Lig /-map iff Y e Lijë (X, Lip4(Y, EB). 
This notion, however, depends on the factorization of the domain in a product 
as shown by the following 


Example, Let f:R?—R be defined by f(t,s)=|t|+|s|. Then f is Li4™?, since 
f(t, s) -f(ť, s) 


t—t 


lel — l'l 
t—ť 


lô; f(t, t’; s) = = <l 


and by symmetry |6, f(t; s, s’)| <1 and finally 
Fefe sS EASES) _ 


5102 f(t, t'; S, s') = 0. 


(t—t')(s—s’) 


On the other hand, fe A is not “°°, if A is the linear isomorphism given by the 
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> 1 1 i : ‘ à 
matrix 1 ait This follows since for 0<h<1 the difference quotient 


(f .A)(0,0) =(f2 A0, h)—(fe A)(h, 0) + (fe A)(h, h) 
h? 


_ fO,0—-fh,—fth, —h)+f(2h,0) _ -2 
7 h? h 


5452 f(O, h; 0, h)= 


is unbounded. 


4.5.3 Definition. Let “<F’ be point separating. A map f:T,.,E;2U-—F is 
called partially S-differentiable iff for all je J and all xeI1,E; the map fohi is 
¥-differentiable, where hi: E;>I;. yE; is defined by (pr; ohl ij J= pr,(x) for j 4i, 
ze E; and prj» k} =idz, The partial differentials d; f: UnE;>F are then defined 

as dj f(x, v):=d(fe hi)(pr,(x), v). 
fis recursively called (k + 1)-times partially F -differentiable iff f is partially s- 
differentiable and all the partial differentials d; f (jeJ) are k-times partially 
F-differentiable. For j;,.--;j¢.1€4 the partial differentials d}, 
dj, f: UnE,,n...0E;,,,7F of order k+1 are then defined recursively as 


‘Seta 


a 2% d; f(*30;,, trg tip) = ding Ld jk’ -d f(e ao s 0,,) 1, Vjera) 


A map f:1,.,;E;2U-—F is called partially strongly differentiable iff for 
all je J and all xeII,£, the map fe ohj is strongly differentiable, where hi is 
defined as above. The mata derivatives ĝ;: U—>L(E;, F) are then defined as 

8; f(x)(v)= (fo hey (prj(x))(0). 


Remark. If f:I],.,E;2U-F isa F- differentiable map then f is obviously 
partially -differentiable and d,f=dfs(idpmin,), where inj: Ej>lM;sjE; 
>I; zE; denotes the natural in ection. 

If f is strongly differentiable then f is obviously partially strongly differen- 
tiable and ô, f=(in,)* ° f”. 


4,5.4 Theorem. Let f:EnR2U—F be a Lij -map. Then the domain of definition 

{xe E;(x, tye U for all te[0,1]} of the map x++g(x):= Jo f(x.t)dt is M-open, 

g is also Ligë and for k>0 one has dg(x, v)= fod. f(x, t; v)dt, or equivalently 
g'(x)= fâi fe t)dt. 


Proof. In (4.3.11) it was shown that the domain of definition of g, 
W:= {xe E; {x} x [0,1]<U} is M-open in E and that the proposition holds 
for k=0. So let k>0 and suppose the proposition | holds for k— 1. It is enough to 
show that g is 4f-differentiable and dg(x, y)= Jods f(x, t; y)dt, since by induc- 
tion hypothesis this function is ~*~ 1. In order to see this we use that f is Zp! 

and thus the directional dorno quotient has a &%° extension Of: Us F. 
Recall that U;<(EnR)’nR?, cf. (3) in (4.3.12). For (x, y, t, 8)€ Wg one has, cf. (iti) 
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in (4.3.6), 
S(x,y, t, s)= 


dr 


g(x+ty)—g(x+sy)_ (* f(x+ty,r)—f(xtsy, r) 
t—s ð t—s 


1 =< 
= | Of (x, r; y, 0; t, s)dr. 
0 


Using (4.3.11) we conclude that 9g has %° extension to Ws 
given by Sa(x, y, t, t):= fo Of (x, r; y, 0; t, Ndr = fo df(x+ty,r+0; y, O)dr 
=fodif(@xtty.ry)dr. Thus g is Yf-differentiable by (4.3.12), and 
dg(x, y)=Sg(x, y, 0, )= fo di f(x, r; y)dr- 

As a consequence we can characterize those maps which are derivatives: for 
every Yi~'-map g:U—>L(E, . .. , E; F) whose values are k-linear and symmetric 
and for which the values of the derivative g': U>L(E, L(E,..., E; F)) 
~L(E,..., E; F) are also symmetric there exists a “f**'-map f: UF with 
dariuatine saf order k equal to g. In fact this can be easily deduced by induction 
from the following special case: 


4.5.5 Proposition, Let g: U>L(E, F) be a £if'-map, where U SE is convex, M- 
open and contains 0. Then there exists a £ip?-map f: U >F with g=f' if and only 
if g'(x)(v)(w) = g'(x)(w)(v) for all xe U, v, we E. 


Proof. If g=f’ for some f the conditions just express the symmetry of the 
second derivative of f. 


Conversely, let this symmetry condition be satisfied and define f by f(x):= 
{Sa(tx)(x)dt. By (4.5.4) f is Liz! and one has 


F'(x)(v) = |: (g'(tx)(to)(x) + g(tx)(u))dt= | (t: g’(tx)(x)(v) + g(tx)(v)) dt 
QO 


= ( f (t- g'(tx)(x)+ atar) (v). 


With c(t)=t-g(tx) one has therefore f (x)= folt g'(tx)(x) + g(tx))dt = fjc@dt 
=c(1)—c(0)=g(x) which shows at the same time that f is Lig’. m 


Remark. Fora Poincaré lemma on differential forms in this setting see [Kriegl, 
1983]. 


4.5.6 Corollary. Let f:E2U—F be a map. Then the following statements are 
equivalent: 

(1) fis Litt t; 

(2) the directional difference quotient 9f: Uy >F has a £ip'-extention Bf: Us F. 


Proof. (21) By (4.3.12) f is %p-differentiable and df(x, v)=f(x, v, 0, 0). 
Hence df is ¥<f# and using (4.3.24) one concludes that f is #p**?. 
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(1=2) By (4.3.12) a &f°-extension $f:U5—>F of the H~**'-map Y:Uş >F 
exists. It is given by Sf(x,v,t,5):= [jdf(x+to+r(t—s)v, v) dr in some neigh- 


borhood of U \Ug, thus is £44" on this neighborhood too by (4.5.4). Ol. 


4.5.7 Proposition. Let ZS F' be point separating and f:11;-,E;2U—F be a 
partially S -differentiable map. If all partial derivatives d; f: UNE jo F (je J) are 
Lip then f is Lipt. 


Proof. By (4.3.24) it is enough to show that f is S -differentiable and 
df(x; vi,- -5 Um) =D 5-1 yf (x, ;) for all xe U and v=(v,,..., 0, €TI,E;. For 
t#0 one has 


fet te) S00) _ 


t 


= 5, fa + Aer 125 0;,0,0...,O0)-f(e+1,.- +, Pj- 0...,0)) 
j=l t 
m 1 

= H| dj f(x +t- 0j-1, 80;,0..., 0); vj)ds. 
J=1Jo 


Using (4.5.4) one concludes that the right side defines a Lif'-map and thus 
(f(x+tv)—f(x))/t is M-convergent to 


m 1 m 
y \ dj f(x+O(v,,..., vj-1, 80),0..., 0); v;}ds = 2 bfo) for t—=0. 
j=1 Jo Ui 

Oo 


45.8 Theorem. Let SEF be point separating and f: IIF, E;2 U —F be a map. 
Then the following statements are equivalent: 
(1) fis Lij; 
(2) f is k-times partially -differentiable and the partial derivatives 
d,,...d;, f: UDEN.. nE, >F of order k are Li? for all 
E E cd. 


Proof. We show this by induction on k. For k=0 it is trivial and for k=1 it is 
contained in (4.5.7). So let now k> 1. Then by (4.5.7) f is Lift iff f is partially S- 
differentiable and dj is #¢*~* for all je{1,...,m}. This is by induction 
hypothesis (applied to all the d; f) equivalent with f being k-times partially S- 
differentiable and d,,... dj, f being Leg’. Oo 


4.6 Spaces of sections of vector bundles 


In this section we want to prove that for quite general vector bundles the space 
of sections has a natural convenient vector space structure. These vector bundles 
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can be considered as families of convenient vector spaces parametrized in a 
Lipk-way by a Lcf-space, triviality being assumed along Yf'-curves of the 
base space. 


4.6.1 Remark, We shall use induced bundles and the Whitney sum of a bundle 
with itself. Since these are obtained as pullbacks we first describe explicitly 
pullbacks of &#'-maps, cf. (8.3.5). 


The pullback of two given Zif"-maps X s z Yis given by the 
subspace P:= {(x, y)e XnY; f(x)=g(y)} of XnY and the restrictions to P of the 


two projections X == xnY—2%> Y. 


Given two “*-maps X zZ _—4 Y satisfying fof, =g°g1, the associ- 


ated Yiz'-map Z,—P shall be denoted by (f1, g1) since (fi, 91)(2)=(A(), 
gi(2)ePCXnY for all ze Z4. 


If it is clear what the maps f and g are, then we write Xn Y for P; and if we 
consider for a fixed given g: YZ the pullback for various naps f: XZ then 
we use the traditional notation f*(Y):= P and f *(g)= prylp. 

We remark that g surjective implies f*(g) surjective, and the fibre of 
S*(@:f*(Y)-X over a point xe X (ie. the inverse image) is equal to the product 
of {x} with the fibre of g: Y--Z over f(x). 


For vector bundles x: EX the scalar multiplication is given fibre-wise but 
can be considered as a map RnE-E. In contrast the fibre-wise defined addition 
can be considered as a global map only on the Whitney sum, i.e. the pullback 
ENE of the projection z with itself. Using the following lemma addition can be 


avoided in the definition of a “g*-vector-bundle provided k>0. 


46,2 Lemma. A convenient vector space is completely determined by its under- 
lying set, its scalar multiplication and its Yp*-structure for some ke Nn. 


Proof. Let E, and E, be two convenient vector spaces having the same 
underlying set E, the same %/*-structure and the same scalar multiplication. 
Then E, and E, certainly have the same zero-vector 0 obtained by 0-x for an 
arbitrary x. By symmetry it is enough to show that idz: E, >E; is linear. Since 
id: E, +E, is Yp*, the derivative id’(0): E, >E, is linear; so we only have to 
prove that id’(0)=id. This is easy: id’(0)(v) = lim, 9 tv/t =v. o 


Remark. This lemma fails for k=0 as the following example shows. Consider 
f:R?>R? defined by f(0):= 0 and f(x):= ((|x|l,/Ilx!|..)x for x #0. As one verifies 
easily f is a &°-map and preserves the scalar multiplication. But 
SQ, D=(2/1)(1, Y= (2, 2)#(1, 0) + (0, 1}=f(, 0) +f, 1). 

Using (4.6.2) we can shortly say that a set with given scalar multiplication and 
given “/*-structure (for some k e N a) is a convenient vector space if there exists 
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some addition yielding a convenient vector space as characterized in (3) of 
(2.4.4). 


4.6.3 Definition. A ¥%*-vector-bundle n (for k>1) is formed by two Zif- 


morphisms 7z: EX and u: RnE-E, written y:(t,v)tot: v, subject to the follow- 
ing conditions: 


(i) The scalar multiplication u preserves the fibres, i.e. z(t: v)= n(o) 
(ii) For each xe X the fibre E,:= n~ +(x) with the restriction of u to RIE, >E, 
and the %/*-structure inherited from E is a convenient vector space; 
(iii) Triviality holds along each &f*-curve c: RX. 


In case k=0 one has to add a given family of maps «,: E,1E,—E, (x €X) such 
that all fibres E, are convenient vector spaces with a, as addition. 

One calls X the base and E the total space of the bundle. 

The meaning of (iii) is the following: for every &g*-curve c:R-X one 
considers the pullback c*(z):c*(E)>R of c and a whose fibre over t is (c*(E)), 
={t}NE.q2E yy). Then there should exist a Lip'-diffeomorphism 
1,:¢*(E)>RnE,o) Which preserves the fibres (i.e. pr, °1,=c*(z)) and the scalar 
multiplication (i.e. for all (t, v)ec*(x) one has: pr,(i,(t, sv) =s-(pra(i{t, v)))). By 
lemma (4.6.2) this implies that 1, induces for each te R a Con-isomorphism E.n 
to Exo The maps 1, are called trivializations of x along c. 

We remark furthermore that (ii) implies that x is onto. 


4.6.4 Proposition. (Induced bundles.) Let n:E—>X be a Zip'-vector-bundle and 
f: YX a Lift map. Then the pullback f*(x):f *(E)> ¥ yields a Lige-vector- 
bundle, the so-called induced bundle. 


Proof. The fibre of f*E at y is {y}mEy,). Thus one has fibre-wise a natural 
scalar multiplication on f*(z). The universal property of the pullback shows 
that it is in fact &f*. Then the fibres {y}nE p = Ep are convenient vector 
spaces. And triviality along any curve c: R> Y holds since c*{ f*())=(fe c)*(a), 
which is isomorphic to a trivial bundle because f>c is a Yp*-curve into the base 
of n. O 


Remark, In particular one concludes that c*(z):c*(E)>R is a &f*-vector- 
bundle for every “&f*-curve c:R->X into the base of a Lif"-vector-bundle 
ti EX, 

We now define vector bundle morphisms and triviality for vector-bundles. In 
particular the maps 1,:c*(E)>RME,) used in the definition of %%,*-vector- 
bundle are such vector bundle isomorphisms and the c*(z):c*(e) > R are trivial 
vector bundles. 


46,5 Definition, (i) Let 2,:E,>X; ((=1,2) be two &y*-vector-bundles. A 
Lip kemap f: E, >E; is called a vector bundle morphism iff the following diagram 
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Rn E,——-—— E, 


Hi 
| idf |r 


RnE,——_E, 


(ii) A &~"-vector-bundle x: EX is called (globally) trivial iff there exists a 
vector-bundle isomorphism onto a bundle pr: XnEo—>X where Ey is some 
convenient vector space, and the scalar multiplication is fibre-wise given by that 
of E, (it is an easy exercise that pr,: XNE)~X thus becomes a %/"-vector- 
bundle). 


Remarks. (i) Every vector-bundle morphism f:E,-E, induces a map 
fo: Xı >X, between the bases, determined by the condition fọ oz, =r, 9 f. Using 
the zero-section 0, of z4, cf. (4.6.9), one has fọ = 7, ° f2 0; and thus fy isa Sigt- 
map. 

(ii) Every classical smooth vector bundle is a smooth vector bundle in the 
sense of (4.6.3), since local triviality implies triviality along smooth curves. 

The following characterization of &*-maps into the total space of a Lip'- 
vector-bundle will be very useful. 


4.6.6 Proposition, Let 1: EX be &p'-vector-bundle and f: Y—>E a map. Then 
the following statements are equivalent: 


(1) fis Lipis 

(2) nef: YX is Zijt and for every Lig*-curve c: R— Y and trivialization tape 
of n along nfe the map prz°1gs,o(id, foc): R-(afc)*E> RIE, (0) 
>E afao is Lip. 


Proof. (=>) If fis Zp* then obviously x fis Lif" and pr, °1,,{id, foc) as well. 
(+) Let c: RY be a Zig*-curve. Then by assumption e:= aefoc isa Ligt- 
curve in X and thus foc=pr, 1, ‘ (id, prz ° te? (id, fec)) is Zep". o 


46.7 Lemma. Let n:E>X be a Yifi'-vector-bundle. Then the fibre-wise 
determined addition E,nE,—E, gives a Zij*-morphism a: ENE >E. 


Proof. Let (c1, c2): R=EnE be a Zigt-curve, ie. cy RoE (i=1,2) is 2:4" and 


Teci =72c,=:C. Using the previous proposition (4.6.6) and the identity 
meae(c,,¢,)=c¢ one concludes that it is enough to show that 
Prz ° 14° (id, æ © (c1, €2)): R> Euo) is Zi"; but this is obviously the sum of the two 
Lipk-curves pr, 1,2 fid, c): RAE go) (j= 1, 2). o 


4.6.8 Definition, Let n:E—X be a Lif*-vector-bundle. The space I(x) 
of &f"-sections of the vector-bundle n is defined as I*(n):= {se Zp'(X, E); 
no s=id}. 
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Remark, Let n: E—>X be a &f'-vector-bundle and f: YX be a Lif -map. 
Then the set {ue f*( Y, E); no s=f } of sections along f is in natural bijection 
to I*(f*(x)) via the map a(id, a). 


4.6.9 Lemma. Let n:E—>X be a Lip'-vector-bundle. Then the space I'(n) of 
Lip -sections of n is a vector space with the pointwise operations. 


Proof. That the vector operations are defined pointwise means that I(x) is 
considered as subspace of the vector space IyexEx. We have to show that it is a 
linear subspace. 

Let s be a section of z and te R; then the map x tot: a(x) is zp", since it is the 
composite p(t,_)° 4, and is trivially a section. 

Let 44, 45 be two sections; then the map x t»4,(x)+ 4,(x) is Hp", since it is the 
composite ao(s,, 42), and is trivially a section. 

The zero-section x +30, is in "(z), since a section a of 2 is Lip" by (4.6.6) iff for 
every “ip*-curve c:R>X the map pr; ° t° (id, soc): ROE yo) is Lig. For the 
zero-section this composite is the zero-map. O 


46.10 Lemma. Let n:E>X be a £if'-vector-bundle. Then any Yip*-map 
f:Y>X induces a linear map f*:T*(x) 3T"(f*(x)) by setting f*(s):= (id, s0 f), 
ie. f *(a)(y)=(y, af O) 


Proof. Since feid=ne(s-f) one concludes by the universal property of a 
pullback that f*{s) is a &f"-map: Y>f *(E). It is obviously a section. Finally 
the map f* is linear, since the vector operations of the spaces of sections are 
defined pointwise and the fibres of f*(E) are mapped isomorphically onto the 
fibres of E. Cl 


4.6.11 Lemma, Let 1;: E,> X (i=1, 2) be two Lig"-vector-bundles over the same 
base. Then any vector-bundle morphism m:E,—2E, induces a linear map 
my: Tn) T(x) by setting m,(a):= mo a. 


Proof. This is trivially verified. O 


4.6.12 Lemma, Let n: XnE>X be a trivial Yip'-vector-bundle. Then the map 
fod, f), Lp'(X, E)>T (x) is an isomorphism of vector spaces. 


Proof. The inverse map is given by a>prz° s. That both are well defined and 
linear is trivial. m 


4.6.13 Definition, Let x: E—X be a &/*-vector-bundle. Then I“(z) shall from 
now on denote the space of “f*-sections of x together with the initial Pre- 
structure induced by the linear maps (pr,),o(i,),°¢c*: Ia >I(c*(x)) 
aTH(RIE.) > Lip"(R, Exo) with ce Lp{R, X). 
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4.6.14 Lemma. Let 1: EX bea %p'-vector-bundle. Then the Pre-structure of 
I(x) does not depend on the choice of the vector-bundle isomorphisms 1.,. 


Proof. Given two trivializations t1:c*(E)>RnE,) (i= 1, 2) one has 1? = 212, 
where »:RME yo) > RIE«o is the Lp"-diffeomorphism (12) (14) 1. From this 
the result follows. g 


4.6.15 Theorem. Let n:E—>X be a Lif*-vector-bundle. Then T(x) is a conven- 
ient vector space. 


Proof. Since the maps c*:I"(x)>I"(c*(a)) separate points and for trivial bun- 
dles the spaces of sections are separated, the preconvenient vector space I(z) is 
separated. In order to prove that it is complete it is enough to show that the 
image in I,.“/(R, E,)) is M-closed. This follows since an element (z,), of this 
product belongs to the image iff it satisfies the equations prz(te,) *(t1, 3e (t1) 
=pr2(t,,)" (tr, 4,{tz)) for all Lipk-curves c1, C2: R>X and reals t,, t, with 
C(t) =Co{(t). O 


46.16 Proposition. (Uniform Boundedness Principle for Bundle Sections.) Let 
nm:E-+X be a Lip~'-vector-bundle. Then the structure of I(x) is the coarsest 
convenient vector space structure making all evaluations ev,:1(n)>E,, (xe X) 
morphisms. In categorical language this means that {ev,;x € X} is an initial source 
in Con. 


Proof. This follows directly from the corresponding result (44.7) on 
Lip(R, E.0))- ð 


4.6.17 Proposition, Let n:E>X be a Lip*-vector-bundle, and f: YX be a 
Lip*-map. Then the induced map f *:T"(n)>T*(f*(7)) is a Con-morphism. 


Proof. Using (4.6.16) this follows from the equation ev, ° f * =€ foy O 
4.6.18 Proposition, Let n: E;>X (i=1, 2) be two Lip*-vector-bundles over the 
same base and let 2: E; >E, be a vector-bundle morphism. Then the induced map 
wT (2) (a2) is a Con-morphism. 


Proof. Using (4.6.16) this follows from the equation ev,°m,=,°evV,. O 


4.6.19 Proposition, Let n:XnE—>X be a trivial Lip*-vector-bundle. Then the 
bijection of (4.6.12) I(x) 2 &%p"(X, E) is a Con-isomorphism. 


Proof. This, follows since (pr.),°c*: In) 3T(c*(n)) > Le"(R, E) for 
ce £if*(R, X), is by definition an initial source and corresponds to the maps 
c#: Lip(X, E)> Liz"(R, E) which form an initial source too. Thus the bijection 
is an initial morphism, hence an isomorphism. Oo 
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4.6.20 Proposition. Let 1:E—>X be a £<~*-vector-bundle. Then ev:1(n)nX >E 
is a Léf'-morphism. 


Proof. Consider first the case where z:RnE-R is a trivial bundle. Using 
(4.6.19) one shows that ev:I(x)nR-E is up to an isomorphism the 4%*-map 
ev: Li#"(R, ERE, Now the general case. Let (e, c): RoI'(a)nX be a Ligt- 
curve. Then evo(e,c)=pr,°evo(c*oe, id), where the evaluation map on 
the right side is ev:I(c*(x))nR-c*(E). Since c*(x) is trivial the assertion 
follows. O 


In case k= œ we have also on 4(X, E) a Yif~”-structure and then get the 
following simple description of the structure of ''™(z). 


4.6.21 Proposition. Let n:E—>X be a £éf*-vector-bundle. Then the smooth 
structure of T(x) is the initial one induced by the inclusion T ”(n) € #ép™(X, E). 


Proof. The inclusion is a morphism by cartesian closedness, cf. (4.4.13), since 
it is the map associated to the smooth map ev:'(z)nX —E. We further have 
to show that a curve c:R-I'”(z) is smooth provided c^: R1X >E is smooth. By 
(4.6.13) we have to consider for any smooth curve e: R—>X the composite 
(pra), ° (le)x ° €* cc: ROT (m1) T*(e*(2)) 1 (RIE, 9) > R)>C*(R, Exo). This 
curve is smooth because it is via cartesian closedness associated to the smooth 
map RoR E,,), (t, s)->pra(z(c ^ (t, e(s)))). o 


4.6.22 Proposition. Let n:E>X and n;:Ej>X(jeJ) be Lipă-vector-bundles. 
Suppose the Lip*-structure of E is the initial one induced by Lip"-vector-bundle 
morphisms m,;:E—>E, (jeJ). Then the Pre-structure of I(x) is the initial one 
induced by the family (s;),:T (mT (x,) (je J). 


Proof. This is obvious, since the structure of I(x) is the initial one induced 
by the maps (pr °7,),,.°c* and the structure of E,,9, is induced by the maps 
meqo: Eao lE eor o 


4.6.23 Proposition. Let n:E>X be a Lif'-vector-bundle and let f: X;>X 
(jeJ) be a family of Lig*-maps, such that for every Lip*-curve c: RX there 
exists a neighborhood U of 0 in R, a jeJ and a Zip*-curve cj:U—>X;, such that 
fio c;=cly. Then the Pre-structure of T(x) is the initial one induced by the maps 
FITTS Y) (Jed). 


Proof. Clearly the structure of I“(x) is the initial one induced by the maps 
(incly)* © c¥: I(x) >T(c¥(2)) -T((cly)*(x)). But this map equals cf o fF, which is 
a morphism. o 


4.6.24 Proposition. Let X be a Lindelöf smooth manifold modelled on duals of 
Fréchet Schwartz spaces and let n:E>X be a £ip-vector-bundle that is locally 
trivial and has Fréchet spaces as fibres. Then '“(n) is a Fréchet space. 
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Proof. We recall that a topological space is called Lindelöf iff for every open 
covering there exists a countable subcovering. Since the structure of P(z) is 
induced by the maps '(z|,), where U run through a countable cover of open 
sets on which z is trivial, cf. (4.6.23), and since (z|y) is isomorphic to 
C*(U, Ey) for some Fréchet space Ey, cf. (4.6.19), the assertion follows from 
(4.4.45). 0O 


4.7 Certain function spaces are manifolds 


In this section we will prove as main result that for finite-dimensional smooth 
manifolds X and Y, where X is supposed to be compact, the space Emb(X, Y) of 
embeddings of X in Y is a smooth principal fibre bundle over the space 
Submf(X, Y) of submanifolds of Y that are diffeomorphic to X, with the group 
Diff(X) of diffeomorphisms of X as typical fibre; cf. [Binz, Fischer, 1981]. 

In more detail this means: Emb(X, Y), Diff(X) and Submf(X, Y) are smooth 
manifolds modelled on convenient vector spaces; the group Diff(X) acts 
smoothly on Emb(X,Y) by composition; and the map Emb(X, Y)> 
Submf(X, Y) defined by gt-g(X) is a final smooth map, whose fibres are the 
orbits of Diff(X). 

We already know that Diff(X) is a smooth group whose structure is the initial 
one induced by the inclusion in C%(X,X), cf. (1.4.8) and (4.7.4). Similarly 
Emb(X, Y) will be considered with the smooth structure inherited by the 
inclusion in C*(X, Y). Thus we begin the investigation with C™(X, Y). 


4.7.1 Lemma. Let X and Y be finite-dimensional smooth manifolds, K S X 
compact, WS Y open, and goe C”(X, Y) with go(K)S&W. Then there exists a 
smooth function f:C*(X, Y)>R with f(go)=1 and such that f(g)#0 implies 
g(K)s W. 


Proof. We begin with the special case where X =I:=]—2,2[, K:-=[—1, 1], 
Y:= R, W:={teR;t>0} and go=1. Let hy:R-R be a smooth function with 
ho{t)>|t| for all t and h,(0)=%, and let h,:R?—R be a smooth function with 
h,(1, 3)=1 and such that h,(t,s)40 implies that t>4 and s>4. Then |g(s)— g(0)| 
=| g (del <i Old < feki Adta f} hlg (Ode for s with |s|<1. Let 
f:C*(X, R)>R be the smooth map defined by f(g):= h,(g(0), 1— ft 1holg (t))dt). 
Then f(go)=A,(1,1—2h,(0))=1; and f(g)=h,(g(0), 1— ft 1ho°g'°)#0 implies 
g(0)>4 and fa holg (H))dt <4, hence|g(s) — g(0)| <4 and thus g(s)>0 for se K; i.e. 
gK) SW. 

Now we show by induction that there are maps f,,:C”(", R)-R having 
the desired property for K:=[—1,1]", W and gy as above. For m=1 
we have described such a map, namely f,;:=f Assume we have fm- Then 
let f+, be the map obtained by composing C*(J"*',R)= 
CU”, CU, R), (fdg: C0", CPU, R)>C*U"™, R) and fa: C”, RJR, Le. 
fn+(9):=fel fi 2g"). A trivial calculation shows that f,,,, has all the desired 
properties. 
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Next we consider a general X and K, but Y, W, go still as above. For every 
point xeK let u,:I"3U,, be a diffeomorphism from the cube I” onto a 


neighborhood U, of x with u,(0)=x. Then the open subsets V, of U, that- 


correspond to the cube ]— 1, 1[ form a covering of K. Let {V,;i=1...n} bea 
finite subcovering and u; be the associated diffeomorphisms. Then 
(u)*:C%(X, R)>C”(I", R) is smooth, (u,)*(1)=1 and (u,)*(g)(z)> 0 for all i and 
all ze{—1, 1]” only if g(x)e W for xe K. Choose a smooth map h:R">R with 
h(i,..., 1)=1 and h(x)>0 only if all coordinates of x are larger than 0. Then 
S:=ho( fno u)", , fn? (uy) is the desired map. 

Next we consider general X, K, Y and W but go such that the closure go(X) is 
contained in W. Choose a smooth function h: Y>R with h| = t and h(y) #0 
only for ye W. Then h,:C”(X, Y)—>C”(X,R) is smooth, h,(go)=1 and 
h,(g){x)>0 for all xe K implies g(K)< W. Thus the composite of h, with f as 
obtained in the previous case has all claimed properties. 

Finally we come to the general case. Let W, S Y be open with W, 2go{K) and 
the closure W, < W. The open submanifold X, :=g5 '(W) of X contains K, and 
the restriction map incl*:C°(X, Y)+C“(X,, Y) is smooth. By the previous case 
applied to X,, K, Y, W and the map incl*(g,) we obtain a function f. Then the 
composition f cincl* has all the required properties. a 


We shall study the following subspaces of C” (X, Y). 
4.7.2 Definition 


Onto(X, Y) denotes the space of surjective smooth maps from X to Y. Imm(X, Y) 
denotes the space of smooth immersions from X to Y. Emb(X, Y) denotes the 
space of smooth embeddings from X to Y. 

Each of these spaces is considered with its initial smooth structure induced by 
the inclusion in C” (X, Y). Submf(X, Y) denotes the space of those submanifolds 
of Y that are diffeomorphic to X together with the final smooth structure 
induced by the map Emb(X, Y)—>Submf(X, Y), g—g(X). 

We recall that a smooth map g:X >Y is called an immersion iff for all xe X 
the tangent map Tg: T,X —T,,,Y is injective. A smooth embedding is an 
injective smooth immersion (since X is compact the usual additional condition 
that it is a homeomorphism onto its image is automatically satisfied). Warning: 
Although the embeddings as defined here in a classical way are C -embeddings 
in the sense of (8.8.1), an example of [Joris, 1982] shows that the converse fails. 


4.7.3 Proposition, Let X be a compact and Y any finite-dimensional smooth 
manifold. Then one has: 


(i) Imm(X, Y) is open in C°‘X, Y). 
(ii) Emb(X, Y) is open in C*(X, Y). 
(iii) Diff (X) is open in C°(X, X). 

(iv) Onto (X, Y) is closed in C”(X, Y). 

(v) Diff (X) is closed in Tmm(X, X). 
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Proof. (i) Let c:R-+C”(X, Y) be a smooth curve with c(0)¢Imm(X, Y). Con- 
sider the smooth map g:RnX >RnX defined by g(t, x):= (t, c(t)(x)). The matrix 
representation of the tangent map Te, „g has the form 


id 0 
f T,c(0) 


Thus To, „g is injective for all x. Hence there exists a neighborhood U of {0} x X 
such that Ty, yg is injective for all (t, x)e U. Since X is compact we may assume 
that U =]—e,e[ x X. From the injectivity of Ty, „g we conclude, using again the 
matrix representation, that T,c(t) is injective for all |t|}<e and all xeX, ie. 
c(t)eImm(X, Y) for all |t|<e. 

(ii) Let c:R>C%(X, Y) be a smooth curve with c(0)<¢ Emb(X, Y). Using that 
Imm(X, Y) is open in C”(X, Y) we know that c(t)e Imm(X, Y) for all sufficiently 
small t. Since Emb(X, Y) consists of the injective immersions, we only have to 
show that c(t) is injective for all sufficiently small t. We prove this indirectly. 
Assume that there are t,—>0, and x,, y,€X with x, 4 Yn and ctp Xn) = Cta) (Yn) 
Since X is compact we may assume that x,>x and y,—y. Continuity of c^ 
implies c(0)(x) = c(0)(y), hence by injectivity of c(0) one has x= y. The associated 
map g:RnX—RnX defined in (i) is certainly injective on some neighborhood 
]—« e[ xU, of (0, x). For n large enough one has x,, y,€U,, and |t,|<e, hence 
(tas Xd = (tn (EAX) = (tns C(tn)(Vn)) =G(tn» Yn), in contradiction with the injec- 
tivity of g on the considered neighborhood. 

(iii) Let c:R-+C%(X, X) be a smooth curve with c(0)e Diff(X). By multiplying 
with c(0)"! we may assume c(0)=id and by (ii) we may assume that 
c(t)e Emb(X, X) for all t (sufficiently small). Since Diff(X) consists exactly of the 
surjective embeddings we only have to show that c(t) is surjective. So let xe X be 
arbitrary. The curve c(_)(x) connects x=c(0)(x) with c(t)(x)ec(t)(X). The set 
c(t)(X) is compact and open in X (since c(t) is an immersion); hence it contains 
with every point all points belonging to the same connectivity component, 
which shows that x €c(t)(X). 

(iv) Suppose goe C” (X, Y) is not surjective. Then there exists an y¢go(X). 
Since {geC(X, Y); 9(X)SY\{y}} is open by (4.7.1) and disjoint with 
Onto(X, Y), one concludes that C°(X, Y)\Onto(X, Y) is open. 

(v) Let c:R-Imm(X, X) be a smooth curve with h:= c(0)¢ Difi(X). Admit 
there exists t,20 with h,:=c(t,)¢Diff(X). Since Diff(X) consists exactly of the 
bijective immersions and since Onto(X, X) is closed in C*(X, X) we conclude 
that h is not injective. So let ye X be such that h~ ‘(y) is not a single point. Since 
his an immersion we find for any x eh *(y) a neighborhood U,, on which his an 
embedding. Thus U, n h~*(y)={x}. Using compactness of h~ '(y) we conclude 
that h-*{y) is finite and the sets U, can be chosen pairwise disjoint and 
diffeomorphic via h to some neighborhood W of y. Let W, be a connected 
neighborhood of y, such that the closure W, of W, is contained in W and 
W, AWX\UU,)=@. Then he {g; gh "(y)) = W, and g(X\U U,)S X\W, `. 
Since this set is open by (4.7.1), we conclude that the diffeomorphisms h, are 
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contained in it for n sufficiently large. Thus h,(h~+(y)) SW, and h,( U U)2W,, 
ie. ho Uy) ch, (WS UU,. This is a contradiction to the connectedness of 
h, W). m 


4.7.4 Theorem. If X is a regular smooth manifold modelled on Banach spaces 
which satisfy the equivalent conditions of (4.4.43), then the smooth structure of 
Diff(X) according to (1.4.8) is the initial one induced by the inclusion map 
i:Diff(X)>C”(X, X); ie. the inversion on Diff(X) is a C”-map if Diff(X) is 
considered as smooth subspace of C” (X, X). 


Proof. We only have to show that if c: R> Diff(X) is such that ic is a structure 
curve of C” (X, X), then the curve jec is also a structure curve, with j being the 
inversion map ftef~+. By cartesian closedness of C® , (1.4.3) the map 
f:=(iec)*: RnX—X is C” and hence by the equivalent conditions of (4.4.43) is 
of class C® in the Fréchet sense. Furthermore, g:=(j°c)*: RnX—-X is the 
unique solution of the implicit equation f(t, g(t, x))=x. Since f(t,_) is a diffeo- 
morphism, the second partial derivative of f is an isomorphism, and we may 
apply the implicit function theorem for the modelling Banach spaces to conclude 
that g is smooth. By cartesian closedness g“ =j°c is smooth as well. o 


4.7.5 Theorem. The group Diff(X) of diffeomorphisms of a compact smooth 
manifold X is a smooth manifold modelled on convenient vector spaces; cf. (4.7.9). 


Proof. The smooth structure of Diff(X) was discussed in (4.7.4) and it was 
shown that Diff(X) is a smooth group, cf. (1.4.8). Since the multiplication is 
smooth it is enough to find a smooth chart at idy. Consider an exponential map 
exp: TX >X, cf. [Bröcker, Jänich, 1973, pp. 121]. Then (x, exp): TX > XTX isa 
diffeomorphism of a neighborhood U of the zero-section in TX onto a neighbor- 
hood V of the diagonal in XnxX. The map exp, :F'(z)>C”(X, X) is obviously 
smooth and bijective from U%={seI(z); (X)SU} onto V~:= {he Diff(x), 
graph(h)< V} with inverse map hto(x+>(z, exp)” +(x, hx)), which is smooth as 
well. So it remains to show that U~ and V“ are open for the final topologies 
induced by the smooth curves. 

Let c: RoI <C(X, TX) be a smooth curve with c(0)—e U ~. Admit there exist 
t, 70 with c(t,)¢ U ~, ie. there are x E X with c*(t,, x,)¢U. X being compact we 
may assume x,—7x. Then c“(t,,x,)2¢*(0,x)eU, in contradiction with 
c{0)EeU~. 

Similarly, let ¢: R>Diff(X)<C*(X, X) be a smooth curve with c(0)eV ~ but 
c(t) V ~, ie. there are x e X with (xn, €^ (tns Xa) E V. X being compact we may 
assume x,7x. Then (x,,€° (tu, Xa) —>(x,c^(0, x))e¥ in contradiction with 
(eV. oO 


4.7.6 Proposition, Let X be a compact and Y any finite-dimensional smooth 
manifold. The space Emb(X, Y) of embeddings of X in Y is a smooth manifold 
modelled on convenient vector spaces; cf. (4.7.9). The smooth group Dilf(X) acts by 
composition smoothly on Emb{X, Y). 
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Proof. Let ee Emb(X, Y). Choose a tubular neighborhood of e, i.e. a vector 
bundle p:E—>X with a diffeomorphism u of E onto a neighborhood of e(X) such 
that uc 0,=e (0, denotes the zero section of p), cf. [Hirsch, 1976, p. 110]. Now 
set U := {ge Emb(X, Y); g(X) S u(E) and peu” te ge Diff(x)}. 

In order to show that U is open in Emb(X, Y) we first prove that 
{geEmb(X, ¥); 9(X)Su(E)} is open in Emb(X, Y). Given a go € C” (X, Y) with 
9o(X)Su(E) we can choose an fe C*(X, R) with flem) = {1 and supp(/)Su(F). 
Then {g;( f° g)(x)>0 for all x} is an open neighborhood of go in {g;g(X)Gu(E)}. 
From this and the fact that Diff(X) is open in C”(X, X) it follows that U is open. 

U is diffeomorphic to I'(p)nDiff(X) by means of the map gto(u7!2g° 
(peu~ teg) t, peu~ tog)er(paDiff(X) whose inverse is (s, h)OusscheU 
SEmb(X, Y). 

We have thus shown via the previous theorem that Emb(X, Y) admits a 
smooth atlas with charts having values in convenient vector spaces. 

Diff(X) acts smoothly on Emb(X, F) since the action is obtained by restric- 
ting the composition map C”(X, YmC”(X, X)>C”(X, Y); cf. (1.4.6). 0O 


4.7.7 Proposition. Let X be a compact and Y any finite-dimensional smooth 
manifold. The space Submf(X, Y) of submanifolds of Y that are diffeomorphic to X 
is a smooth manifold modelled on convenient vector spaces. 


Proof. The structure of Submf(X, Y) is by definition the final one induced by 
the map q:Emb(X, Y)-Submf(X, Y), gg(X). We show first that the fibres of 
the map, q are exactly the orbits under the action of Diff(X). In fact, if 
geEmb(X, Y) and he Diff(X), then q(g° h)=q(g), i.e. g and g ° h are in the same 
fibre. Conversely, if g(g,)=4(g2) for two embeddings g, and gz, then g, and g3 
are diffeomorphisms onto their image, hence h:=g>1°g,¢Difi(X) and 
91=92°h shows that g, and g, are in the same orbit. 

We now show that q(U) is open in Submf(X, Y), U being the set defined in the 
proof of (4.7.6). So let Xo S Y be a submanifold that is contained in q(U). Using 
the diffeomorphism U2I(p)nDiff(x) of the proof of (4.7.6) one obtains an 
4g € 1 (p) and an hy € Diff(X) with Xo =q(u ° ao © hg) =q{u? ao). It is enough to find 
a smooth function f/:Emb(X, Y)—R that is constant on orbits, satisfies f(u ° sọ) 
=1, and is such that f(g)40 only for ge U. In fact, such an f factor smoothly 
over Submf(X, Y), and the corresponding map f on Submf(X, Y) has the 
property that f(X,)=f(ue49)=1 and f(X,)+0 only if X,eq(U). In order to 
obtain such a function we choose open relatively compact neighborhoods U, of 
Jo(X) in E, U, of X in TX, U, of Ts .(U,) in TE and we define Uo <T(p) by 
Uo:= {sel (p); AX)SU,, Ts(U,)<U;}. By (4.7.1) there exists a smooth function 

fol(@-R with fofao)=1 and fo(s)40 only if seU. Now define 
f:Emb(X, Y)>R by 


yf fou" begs(peu™teg)') ifgeU 
o=] 0 ifg¢U 


Obviously f(u ° 49) = fo(ao) = 1; f(g) 40 implies g e U; and f is constant on orbits. 
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It remains to prove that f is smooth. It is enough to show that for any smooth 
curve c:R>Emb(X, Y) the composite f °c is smooth in a neighborhood of zero. 

We first consider the case where c(0)e U. Then c(t)e U for t in a 0-neighbor- 
hood V, hence c(t)(X)Gu(£) and thus trepeu™toc(t) is a smooth curve 
V—Diff(X). Using that Diff(X) is a smooth group one concludes that also 
trs(peu ‘°c(t))~* is smooth into Diff(X), and since Diff(X) acts smoothly on 
Emb(X, Y) the curve tros(t):= u~ t ° c(t)o(peu™!c{t))~+ is smooth from V into 
F(p). Thus f°c=fo°s is smooth on F. 

We now consider the case where c(0)¢ U. We want to prove that then f(c(t)) 
=0 for sufficiently small t. If c(O)(X)Eu(U,), ie. there is an xeX with 
c(0)(x) €u(U, ), then c(t) e {g; g(x) e Y\u(U,)} and thus c(t)e U and f(c(t))=0 for 
sufficiently small t. If c(0)(X) S u({U,), then c(t) € {g;g(X) S u(E)} for t sufficiently 
small. Thus h:= peu~+ec is a smooth (locally defined curve) into C°(X, X). 
Since c(0)¢U one has that ho:=A(0)¢Diff(X). We want to show that 
h(t) Diff(X) for t sufficiently small. Suppose there are t,>0 with 
h,= h(t,) € Diff(X). Let us show first that ho is an immersion: Admit T,,.ho(€,)=0 
for some 04€,67,X. Let s=u t oc(ta oh; ter(p). Then Ta, Thy éx 
= Thane hA (E) = Tu t o elt,)) E> Tlu tee) E =0 for nooo. Since 
Th, -&,-Th- é,, the fibre multiplication Ru TX + TX is continuous, and U, is an 
open neighborhood of X in TX, we may choose r,-00 with r,-Th,-é,¢€U 2. 
Then r, Taos Thi é= Tan (ra Th, és)EU3 S U3. Since r, >% and 
Tan’ Th,’ ë —>T(u~ te c(0))- éL #0 this is a contradiction with the (sequential) 
compactness of U4. 

Now we can use (v) of (4.7.3), namely that Diff(X) is closed in Imm(X, X). Thus 
ho is, as limit of the diffeomorphisms h,, also a diffeomorphism. This is a 
contradiction, and hence f(c(t)}=0 locally. 

Since we just proved that q(U) is open in Submf(X, Y) we may conclude that 
the map U-I(p) defined by grou~!oge(peu +g)” * induces a diffeomor- 
phism g(U)-IT(p) with inverse stog(uos). Thus Submf(X, Y) is a smooth 
manifold modelled on convenient vector spaces. O 


4.78 Theorem. Let X be a compact and Y any finite-dimensional smooth 
manifold. The map q:Emb(X, Y)—>Submf(X, Y), gg(X) defines a smooth prin- 
cipal fibre bundle with typical fibre Diff(X), i.e. there is an open covering of 
Submf(X, Y) by sets W for which there exist diffeomorphisms 
q` (W) WnDiff(X) which composed with pr; : WnDiff(X)—>W gives qla- 1m) 


Proof. That the map q defines a fibre bundle follows immediately from the 
preceding proposition, where we proved that g(U) is open in Submf(X, Y) and 
qy:U-q(U) corresponds via the diffeomorphism U-—T(p)nDifi(x) 
—q(U)nDifi(X) to the projection pr,:q(U)mDiff(X)—>q(U). 

It is a principal fibre bundle since Diff(X) acts on Emb(X, Y) and the fibres 
are exactly the orbits of this action. | 
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4.7.9 Remark. All the manifolds of mappings that we considered in this 
chapter are in fact modelled on nuclear Fréchet spaces since the models are 
spaces of sections of finite-dimensional vector bundles. These spaces of sections 
are Fréchet spaces by (4.6.24). That they are nuclear follows from the fact that 
c™(U, R”) is nuclear if U € R" is open, cf. [Jarchow, 1981, p. 498]. 


4.8 Theorems on inverse and implicit functions 


In this section the differentiability properties of inverse and implicit functions 
are discussed. They depend on those of the inversion map s 272" 1, æ invertible 
in L(E, E), which we study first. 


4.8.1 Definition. For a convenient vector space E we denote by GL(E) the 
subset of the convenient vector space L(E, E) formed by the Con-isomorphisms 
together with the bornology and %/"-structures (ke No, «) induced by those of 
L(E, E). With inv:GL(E)>GL(E) we denote the map » rom t. 

If f:U>V is a Lip'-diffeomorphism between M-open subsets U and F of E 
then differentiation of the equations f° f~'=id and fto f=id shows that 
f'(x)€ GLE) for all xeU and that (f~*):V->L(E, E) is the composite of the 
maps VU GL(E) "4 GL(E) S LE, E). 


4.8.2 Lemma. Let c:R>GL(E)SL(E,E) be Zig" and invec:R-+L(E,E) be 
bornological, then inv °c: R>L{E, E) is Lip". 


Proof. Let us prove the statement first for k=0: 


LOEO (=) sinv(e(s) 
= —comp(inv(c(t)), aa inv(c(s))). 


Using that comp is 3-linear and bornological and invece and (t,s)> 
(c(t)— c(s))/{t —s) are bornological, we conclude that ô(inv °c) is bornological, i.e. 
invecis Lp. 

Let now k>1. We first show that inv ° c is weakly differentiable: Consider for 
fixed s the map t++—comp(iny(c(t +), dc(s, t+) inv(c(s))). It is Lip? since 
both coordinates are so. Its value is (inv(c(t+s))—inv(c(s)))/t for t#0 and 
—inv(c(s))° ¢'(s) ° inv(c(s)) for t=0. Hence 


£ (mee +3))—inv(c(s)) 


7 : +inv(e(s))° c'(s)° inve) ); OF |t|< i 


is bounded and therefore (inv c)(s) exists and equals -inv(c(s)) « c'(s) + inv(c(s)). 
From (invec) =—compe(invec,c, invec) the statement follows now by 
induction: The map comp is 3-linear and bornological and by induction 
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hypothesis the first and the last coordinate is “*~ ', as is the middle one, hence 
the left side is “~*~ * and consequently inv °c is Hp". o 


In the next theorem we will need the following 


4.8.3 Lemma. Let fe L(E, E) be such that there exists a unique g e L(E, E) with 
g°f=id. Then fe GL(E). 


Proof. Obviously it is enough to show that also f° g=id. Since g° f=id one 
has f° g° f =f. Thus fe g=id on f(E). And since linear morphisms are continu- 
ous for the locally convex topology one even has f° g=id on the closure f(E) 
with respect to the locally convex topology. Thus it is enough to prove that f(E) 
= E. Admit that there exists an x, € E\ f(E). By the Hahn—Banach theorem there 
exists an fe€E' with ¢|p)=0 and ¢(xo)40. We put gi'=g+xo'/, where 
(xo: 2)(x):=4(x)x9. Then gı € LE, E) and g,°f=g°f+xo:(¢°f)=id +0=id, 
hence by the assumption that f has a unique left inverse we conclude that x,-7 
=g,—g=9. This is a contradiction to ¢((x9°¢)(Xo)) =4(%9)? £0. O 
Now we can apply this to prove an inverse function theorem: 


4.8.4 Theorem. Let U and V be M-open in a convenient vector space E, f:U >V 
a bijective Lipă se If ft a Lif?-map and f'(x) has a left inverse in L(E, E) for 
all xeU then f~* is.a Lip'-map too, i.e. f is a Lcp'-diffeomorphism. 


Proof. For k=0 we have nothing to prove. So let k>1 and g:=f 7t. 

First we want to show that g is weakly differentiable and dg is uniquely 
determined by dg(y,_)° f’(g(y))=id. So let ye V, we E, x:= g(y) and we L(E, E) 
be an arbitrary left inverse of f(x), i.e. »°f’(x)=id. We claim that g is weakly 
differentiable at y in direction w and dg(y, w)=»w). For this we have to 
consider the Yf°-curve c: tg(x+ tw). Then 


Ue ww) = (we 9 f(x) ame o) ww) = a(r (x) (ee 2) v) 


t 


ma t 0 
So it is enough to show that r{t):=f'( (12 leat ’) w converges weakly to 0 


for t>0. One has 


ae ro(2) SAE (M) fle(t)) —flet0)) 


t t t 


í Í eS etste- aoas 270) 
0 


Since the map (t,s)->x+s(c(t)—c(0)) is 2:4? into E and (0, s)+x=c(0) we 
conclude that g:(t,s)— f'(x)— f'(x + s(c(t)— c(0))) is defined in a neighborhood 
of {0} x [0, 1] and is 44° into L(E, E). Thus t-+f}g(t,s)ds is defined and 44° 
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on a neighborhood of {0}. Hence {} g(t, s)ds is M-convergent to f59, s)ds=Oin 
L(E, E) for t—>0 and, in particular, it is uniformly M-convergent in E on the 


bounded set 
(r)—c(O 
en A ozre}, 


where I is some bounded open interval containing 0. From this we conclude that 


Pa { "eas (<2 at =o) 


converges (Mackey, hence weakly) to 0 for t0. 

Since the differential d/(y,_) is unique we conclude that the left inverse + of 
f'(x) has to be unique and thus f'(x)e GL(E) by (4.8.3) and dg(y, J=[f'()1 71. 

Using that g is 4° and that the weak differential dg exists we conclude from 
(4.3.10) that dg: VmE->E is Liz t. This implies that g’:=(dg)’:V—>L(E, E) 
is Lip * 

Finally we show by induction on k that g':V>L(E,E) is 2:4" 1:Let 
us consider the factorization g'=inv’ f'eg and let c:R>V be a Lipt- 
curve. Then by induction hypothesis e=f’°g°c:R-GL(E) is Lip kt and 
invee=g'oc:R-L{E, E) is bornological. Hence by (4.8.2) one caine that 
g°c=invoeis Likt t, ie. g'is Zit, and thus g is Hp". go 


Let us give as corollary an implicit function theorem: 


4.8.5 Theorem. Let f:INU>E be Lip" (k>1), where U is M-open in E, and 
I an open interval in R. If one has a Lef°-curve c:1—>U solving the equation 
f(t,c(f))=0, and such that ô, f(t,c(t))e GL(E) and tô, f(t, elt) t is borno- 
logical, then c is Lup*. 


Proof. Consider the %/"-map f= (pri. f) nU —>InE. Then T x)(s, v) 
=(s, 0; f(t, x)s +0, f(t, x)v) and therefore f’(t, c(t))eGL(RME), the inverse map 
being (s, vo) (s, — 4 f(t, c(t)" + 3, f(t, c(t) s+ 45 f (t, eft)" 1). Consequently 
inve f’ (1, .¢) is bornological. Furthermore ¢:=(lp.c):J>InU is & f° and 
(fo ED = f(t, c(t)) =(t, 0) is smooth. By the proof of the inverse function thearets 
(4.8.4) we conclude that ¢ is 2:4" and hence c=pr,°¢ is also Zp". oO 


5 DIFFERENTIABLE MAPS 
AND CATEGORICAL 
PROPERTIES 


In section 5.1 it will be shown that there exist free convenient vector spaces over 
Lipk-spaces, ie. that the respective forgetful functor has a left adjoint. This 
means that to every &f'-space X one can associate a convenient vector space 
AX together with a “p*-map 1x: X—>AX such that for any convenient vector 
space E the map (1y)*: L(AX, E)> Lf"(X, E)is a bijection. The space AX can be 
obtained as the Mackey closure of the linear subspace spanned by the image of 
the canonical map X> W"(X, RY. 

In the case where k= œ and X is a finite-dimensional smooth manifold we 
prove that the linear subspace generated by {foev,; xe X, fe E'} is Mackey 
dense in C“(X, EY. From this we conclude that the free convenient vector space 
over a manifold X is the space of distributions with compact support on X. 

The existence of free convenient vector spaces over ¢”-spaces X is also 
proved, and in this case an explicit description of AX is given, namely as the 
space of those functions f: X +R for which the support supp( f) is bounded and 
¥x1f(%)|< 00, together with the bornology for which a set of functions f is 
bounded iff U,supp(/) is bounded and sup,}’,| f(x)| < œ. Since for any set X 
with its coarse /”-structure this construction gives the usual Banach space ¢1X 
it is natural to write 7'X instead of 1X also for an arbitrary ¢”-space X. On the 
product of (1X with 7° X:=/%*(X, R) one can define a bilinear bornological 
function (f,g)>), f(x)g(x) and show that it induces an isomorphism 
(¢'X) =é°X. But already /'X can be identified with the dual of some con- 
venient vector space co X by a restriction of this bilinear function: one takes as 
CoX the subspace of /*X formed by those functions g: X +R for which supp(q) 
is countable and for which for any e>0 the set {xe X;|g(x)|>e} has a finite 
intersection with every bounded subset of X. In the case that X is any set with its 
coarse /”-structure one gets the usual Banach space c)X associated to the set X. 

In section 5.2 we consider convenient co-algebras. They are defined in a way 
dual to convenient algebras. We show that in the cases Æ =/* and M =C" the 
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functor A: .@-»Con constructed in section 5.1 lifts to a functor into the category 
ConCoAlg of convenient co-algebras. The proof is based on the result that A 
carries finite products to tensor products, and these are exactly the categorical 
products in the category ConCoAlg. Furthermore, we construct a right adjoint 
to A: .-»ConCoAlg. It is obtained by taking for a given convenient co-algebra 
the subset of co-idempotent elements with its induced .#-structure. The duality 
functor of Con lifts to a functor from ConCoAlg to the category 
ConAlg of convenient algebras and the isomorphism between the convenient 
vector spaces (AX) and .#(X,R) becomes an isomorphism of algebras if 
M(X, R) is considered with the pointwise defined algebra operations. In case 
4=¢° we show that the functor /* is even an embedding of ¢” into 
ConCoAlg. 

In section 5.3 we search for classes of convenient vector spaces that are stil 
closed under the important constructions developed so far but whose spaces all 
have additional properties. For this we describe the smallest subclasses that are 
closed under certain constructions (like function spaces and finite products) and 
contain the finite-dimensional vector spaces. Then we give several examples 
showing that most of the properties one might look for (like existence of 
solutions of various types of equations) fail even for spaces in these smallest 
classes. 

In section 5.4 we consider the concept of reflexivity associated to the internal 
duality functor described in section 3.9. We investigate its relationship to more 
classical reflexivity concepts. It is shown that for a finite-dimensional smooth 
manifold X the space of smooth functions C”(X, E) is reflexive if and only if E is 
reflexive. This is also generalized to certain infinite-dimensional manifolds X. 


5.1 Free convenient vector spaces 


5.1.1 Theorem. For every %cp'-space X where ke No, œ (resp. ¢”-space X) 
there exists a convenient vector space AX and a Lip'-map (resp. ¢”-map) 
ly: X-AX with the universal property that every Li~'-map (resp. ¢”-map) 
g: XE from X into a convenient vector space E factors as g =g° 1x with a unique 
linear Con-morphism g: AX > E. One calls AX therefore the free convenient vector 
space over X. It can be constructed as the M-closure of the linear subspace of 
Lift (X, RY (resp. €°(X, RY) generated by the point evaluations ev,, with 
iy(x)=ev, for xeX. Categorically this means: one has a functor 
A: Lipl'—+Con (resp. A: €°—>Con) which is left adjoint to the respective forgetful 
functor and 1 is the unit of the adjunction. 


Proof. In order to treat both cases simultaneously we write . for either Zp" 
or @°. We first describe a functor A,:.@—sPre which is left adjoint to the 
forgetful functor sPre>.#. For any M-space X we consider the convenient 
vector space .@(X,R) (for .@(X,R) see (3.6.1) if m=¢™ and (4.4.3) if 
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M = Lij"). The canonical map ty: X—>M(X, RY, defined by 1,(x)(g):=g(x) for 
xeX andgeM (X, R), is an .@-morphism as one easily verifies by using that the 


«fl -structure of a dual of a convenient vector space is the initial one induced by: 


the evaluation maps, cf. (3.9.2). Moreover, the -structure of X is the initial one 
induced by ty; in fact, if Z is any .@-space and f:Z>X a map such that 
lyf: Z>.M(X, RY is an .@-morphism, then so is ev,°ly*f=gf for all 
ge.M(X, R), which implies that f: ZX is an .@-morphism. 

One now defines 4,X to be the linear subspace of (X, RY generated by the 
image 1y(X ), together with the Pre-structure induced from .@(X, RY. Then 1,X 
is a separated preconvenient vector space and ty induces an initial -morphism 
ty: X1,X. We now verify that one has the universal property for 4: 
~@—sPre being a left adjoint to the forgetful functor, namely: any 
-4@-morphism f: XE into a separated preconvenient vector space E factors in a 
unique way as f=fo1y with some linear -f-morphism (i.e. 
sPre-morphism) f:4,X-E. Uniqueness is trivial since f(1x(x))=f(x), 
{tx(x);xeX} generates 1,X and f is linear. For the existence of f we use the 
sPre-morphism tg: EI1,R, characterized by pr;o1,=/ for all eE’, and 
which is initial by the special embedding lemma (2.5.5). Let fy: .@(X, RY >T],-R 
be the sPre-morphism characterized by pr;fy=ev, „s for all fe E’. Then 
Jo°tx=lgef as verified by composing with pr,. So fo(ty(X))<i,(E), and 
since fy is linear and A,X is the linear subspace generated by 1,(X) one has 
fol, X)Si,(E). Therefore fol x: 4X >My R factors as Yolav=tal where 
f:4,X >E is the desired sPre-morphism. 

Since the completion functor ©: sPre—>Con is left adjoint to the inclusion 
Con~sPre, cf. (2.6.5), the composite 4:=@ /,:.@—Con is left adjoint to the 
corresponding forgetful functor. In order to show that @(A,E) can be obtained 
by taking the M-closure of A,X in .“@(X, RY, we verify that condition (2) of (2.6.7) 
is satisfied. We show that every fe(A,X) extends even to a morphism 
M(X, RY>R. So let fe(,XY. Then g:=fe1ye.@(X,R), hence ev,e 
M(X, RY”. Since ev,(ty(x))=1y(x)(g) = g(x) =2(1,(x)) one has Vg) x9 lo 
and hence ey,|,¥=¢|,x=7. 


5.1.2 Corollary. For any Lijă-space (respectively ¢”-space) the map ly: X AX 
into the free convenient vector space is an initial Lifk-morphism (respectively 
£” -morphism). 


Proof. Again we treat both cases simultaneously. The structure of an ./-space 
X is the initial one induced by the family of morphisms f: XR. Since all 
these morphisms factor by the universal property over 1, it follows that ly is 
initial. ig 


5.1.3 Proposition, The bijection Yip'(X,E)>L(AX, E) (respectively £°(X,E)> 
L{AX, E)) obtained according to the adjunction of the preceding theorem (5.1.1) is a 
Con-isomorphism. 
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Proof. Again we treat both cases simultaneously, with “= Ligă or “=f”. 
The map h: .@(X, E)> L{AX, E), whose action f/f was described in the proof 
of (5.1.1), is obviously linear. By (3.6.5) it is a Con-morphism provided 
ev,ch: M(X, E)>E is so for all ze 4X, or equivalently / ° ev,° h: M(X, E )>R 
is so for all zeAX and fe¢E’. According to the construction of f=h(f) 
one has (fcev,ch)\(f)=2(¢of)=(zo%,)(f) and the result follows since 
ZEAXSM(X, RY and ¢,: M(X, E) > M(X, R) is a Con-morphism. 

The verification that the inverse map h~ + is a Con-morphism is much simpler. 
Again it is enough to show (cf (3.6.6) and (4.4.7)) that ev,ch™?: 
E(AX, E)> M(X, E)>E is a morphism for all xe X. This is obvious, because 
h-+4(g)=g° ty =1%(g) and hence ev,° h7! =€V, (x), Which is a morphism. C] 


5.1.4 Corollary. For any Zig"-space (respectively ¢%'-space) X the function 
space Lip*(X, R) (resp. 2°(X,R)) is up to an isomorphism the dual of the 
convenient vector space AX. 


We have constructed the free convenient vector space AX over a “if"-space X 
as the M-closure of the linear subspace generated by the point evaluations in 
Lift (X, RY. This is not very constructive, in particular since adding M-limits of 
sequences (or even nets) of a subspace does not always give its M-closure. In the 
case that X is a finite-dimensional smooth manifold we show, however, that not 
only AX =C*(X, RY, but even that every element of AX is the M-limit of a 
sequence of linear combinations of point evaluations, and that C°(X, RY is the 
space of distributions of compact support. 


§.1.5 Proposition. Let E be a convenient vector space and X a finite-dimensional 
smooth separable manifold. Then for every f e C” (X, EY there exists a compact set 
KEX such that (( f)=0 for all feC”(X, E) with flg=0. 


Proof. Since X is separable its compact bornology has a countable basis of 
compact sets {K,;neN}. Assume now that no compact set has the claimed 
property. Then for every neN there has to exist a function f e C” (X, E) with 


filx,=9 but ¢(f,)49. By multiplying f, with n/¢(f,) we may assume that 


f(f,)=n. Since every compact subset of X is contained in some K, one has 
that {f neN} is bounded in C%(X, E), but ¢({f,;nEN}) is not; this con- 
tradicts the assumption that / is a morphism. 


5.1.6 Remark, The proposition above remains true if X is a finite-dimensiona 
smooth paracompact manifold with non-measurably many components. In 
order to show this generalization one uses that C”(X, E) is the product 
Il,;.7C”(X,, E), where {X;; jeJ} is the partition in the non-measurably many 
components and the fact that an ¢ belongs to the dual of such a product if it is a 
finite sum of elements of the duals of the factors, cf. (3.9.5). Now the result follows 
from (5.1.5) since the components of a paracompact manifold are paracompact 
and hence separable. 
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For such manifolds X the dual C”(X, RY is the space of distributions with 
compact support. In fact, in case X is connected, C™(X, RY is the space of all 


linear functionals which are continuous for the classically considered topology - 


on C”(X, R) by corollary (4.4.41); and in case of an arbitrary X this result 
follows using (3.9.5) and the isomorphism C”(X, R)=T1,C“(X;, R), where the 
X; denote the connected components of X. 


5.1.7 Theorem. Let E be a convenient vector space and X a finite-dimensional 
separable smooth manifold. Then the linear subspace generated by {£ oev,;xEX, 
£e E'} is M-dense in C®(X, EY. 


Proof. The proof is in several steps. 
(Step 1) There exist g pe C” (R, R) with 


( = 2 2 
SUPP\Gn) = = 


such that for every feC”(R,E) the set {n-(f—Yrczflta, Gn. MEN} is 
bounded in C*(R, E), where r, ,:=k/2" and gn, .(£):=@nlt —Tn, x): 

We choose a smooth h: R>[0, 1] with supp(h)<[—1, 1] and Vixezh(t—k)= 1 
for all teR and we define Q": C”(R, E)—>C”(R, E) by setting O'(f)(O:= 
Ye f(k/mh(tn—k). Let KER be compact. Then 


nQ- =E k/n -Sf n htn— hye B(s K-+supp() 


for te K, where B,(f, K,) denotes the absolutely convex hull of the bounded set 
ô"f(K{P). 

To get similar estimates for the derivatives we use convolution. Let h,: RoR 
be a smooth function with support in [—1,1] and [gh,(s)\ds=1. Then for 
teK one has (f*h,)(t):= fr f(t—s)h,(s)ds e Bo(f, K +supp(h,)):|| 4; lı; where 
Ih l= frlA(s)|ds. For smooth functions f: R>R one has (fh) =f h®; one 
immediately deduces that the same holds for smooth functions f: R-E and one 
obtains (f#hy)O—-SO=Ia(f(e—s)—fO)h,(5)ds € diam (supp(h,))- [I Ay lli’ 
B,(f,K+supp(h,)) for teK, where diam(S):=sup{|s|;seS}. Using now 
h,{t):= 1 bh, (at) we obtain for te K: 


(Of) #h, —fPO=(O( Sf) + hP —fe hP)O+(F© #h, f= 

OA) -APO HO #h, fe BOS) —F K +supplh,)): | hn? li + 
B,(f®, K + supp(h,))-diam(supp(h,))°|| My ll, S 

m nB (J; K +supp(h,) +i supp(h)): A0 li + By(f®, K +supp(h,)) Il Malla. 


Let now m:=2" and P*(f):=O"(f)«h,. Then 
n-(Pf)—f) ent 12-"-B, (s Kaiz )i=i 1] ) IË: 


1 
+B, K+ [-L iD lh 
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for teK and this is uniformly bounded for neN. With g,(t):=Jph(s2"—k) 
h,(t +k2~"—s)ds={gh(s2")h,(t—s)ds we obtain P"(f)(t)}=(Q?"(f)*h,)Q= 
Via b(k2~"){ah(s2”— k)h,(t—s)ds =} p f(k2~")g,(t-—k2~"). Thus r,,,2=k2~" and 
the g, have all the claimed properties. 

(Step 2) For every meN and every feC*(R",E) the set 
{n-(f-Yieez oe keZ f Ow kise k Gn heey pik ne N} is bounded in c@(R™, E), 
where Pki ali fer nyeoe sem Ey ead and In: ky Me 192+ + Xm) 
Yn, aa) © + + Gn, tmm): 

We prove this statement by induction on m. For m= 1 it was shown in step 1. 


Now assume that it holds for m and C”(R, E) instead of E. Then by induction 
hypothesis applied to f“ eC °(R”, C”(R, E)) we conclude that 


{n-(f—Sis cz, ERRE Kmed SI (ln tes Pen km? Gn; ki peng tmb HEN} 
is bounded in C®”(R"*!, E). Thus it remains to show that 


{nÈ n Mee, kmn; kip... tmf Pas te: A km’ _) 
— Sime fast: Apnea km? E. E + 135 neN} 


is bounded in C*(R"*', E). Since the support of the gm r,,,.., tm 18 locally finite 
only finitely many summands of the outer sum are non-zero on a given compact 
set. Thus it is enough to consider each summand separately. By step 1 we know 
that the linear operators h> n(h—2Z,h(Fy, Gn, x) (nE N) are pointwise bounded. 
So they are bounded on bounded sets, by the linear uniform boundedness 
principle (3.6.4). Hence 


Pte Sein 


{n (fuk ME ken? I Dohme: fn ks een tm Fema Øn imah AEN} 


is bounded in C”(R”+?!, E). Using that the multiplication RNE-E is a 
morphism one concludes immediately that also the multiplication with a map 
geC*(X, R)is a morphism C“(X, E)>C™(X, E) for any smooth space X. Thus 
the proof of step (2) is complete. 

(Step 3) For every £eC™(X, EY there exist x, „€X and £, EE such that 
{M—F eln n° &Vs,,)32EN} is bounded in C%(X, EY, where in the sum only 
finitely many terms are non-zero. In particular the subspace generated by 
f,oev, (lge E’, xe X) is M-dense. 

By (5.1.5) there exists a compact set K with f|g =0 implying 7( f)=0. One can 
cover K by finitely many relatively compact U,=R" (j=1...N). Let 
{hj;j =0...N} bea partition of unity subordinated to {X\K, U,,...,Uy}. 
Then ¢(f)=),7_, f (hyf) for every f. By step 2 the set {n(h; f- h; fnt, send) 
In, kis.. skm)s HEN } is bounded in C*(U;, E). Since supp(h;) is compact in U; this 


is even bounded in C“(X, E) and for fixed n only finitely many r,,,,,...., Ps 


belong to supp(h,). Thus the above sum is actually finite and the supports 
of all functions in the bounded subset of C*(U;,E) are included in a 
common compact subset. Applying / to this subset yields that 
im) HEN} is bounded in R, where 
km X). TO complete the proof one 


CARDINA kis tm ° OV n, sy 
En, TERTA km (x)= (h(n, Pieris kmn; ki 
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only has to take as x, , all ther, 4,,..., 
and as /, , the corresponding functionals ¢, x, 


x, for the finitely many charts U;=R" 
kn EE. 


TETE 


5.1.8 Corollary. Let X be a finite-dimensional separable smooth manifold. Then 
the free convenient vector space AX over X is equal to C”(X, RY. 


Now we will give an explicit description of the free convenient vector space 
AX over an arbitrary f ”-space X. We shall show that every element of 2X is M- 
limit of a sequence of linear combinations of point evaluations and we identify 
AX with a space ¢'X of functions XR. In general AX is strictly included in 
£"(X, RY. 

We use infinite sums of reals and start by recalling their definition and basic 
properties. 


5.1.9 Definition. For any set J we denote will #,(J) the set of all finite subsets 
of J, directed by inclusion. And for a family t;( jeJ) of reals, Vie zt; denotes the 
limit of the net ,(J)>R defined by Jo $ jesot; for Joe P;(J) (by definition 


Liew t= 0). y 
Obviously any sum equals the sum of its non-zero terms. 


5.1.10 Lemma. 


(i) If } jest; exists, then {je J; t;+0} is countable. 
(ii) If > jesltj| exists, then Y jest; exists and IS l< dll. 


Proof. (i) follows since for any ne N the set {jeJ;|t,|=1/n} has to be finite. 
(ii) follows using the Cauchy condition and the triangle inequality. O 


§.1.11 Definition, For an ¢*-space X we define: 


(i) ¢'X denotes the space { f: X +R; supp f= X bounded and ||f ||, < 00} with 
the bornology given by: B&?'X is bounded iff U peg supp fE X is bounded and 
{If las fe B}SR is bounded; where ||f |,=) exif. 

One easily verifies that +X is a convex bornological space. 

(ii) 7} X denotes the subspace {f: XR; supp f is finite} of ¢’X with the 
induced bornology. 

Obviously 7} X is a linear subspace and hence also a convex bornological 
space. 


5.1.12 Proposition, For any ¢*-space X the map <_,_>: ¢'Xn@*(X, R)>R 
defined by (f, MRK A QD= Ve x f(x)-g(x) is a bornological bilinear function. 


Proof. Let A be bounded in X and f: XR be such that supp fA. Let 
g. XR be bounded on A and |/g|4\\,.:=supp{|g(x)|; xe A}. Then 1 f(x)g(x)| < 
Ifilaiiglall.. From this inequality it follows that <_,_> is well-defined, cf. 
(ii) of (5.1.10). It is obviously bilinear and it is bornological by the same 
inequality. 
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We will show that 7X is a convenient vector space and that the bilinear 
function <_,_> of (5.1.12) induces an isomorphism 4*(X, R)=(¢1 XY. Further- 
more, fX will turn out to be itself the dual of some other convenient vector 
space. 


5.1.13 Definition. For any ?”-space X we define: 


(i) coX denotes the Pre-subspace {g: X >R; supp g is countable and for every 
e>0 and ASX bounded the set {xe A;|g(x)|>e} is finite} of 7°(X, R). 
(ii) 7° X denotes the Pre-subspace {g: XR; supp g is finite} of 7*(X, R). 


5.1.14 Proposition, For every -space X the space cyX is a convenient vector 
space. 


Proof. Using the closed embedding lemma (2.6.4) it is enough to show that coX 
is M-closed in ?*(X, R). So let g be the M-limit in 7”(X, R) of a sequence 
(gn) E Co X. Since supp g € Unen supp g, and each g, has countable support the 
same is true for g. Assume that for some bounded ASX and some e>0 there 
exist infinitely many xe A with |g(x)| >e. Since the functions g, converge to g 
uniformly on A there exists an n such that | g(x)—g,(x)|</2 for all xe A. Hence 
\9,(x)|>e/2 for infinitely many xe A, in contradiction to g,é¢)X. 


5.1.15 Corollary. For every ¢*-space X the Con-structure of cọX is the initial 
one induced by the family ev,.: Co X >R (x e X). Furthermore, the bornology of coX 
has a basis of o(coX, {ev,; xe X })-closed sets. 


Proof. Both results follow from the corresponding ones of ¢”(X, R), i.e. (3.6.6) 
and the example (iv) of (4.1.21), and the initiality of the inclusion of c)X in 
£°(X, R} oO 


5.1.16 Proposition. Let <—,—): £ XOL S X—>R be the restriction of the bilinear 
map in (5.1.12). The-induced map f< f, > is an isomorphism £'X =(£2 XY. 


Proof. Proposition (5.1.12) implies that g: fX —(/ X)' defined by f>< f_> 
is a linear bornological map. 

Now we construct its inverse y. Let y,¢72X denote the characteristic 
function of {x}. Let /e(72° XY; we define (¢): X>R by yl (x):=£ (xXx). Suppose 
B is a bounded subset of (7° XY. We claim that then 


(i) Usegsupp Wf SX is bounded; 
(i) {Zex Yll; fe B} SR is bounded. 


Both statements are proved indirectly. 

Assume first that (i) fails. Then by (1.2.5) there exist points x,¢\U supp yf 
(keN), all different, and such that only the finite subsets of {x,;keN} 
are bounded. One chooses f eB such that t,:=wW?,(x,)40 and puts 
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Je™=(k/t)Xxy Then {f,;keN}<?2X is bounded since on any bounded 
subset of X this set of functions takes only finitely many values. Therefore 


Btf,s keN} is bounded which is a contradiction because it contains for any - 


keWN the value 


k k 
=r and =F (WE) ) =k. 


Suppose now that (ii) fails. Then one can choose for keN elements /,¢B 
with $ eyl /dx)|>k; and A,<X finite with Vives, |W CAx)|>k. Define 
fAx):=sign(W?,(x)) for xe A, and f,(x):=0 for x¢ A, Then {fikeN} er? X is 
bounded. Therefore B{f,; keN} is bounded which is a contradiction because it 
contains for any ke N the value 


OC fe) =; He Ex il) Xx) = Fear dee) r 
Z xean SEY AC) WE) = D erl VEAIS k. 


(i) and (ii) together have two consequences: for any /e(¢° XY one has ylet'X, 
Le. w is a map (l XY—>/'X;, and this map is bornological. 

It remains to verify that pọ and w are inverse to each other. That y ° ọ =id is 
easily verified: (p(f))(x)=(0f (4) =< Sf Xx =f). Now the converse com- 
position: let 7e(¢°X) and gel? X. Since g is a finite sum }'g(x)z, one obtains 
PUAN) = Lao (4))(a.)= Lae (x)= V9) (42) =4 (LG xx) =2(9)- 

E 


5.1.17 Corollary. For any ¢®-space X the space ¢'X is convenient. 


5.1.18 Proposition. For any f”-space X the space cX is the completion 
OLEX) of C2X. 


Proof. We first show that 7° X is M-dense in cX. 

Start with a g €cọX for which there exists an e>0 such that |g(x)|>e for all 
xesupp g. Let a,, a,,... be an enumeration of the countable support of g. 
Define g,e7°X by g,({x):=g(x) for xe{a,,...,a,} and g,(x):=0 otherwise. 
Then B:={n(g—g,);neN} is bounded in coX. In fact, for any bounded ASX, 
the set {xe A; |g(x)|>e} is finite and hence B(A) has only finitely many values. 
Hence the g, are M-convergent to g. 

Let now gécoX be arbitrary. Let A,:={aeX;|g(a)|>1/n}. We define 
9AX)= g(x) for xe A, and g,(x):=0 otherwise. Then the functions g, are of the 
special type discussed above, and thus are M-limits of elements in 7°.X. 
Furthermore, by construction B:= {n(g—g,); ne N} is bounded in cy.X because 
even B(X) is bounded (by 1). 

Using (2.6.7) it is now enough to show that every (e(¢°XY extends to a 
morphism c)X >R. By (5.1.16) ¢ is of the form < f,_> for some fe71X, so by 
(5.1.12) f even extends to 7”(X, R). 
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Remark. According to the proof every gécoX can be written as g= 
M-lim,,... (M-lim,... x Jn, r) Where gn, Ef 2X. However, this does not imply that 
g is an M-limit of a sequence in 7 X as the example (6.3.1) will show. 


5.1.19 Corollary. For every ¢®-space X the map <_, _>:¢' XticyX >R induces 
an isomorphism £* X = (co XJ. 


5,1.20 Proposition, Let X be an £®-space. Then the Con-structure of ¢*X is the 
initial one induced by the family ev,:¢1 X >R (xe X). Furthermore the bornology 
of £'X has a basis of o(¢'X, {ev,; xe X})-closed sets. 


Proof: For the initiality consider a linear map »:E—>¢'X =(c)X) that is 
defined on a convenient vector space E, and such that ev,° 22€ E’ for all xe X. 
Let #:¢°X—E’ be the linear map characterized by #(y,)=ev,.° #. For every 
veE the composite ev,°% extends to the morphism #(v)e(c)X). Thus we 
obtain a map »: coX 11, R defined by pr, ° # = »(v) that is an extension of the 
map igp ° #, where 1p denotes the initial Pre-morphism E’>]1,R. Using the 
M-denseness of f 2 X in co X and the initiality of 1, we obtain a morphism again 
denoted =: Co X— EF’. The original map » corresponds to # via the bijection 
L(E, (eo X)) 2 L(coX, E’), thus is a morphism. 

That the bornology of 7'X has a basis of o(f'X, {ev,; xe X }}-closed sets 
follows from (4.1.22), since the set {7,;x¢X}ScpX separates the points of 
£X =(coXY. oO 


5.1.21 Proposition. For any ¢®-space X the space ¢'X is the completion 
@(€:X) of 2X. 


Proof. We first show that the M-adherence of 3X in ¢1X is ¢'X. So let 
fet'X\2!X, then the support of f is infinite countable. Let {ap ne N} be an 
enumeration of supp f. We define feli X by f,(x):=f(x) for xe {a,,..., ay} 
and f,(x)=0 otherwise. Let t earl | f(a,)|)~*. Since || fll; <0 one has 
Üm,- ot, = 00. An easy calculation shows that {t (f—fa); ne N} is bounded in 
£1X. Thus the f, are M-convergent to f. 

Let us show next that every /¢(2: XY extends to an element of (£ XY. Define 
a map f(x):=¢(y,). Then fef*(X, R), since for every bounded BCX the set 
{Xx xe B} is bounded in 7! X. Using again the map <_,_>: ¢'Xn?"(X, R)>R 
of (5.1.12) we obtain an 7:= <_, f> e(¢' Xy which extends ¢. Thus it follows from 
(2.6.7) that 71 X is the completion of 72 X. a 


Remark. We have shown that every fe/1X is the M-limit of a sequence in £4 X 
which is in contrast to the analogous remark after (5.1.18). 


5.1.22 Theorem. Let X be an £®-space and y: X—>f*X be the map associating 
to xeX the characteristic function x, of {x}. Then y is an ¢°-map having the 
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universal property that every ¢°-map g: X>E into a convenient vector space E 
factors in a unique way as g= > yx with a Con-morphism g: £1 X >E. 


Proof. We will show that the map x: X +7" X is up to an isomorphism the map 
ty: X-AX, which has the claimed universal property by (5.1.1). Let 
gp: ¢'X—+€°(X, RY be the morphism defined by gH<g,_) and let the 


morphism y:¢"(X,R)'>21X be the composite £°(X, RY (cg XY tX, 


where incl: coX—>f™°(X, R) denotes the inclusion and the isomorphism was 
described in (5.1.19). One easily checks the identities po y=1y, Woty=y, Woo 
=id and, using the universal property of iy, one obtains that gow|,, is the 
inclusion of AX in ¢*(X, RY. From this it follows that w\,y is the desired 
isomorphism. 

A more direct proof is along the following lines: let us define g by 
IS ):= F xex f(x)g(x). One easily shows that the series is M-convergent in E and 
thus defines an element of E. It is also not difficult to show that g is linear and 
bornological, and satisfies go y =g. 

The uniqueness is a direct consequence of proposition (5.1.21) 


5.1.23 Corollary. Let g: XY be an ¢”-map. Then there exists a unique linear 
morphism ¢*(g):¢'X—21¥ with the property that for any xeX one has 
LDA) = Xg The functor £+: £° —>Con so obtained is isomorphic to the functor 
A of (5.1.1). An explicit formula for £*(g) is 21g) (¥) = Yiveg- 14) S. 


5.1.24 Corollary. For any ¢°-space X and convenient vector space E one has a 
natural Con-isomorphism €°(X, E) L(¢1X, E). 


Proof. One either uses (5.1.3) and the isomorphism in (5.1.23); or one verifies 
directly that the bijection described in (5.1.22) is a linear bornological 
isomorphism. 


5.1.25 Corollary. The bilinear function £! Xn¢(X, R)OR of (5.1.12) induces a 
Con-isomorphism £"(X, R)&(2' XY. 


5.1.26 Proposition. Let X be a ¢°-space. Together with the point-wise multi- 
plication the space ¢' X is anon-unitary convenient algebra, i.e. a convenient vector 
space together with a commutative and associative multiplication which is a 
bilinear morphism, cf. (3.7.1). Every morphism h: €1X-—R, h#0, of non-unitary 
convenient algebras is of the form h=ev,, for a unique xe X. 


Remark, /1X has a unit iff X is finite. 
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Proof. That ¢'X is a convenient algebra is trivial to verify. Let now h: £'X >R 
be a morphism of non-unitary convenient algebras. Then by (5.1.25) there 
exists a ge¢*(X,R) with h(f)=<fg@> for all fef X. Assume that the 
support of g is not single pointed. So let x, yesupp(g) be different. Then 
0=h(0) = h(x. 7%) =A) = 9)g(y) 40, contradiction. Hence g=t-y, and 
thus h=t-ev, for some xe X and teR. Since t=h(y,)=h((z,)?)=(A) =t 
we conclude that te {0, 1}. Thus h40 implies h=ev, for some x. im 


5.1.27 Remarks 

(i) Since the functor £” —Born has a left adjoint (cf. (1.2.4)) one also obtains 
that the forgetful functor Con-/*—Born has a left adjoint. 

(ii) The inclusion functor “%”—Diff, where Diff denotes the category of 
diffeological spaces of [Nel, 1986] has also a left adjoint (one takes the Zig”- 
structure generated by the curves of the given diffeological structure). One 
similarly obtains that the forgetful functor Con— Diff has a left adjoint. 

(iii) If X is an ¢“-space whose structure is the coarse one (i.e. X itself is 
bounded), then the convenient vector spaces co X, 71.X, ¢°(X, R) are all Banach 
spaces and coincide with the spaces usually associated to the set X, cf. [Jarchow, 
1981, p. 120] and [Jarchow, 1981, p. 26]. 

(iv) Every space of the form ¢'X is up to an isomorphism the dual of a 
convenient vector space, namely c)X. For any convenient vector space £, the 
canonical embedding 1p: EE” yields a retraction 1#: E” >F’ to 1g: E’ +E”. For 
X=N with the coarse bornology, co(N)=c, is an example of a convenient 
vector space which is not isomorphic to a space of the form ¢1X, since ch}=¢” 
and the inclusion co?” admits no retraction, cf. [Jarchow, 1981, p. 207]. 

(v) For k>1 let g: Con> Lif" be the forgetul functor and 4 its left adjoint 
according to (5.1.1). For any convenient vector space E the identity map E-E 
has a unique factorization 1,=/e1,;, where tg is the (non-linear) &*-map 
ip: E> AE and f is a Con-morphism ¢: Ag EE. By differentiation we get, with 
¢,:=(tp)(0), the equality 1,=f07,. We thus conclude that any convenient 
vector space E is a direct factor of one which is free over Ligă. 


5.2 Convenient co-algebras 


5.2.1 Definition. (i) A convenient algebra E is a convenient vector space (also 
denoted E) together with a compatible algebra structure, or equivalently with 
two Con-morphisms 


WEQE>E (called multiplication) 
eRoE (called unit) 


such that with the isomorphisms mentioned in (3.8.4) one obtains the following 
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commutative diagrams: 
uÕid 


EQE (E®E)QOEXE@(E@E) 
| lagn 
E i EQE 


EQ@EZXE@E E<—R®E 


| | |e 
Ho mE EQĞE=EQE 


In words, the multiplication has to be associative and commutative, and e has to 
be a unit with respect to p. 

(ii) The category ConAlg has as objects the convenient algebras and as 
morphisms g: E + F between conyenient algebras E and F the Con-morphisms 
for which the following diagrams commute: 

g&g id 


~ 


E@E F&F R——R 


{ fk p 


E —— F E —F 


(iti) A convenient co-algebra E is a convenient vector space (also denoted E) 
together with a compatible co-algebra structure, i.e. two Con-morphisms 


wWE—>EQE (called co-multiplication) 
ssE>R (called co-unit) 


such that with the isomorphisms mentioned in (3.8.4) one obtains the following 
commutative diagrams: 


a &id 2 S ey pe 
E@E (E®E)@MESEW(EME) 
È [aas 

E i EQE 


5.2 Convenient co-algebras 167 


In words, the co-multiplication has to be co-associative and co-commutative, 
and ¢ has to be a co-unit with respect to u. 

(iv) The category ConCoAlg has as objects the convenient co-algebras and as 
morphisms g:E-—F between convenient co-algebras E and F the Con- 
morphisms for which the following diagrams commute: 


E®E 


| of ef 


In the following .@ shall always denote either C™ or ¢*. We want to show 
that the functor 4:.@-» Con of (5.1.1) lifts to a functor also denoted by 
A: M + ConCoAlg. 


5.2.2 Lemma. Let X and Y be M-spaces, F a convenient vector space and 
f:-AXnAY >F a bilinear morphism, ef. 3.7.1). If fo (iytty) =0 then f=0. 


Proof. For any fixed ye ¥ the map f(_, ty(y)): AX > F is a linear morphism 
and f(, ty(y))oty=0. Hence f(_, 1y(y))=0 by the universal property of ty: 
X > AX. Let now xe AX be arbitrary. Then f(x, _): AY —> F is a linear morphism 
and f (x, _)o1y =0 by the first part of the proof. Hence f(x, _)=0 by the universal 
property of ty: YAY. Since XEAX was arbitrary we conclude that f=0. O 


5.2.3 Lemma. Let X and Y be .#-spaces. There exists a unique bilinear mor- 
phism my, y: AXNAY - A(Xm1Y) that satisfies szy y° (ty Wly)=lyny- 


Proof. By the previous lemma (5.2.2) uniqueness is clear. To show the existence 
consider tyny: Xm Y—>A(XunY). By the universal property of X—AX the 
associated -map X—.W(Y,A(XT1Y)) extends to a linear morphism 
AX —>AM(Y,MXnY)). By the universal property of YAY we have an isomar- 
phism (Y, (Xn ¥))=L(4Y,A(XnY)). Thus we obtain a linear morphism 
AX > L (4Y, A(XnY)) which corresponds by (3.7.3) to a bilinear bornological 
map wy y:AXMAY > A(X1Y). O 


5.2.4 Proposition. Let X and Y be .@-spaces. Then wx y:AXMAY > A(XnY}as 
defined in (5.2.3) has the universal property of the tensor product of AX with AY, i.e. 
A(X Y)ZAXK @AY. 


Proof. Let f: AXnA ¥Y— F be a bilinear bornological map into a convenient 
vector space. Then fe(iymy): Xn ¥— F is an .@-map and by the universal 
property of XnY—>A(XnY) there exists a unique linear morphism 
fcMXnY)—- F satisfying f° ty,;y=fe(tymty). This map f` satisfies also 
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f °mx,y=f, since the composites of both sides with 1,11y coincide and thus 
f° my, y=f by lemma (5.2.2). Uniqueness is obvious, since any solution f~ of 


f ° my, y=f satisfies also f~? tiyuy =f ° my, y ?(lyMly)=fe (1xMly) and hence has - 


to be unique by the universal property of tyny: XOY > A(x Y). B 


Remark. This proposition is rather surprising, since the corresponding state- 
ment: C”(XnY, R) =C” (X, R) C” (Y, R) fails to be true in general, cf. (vi) 
in (7.4.5). 

Now we are able to show that 1X is always a convenient co-algebra. 


5.2.5 Proposition. The functor A: > Con lifts to a functor A: M —> 

ConCoAlg. For any M-space X the convenient co-algebra structure on AX is as 

follows: The co-multiplication is AX Al MX1X)ZA(X)@ A(X), where A 
A(#) 


denotes the diagonal map A: X —> XIX, x+>(x,x). The co-unit is AX 


A({*})2R, where {+} denotes a singleton with its unique .d-structure ((i) of 
(1,1.6)) and where * denotes the constant map *: X > {+}, x+. 


Proof. We show first that AX is a convenient co-algebra. Co-associativity 
follows from the commuting diagram: 


XX XUXNX 


A idnA 


A 
X —— XX. 


Co-commutativity follows from the commuting diagram: 


AMX = XuXx 
Hl a| 
X = X, where the isomorphism is (x, y}—>(y, x). 


That A(*) is a co-unit follows from the commutative diagram: 


X_=_, {#}nX 


|a ee 
Xox = XnXx. 


In order to show that A lifts to a functor it is enough to verify that Af is a 
convenient co-algebra morphism. This follows immediately from (fuf)? A= 
Acfand *of=*. 
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Now we are going to construct an adjoint to A: Æ — ConCoAlg. For this we 
need the 


5.2.6 Definition, Let E be a convenient co-algebra. An element xe E is called 
co-idempotent if e(x)=1 and p(x)=x @x. The set of all co-idempotent elements 
of E is denoted by I(E). 


5.2.7 Proposition. For every convenient co-algebra E the map ev: 
ConCoAlg (R, E)— E yields a bijective map onto the subset I(E) of the co- 
idempotent elements of E. 


Proof. The inverse map is given by xt+(tretx). These two maps define 
obviously a bijection between L(R, E) and E and it remains to show that x is co- 
idempotent iff f.:trotx is a co-algebra morphism: u{x)=x®x gets translated 
into (uef,)(t)=tu(x) = t(x@x)=(tx®x)=(f, Of, )\C@N=(L@AL)(UM). And 
e(x)=1 gets translated into (e°f,)(t)=te(x)=t=e(t). 


5.2.8 Proposition, The map E+>I(E) extends to a functor I: ConCoAlg > M. 


Proof. For a convenient co-algebra we put on I(E) the initial .@-struc- 
ture induced by the inclusion J(E) > E. This extends clearly to a functor since 


e(f(x))=f(etx)) and p(f(x))=(f@f)(u(x)) for any convenient co-algebra 
morphism. 


5.2.9 Theorem. Let æ be either C® or £”. The functor A: M —ConCoAlg 
is left-adjoint to the functor I: ConCoAlg > AM. 


Proof. The unit of the adjunction is given by ty: X > I(AX). That 1y: X > AX 
really factors over I[(AX) is obvious, since gə ly=l,,°4=1:X +R and 
[ly =Iynx°A and hence e(1x(x))=1 and p(ty (x))=ty yx (x, Y= X Ox. 

The co-unit of the adjunction is given by the map n: A(I(E)) —> E associated to 
the inclusion F(E) > E using the universal property of I(E)— A(I(E)), ie. 7 is 
determined by 4° typ =incl: (E) — E. We have to show that this map y is a 
convenient co-algebra morphism. Composed with € it has to be the map 
associated to the composition of ¢ with the inclusion I(E)-» E. Since this 
composite has by definition of F(E) constant value 1, the composite e° is the 
co-unit of A(I(E)). Next consider the composite u24. Composed with typ it 
yields u|; which coincides by the definition of I(E) with the map xx ®x, i.e. 
with 


@Q°A=@2((y2 Lay HH & try) A= @ 2 (ry) > (tri) oA= 
y) Re (tarm) oA=(1®@y)° Lyne A= (A & mo ue LIE)» 


thus neq =(4 81)? u. 
Now let f: X > I (F ) be a smooth map, F being a convenient co-algebra. Then 
there exists a unique linear morphism f% AX > F that satisfies f ° 1y =f. It can 
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be factorized as f =y°4f (Af°ix=trm°f, hence noAfety =qe um f=f and 
noAf=f ) and thus it is a convenient co-algebra morphism as composite o 
convenient co-algebra morphisms. Its well defined restriction FIX) > F) 
composed with iy gives also f. Thus we verified the universal property of 
X > 1(A(X)). 


§.2.10 Corollary. The functor A: M > ConCoAlg preserves colimits. 


§,2.11 Proposition, R2A({*}) is a convenient co-algebra with co-unit 
id: RR and co-multiplication RRQ R, tt: (1&1). Furthermore, the 
co-unit s: E > R of any convenient co-algebra is a convenient co-algebra morphism. 


Proof. That the co-unit and the co-multiplication of A( {*}) correspond via the 
isomorphism R = A({x}) to the mentioned maps is easily checked. The map 
e:E—R preserves the co-unit since idoe=e; and that it preserves the co- 
multiplication p follows by composing the diagram which expresses that g is a 
co-unit with respect to u with the natural isomorphism (_) = R & (). 


§,2.12 Proposition. For any two convenient co-algebras E, and E, the tensor 


x ; z &,@e z 
product E, & E, is a convenient co-algebra with co-unit E, & E, ———> RO R 


%R and co-multiplication E, QE, M1 @ bts (E,@ E,)@(E, © E,)= 


(E, ®E,)®(E, Õ E,). Furthermore, the co-multiplication p: E > E © E of any 
convenient co-algebra is a convenient co-algebra morphism. 


Proof. That E, ® E, is a convenient co-algebra follows by forming the tensor 
product of the corresponding diagrams which express that E, and E, are 
convenient co-algebras. 

That wE > E®E preserves the co-unit follows from the diagram which 
expresses that e is a co-unit with respect to u. That u preserves the ço- 
multiplication can be obtained using the co-associativity twice. Oo 


5,2,13 Proposition, The functor (_)®(_):Con x Con — Con lifts to a functor 
(_)®(_): ConCoAlg x ConCoAlg > ConCoAlg. 


Proof. That this functor is well defined on objects is (5.2.12). So let f: E, > E, 
and g:F; > F, be two convenient co-algebra morphisms. Since one has 
f ®g=(f® F,)°(E, ®g) it is enough to show that f® F is a convenient co- 
algebra morphism. The Con-morphismf® F:=f® id, preserves the co-unit and 
the co-multiplication since f does it. a 


5.2.14 Theorem. A product in ConCoAlg of two arbitrary convenient co- 
algebras E, and E, is given by E,@E, with the projections 
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E, 


Si E,@R2E, and E, QE, nen R & E, S E,. The functor 
A: dl —> ConCoAlg preserves also finite products, cf. (5.2.10). 


E, ®E, 


Proof. By (5.2.13) we know that E, ® E, is a convenient co-algebra and the 
described projections are convenient co-algebra morphisms. So it remains to 
show the universal property. Let E be an arbitrary convenient co-algebra and 
let f;; E >E; (je{1,2}) be two convenient co-algebra morphisms. Define 
FE >E, Q E, by f=(f1 Q f2)? kE > E Q E > E, @ Ep. By (5.2.12) and (5.2.13) 
this yields a convenient co-algebra morphism. That its composites with the 
projections give f, and fa follows since the (f;)* carries the co-unit g; to e, the co- 
unit with respect to u: E> EQ E. 

It remains to show the uniqueness. So let f: E > E, QE, be any convenient co- 
algebra morphism with the property that its composites with the projections 
give fı and f}. Up to natural isomorphisms one has ffe (E Qeuz 
(E, @E2)®e)°(fOf)°u=((E; Ge.) Oe, E ED (fOf)eu=(f@f)ou 

That / preserves finite products is just a reformulation of (5.2.4) since the co- 
algebra structure on the tensor product is the unique one making the projections 
onto the factors convenient co-algebra morphisms. oO 


5.2.15 Proposition. The duality functor (_Y: Con® + Con lifts to a faithful 
functor (_Y: ConCoAlg°? > ConAlg. 
For a given convenient co-algebra E with co-unit € and co-multiplication u the 


dual E' is a convenient algebra with unit RXR’ ied E' and multiplication 
E ÕE +(E@EY E', where the map E' Q E'>(EQEY is the one as- 


sociated to (EN E')n(EnE) = (F'n E)n(E’nE) CXHEY, RoR mult R. 


Proof. The axioms for a convenient algebra are expressed by commutative 
diagrams. For E’ these can be obtained by applying the duality functor to those 
expressing that E is a convenient co-algebra and composing where necessary 
with the natural transformation E’ ® E’ >(E® EY. The map EE’ certainly 
extends to a functor that is faithful since any morphism f: E > F is just the 
restriction of f**: E” > F” via the initial morphisms zg: E > E” and 1p: F > F”. 

O 


Remark. See (ii) in (7.4.5) for an example where E’ ® E’ > (E® EY is not an 
isomorphism. 


5.2.16 Proposition, The functor .@(_,R):M°? Con lifts to a functor 
At (_, R): 4°? + ConAlg such that for any M-space X the algebra operations on 
M(X, R) are induced pointwise by those of R, i.e. ev: M(X, R) > R is an algebra 
morphism for all xe X. 
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Proof. That the pointwise defined multiplication on .@(X,R) is a 
Con-morphism follows immediately since ev,: Æ (X, R) > R (x eX) is an initial 
family. Furthermore, M (f, R) is an algebra morphism since composed with ev, 
it is the algebra morphism ev px} 


§.2.17 Corollary. The functors .@(_,R):.@°? + ConAlg and (_Y °A: M® > 
ConCoAlg °° —> ConAlg are naturally isomorphic. 


Proof. In (5.1.3) it was proved that these two functors considered as 
Con-valued functors are naturally isomorphic, the isomorphism (AX) > 
M (X, R) being given by fl °1x. Thus it remains to show that this iso- 
morphism is an algebra morphism, ie. evy,):fvev,(/°lx) is an algebra 
morphism for all xe X. This follows easily since i(x) is co-idempotent in A(X), 
hence defines a co-algebra morphism R— AX whose dual (1X) > R' = R is 
just eVo 


5.2.18 Lemma. Any co-idempotent element e€AX is an algebra morphism 
M(X, R> R. 


Proof. Being co-idempotent, e satisfies e(e)=1 and p(e)=e®e. When e is 
considered as a functional on æ (X, R) this means the following: e(1)=1 and 
e(xr+h(x, x))=e(xtre(h(x,_))). Choosing h(x, y)=f(x)g(y) one obtains 
e( fg)=e( f )e(g), ie. e: (X, R) > R has to be an algebra morphism. This can 
also be seen by applying the duality functor (_): ConCoAlg (R,AX)—> 
ConAlg (.#@(X, R), R) to the co-algebra morphism R > 1X, tte. 


5,2.19- Remark. For which -objects X does one have I(AX)=X? Equiv- 
alently: when is every co-idempotent element of AX S æ (X, RY of the form ev, 
for some xe X? According to the previous lemma this is true for those X for 
which every convenient algebra morphism .@(X,R) —> R is the evaluation at 
some point of X. We will show in (5.2.22) that this holds for all X in case 4 =£”. 
For the case .@=C™ a large class of spaces for which even every algebra 
morphism C*(X, R) > R is a point evaluation (often called Milnor’s exercise) 
was given in [Kriegl, Michor, Schachermayer, 1985]. 


As in section 5.1 we are able to obtain more results in the case where Æ =7™. 
First we describe the map »y y more explicitly. We recall that x— Xx, X > £ x 
is a description of the free convenient vector space over an ¢*-space X, cf. 
(5.1.22). 


5.2.20 Proposition, For any two ¢*-spaces X and Y the map smy,y: 
t1 Xn! ¥+¢(X 1 ¥) is given by (f, (YF I) 


Proof. The map zzy, y was defined in (5.2.3) as the unique map » that satisfies 
n° (1y ly) =Lxny- Thus »2(Xx, Xp) = Xæ, y) Every fe¢'X can be written as the M- 
convergent sum (i.e. as M-limit of the finite subsums) f= D Sf (x)x,,; see the proof 
of (5.1.21); similarly for geZ'¥. So we obtain m(f, g)= (Df (te. VyI WM Xy) 


5.3 Cartesian closed categories of convenient vector spaces 173 


=). wt QIO A Ly) = Vix S OIX. Using that » is a bilinear mor- 
phism and hence has to commute with M-convergent sums. 


Next we describe explicitly the convenient co-algebra structure on ¢1X. 


5.2.21 Proposition, The co-unit ¢:¢1X > R of the co-algebra ¢'X is given by 
e( f)=Zyex f(x). The co-multiplication u:f1(X)—> ¢'X @ 01K =e' (XX) is 
given by u( f)(x, x):=f(x) and u(f)(x, y)=0 if x4 y. 


Proof. Recall that 1: X —> A(X) has only co-idempotent values. Thus e(y,.)=1 
and u(y,)=7%.®@ X> Using again that f=>', f(x)x, for all fe? iX one obtains 
a f=e(V Sf) i)=VafMe=Lef) and w( P=“ SO) x)= 
Ye OOMD)=Veb OD Q te = Va fC, x): g 

Finally we show that 7” can be identified with a full coreflective subcategory 
of ConCoAlg. 


5,2,22 Theorem. The functor ¢':¢” —> ConCoAlg is full and faithful and has a 
right adjoint. 


Proof. Since Xt+I(A(X)) is initial we only have to show that it is bijective. It is 
injective, since for any xe X one has yel” (X, R) and uy) (y.)=x.(y)=1 iff 
y=x. Now we prove surjectivity. Let ee/'X be an arbitrary co-idempotent 
element. Then e(e)=1, ie. ).e(x)=1; and u(e)=e Qe, ie. e(x)=e(x)e(x) and 
0=e(x)e(y) for x # y. Thus e(x)e {0, 1} and for exactly one x one has e(x)= 1, ie. 
C= Xx. O 


Remark, The functor ¢? is not an equivalence of £” with ConCoAlg. In order 
to see this, one can use that the dual of the algebra C is a convenient co-algebra 
which is not isomorphic to some £1(X), since the only element of C’ that is co- 
idempotent is the real-part functional Re(_). 


5.3 Cartesian closed categories of convenient vector spaces 


5.3.1 Definition. With Con” we denote the category having as objects the 
convenient vector spaces and as morphisms the smooth maps, ie. the ZA™- 
maps. 


5.3.2 Proposition, The category Con™ is cartesian closed. Products are formed 
as in Con. 


Proof. Recall that the smooth structure of a product of convenient vector 
spaces E, has as structure curves those curves c: R > Ije; E; for which all 
projections pr; °c: R —> E; are smooth. Thus a map f: E >I. ; E; is smooth iff 
prjof: E > E; is smooth for every je J. This shows that the product is formed as 
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in Con. Since for convenient vector spaces E and F the space C” (E, F) is a 
convenient vector space, the functor C® (_, _) which makes C® cartesian closed 
lifts to a functor making Con” cartesian closed. 


The reason for being interested in cartesian closed subcategories of 
Con” is the following. We have discussed so far a rather maximal setting for 
differential calculus in vector spaces. For more restricted questions it could be of 
interest to use certain subclasses formed by convenient vector spaces having 
additional properties like, for example, nuclearity (implying the approximation 
property), or some stronger form of completeness, or even reflexivity. In order to 
be able to work inside a subcategory one should, of course, be assured that the 
important constructions developed so far (like the internal hom-functor) re- 
strict to this subcategory. We shall discuss now the problems that arise in this 
connection. 

Let us begin with a categorical lemma characterizing reasonable cartesian 
closed subcategories: 


5.3.3 Lemma. Let «J be anon-void, full, replete (cf. (8.1.1)) subcategory of Con”. 
Then .of is cartesian closed iff it is closed under the functors n and C*(_, —) and 
contains {0}. 


Proof. (=>) The space {0} must belong to s, since cartesian closedness re- 
quires a terminal object. The case where all objects in s are isomorphic to {0} is 
trivial. So now let Ay be a non-terminal object of s. We will twice use the 
following fact: if there exists a smooth map g:E,—-E, such that 9,: 
C®{Ao, Ey) >C% (Ao, E2) is a bijection, then g: E, >E; is a diffeomorphism. In 
order to see this, let x¢A), x#0. Then the subspace generated by x is 
complemented and isomorphic to R (the linear functionals separate points). 
Using that p, commutes with f* for any morphism f one concludes that 
yi C*(R, E,)>C*(R, E,) is a bijection as well, and thus @:E,—-E, is a 
diffeomorphism. 

Let us denote by EnF with pr,:EnF-E and pr,: EnF >F (resp. Eny F with 
pı: Eng F>E and p: Eng FF) the product of E and F in Con™ (resp. in of). 

First we want to show that E mE, €|.9 | for all Ee | |. Using repleteness it is 
enough to show that E nE, = E,My E>. By the universal property of EnF there 
exists a unique morphism 9: En,,F—>EnF satisfying pr;° ọ =p; for jet, 2}. 
And by the universal property of the product in sf (resp. in Con®) 
((P1)> (P2)s): C” (Ao, Eng F)>C” (4o, E) x C*(Ay, F) (resp. ((pri)y. (pr2),): 
C°(Ap, EnF)>C” (4o, E)xC*(Ag,F)) is a bijection. Since (prj je? Ox 
=((pr;)° o) =(Pj)_ one concludes that g4: C” (4o, Eng F) >C” (Ao, EnF)isa 
bijection; so the claim follows from the fact stated above. 

Since EngF and EnF have just been proved to be isomorphic and the 
product is determined only up to isomorphisms we may assume that @: 
EnF—-En.,F is the identity map. Let [E, _] denote the adjoint functor to (nE: 
of +.of and let e: [E, F]nE—F denote the counit of adjunction. By the universal 
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property ofev: C” (E, F )i.yE—-F there exists a morphism z: [E, F]>C” (E, F) 
such that evo(zn£)=«. By a similar argument as for the product we conclude 
that p: C” (4o, LE, FJ) > C™ (Ay, C” (E, F)) is a bijection and hence ¢ is a 
diffeomorphism. Using repleteness we conclude that C”(E, F)é|./|. 

(<) is trivial. O 


In order to determine what additional properties can possibly hold for all 
objects of some non-trivial, full, replete, cartesian closed subcategory of Con® 
we show that there is a smallest one and give a description of it. 


5.3.4 Corollary. The smallest cartesian closed, full, replete subcategory of Con® 
that contains R is formed by those objects which are isomorphic to spaces obtained 
from {0} by finitely many successive applications of the functors (_)m(_) and 
C°(_,R). 


Proof. Since any cartesian closed, replete, full subcategory has to be closed 
under these functors and has to contain a terminal object, the objects so 
described have to be contained in any category of that type. Since the full 
subcategory formed by these objects is replete and closed under _n_, it is, 
by (5.3.3), enough to prove that it is closed under C”(_, _). So let E and F be 
objects obtained in the described way. Using the equations C“(E, F,nF,)= 
C°(E, F,)nC®(E, F,) and C°(E, C°(F,, R))=C*(EnF,, R) one obtains by 
induction on the length of the expression for F that C™ (E, F) can be represented 
in the same way. 


Most of the interesting additional properties for convenient vector spaces are 
inherited by subspaces or by quotients, hence in particular by complemented 
subspaces. Thus it is natural to consider the smallest non-trivial cartesian closed, 
full, replete subcategory of Con® that is also closed with respect to complemen- 
ted subspaces: 


§,3.5 Proposition. The smallest cartesian closed, full, replete subcategory of 
Con® that contains R and is also closed under complemented subspaces is formed 
by those spaces which are isomorphic to complemented subspaces of spaces 
obtained from {0} by finitely many successive applications of C“(_, R). This 
category is in addition closed under L(_, _) and C°(X,_) for every separated 
separable finite-dimensional smooth manifold X. 


Proof. Again these spaces have to be contained in every category of the 
described type. Let conversely .«/, be defined inductively by %):= { {0}, R} and 
A, +1:= {E}; E is isomorphic to a complemented subspace of a space C*(E,, R) 
with E, ¢./,}. The class of objects described above is exactly the union of all 2. 
So it remains to show that this union gives a cartesian closed full subcategory. 
For this it is enough to verify that it is closed under the functors (_)n(_) and 
C*(_, _). We use the symbol § for complemented subspace. 

Since {0} e., and E= C™({0}, E) we obtain for all ne No that 7,5.%,41. 
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We prove now by induction on n that any finite product ILE, of N spaces 
Eje, belongs to p41. 


(n=0) Then IIE; § RY § R" and RN § C“(R, R). The last inclusion is given by 
(Xn) nen Xn ‘h((_)—n), where h: R>[0, 1] is a smooth function with support 
in [—i, 1] and with h(0)=1. A left inverse to the inclusion is given by 
SS n) hen- 

(n>0) Then E;§C*(F,, R) with F,e.s%/,_,. Hence IE §lIc*(F,, R) § 
C>(IILF;, R) § C”(IIF;, C”(R, R))=C“(Rn(ILF;), R), and Ru(I1F;) E, by 
induction hypothesis. 


Let now Ee., and Fe, +1, Le. F§C”(F,, R) with some F, €./,. Then 
C7(E,F)§C”(E,C”(F1, R)) =C” (EnF, R) and E,nF,€%441, ie 
GHE, FEK 
: In order to show closedness under L(_, _) one uses that L(E,,..., E,; F) is 
isomorphic to L(E,; L(....; L(E,; F)...)) and L(E, F) is a complemented 
subspace of C”(E, F), a retraction being given by ff’ (0). 

For the closedness under C”(X, _) one uses that any separable manifold X 
embeds into some R” and has a tubular neighborhood in this R”. One then 
obtains an embedding of C (X, F) into C”(R", F) by taking a smooth function 
h:R™—R with support in the tubular neighborhood and equal to 1 on X and 
defining a linear morphism C*(X, F) >C*(R", F) by fie (fe p): h, where pis the 
projection of the tubular neighborhood onto X. A left inverse is given by fief | x 


We will show now that several properties one might hope for cannot hold for 
all objects of a cartesian closed full replete subcategory of Con” by verifying that 
they already fail for one of the spaces C™(R, R), C*(C*(R, R), Ry, 
c“(C™(C™(R, R), R), R). 


5.3.6 Examples concerning the convenient vector space E:=C®”(R, R). E is 
isomorphic to sN [Mitiagin, 1961], where s denotes the Fréchet space of fast 
falling sequences, cf. [ Jarchow, 1981, p. 28]. 

E is a universal nuclear Fréchet space, cf. [Jarchow, 1981, p. 502], i.e. every 
nuclear Fréchet space can be realized as subspace of E. Since the complemented 
subspace s is not strongly nuclear [ Jarchow, 1981, p. 506] the same is true for E. 

Let us show that already E has bad behavior with respect to linear differentia! 
equations, i.e. equations of form c= wc, c(0)=co, where »:E-E is a linear 
morphism and cọ€ E and a solution is a weakly differentiable (hence smooth) 
curve c: R>E. It is enough to find some complemented subspace E, with bad 
behavior with respect to linear differential equations, since the solutions of the 
differential equation on EX E,nE, that is given by the operator »10 and initial 
condition 0r+(x», yo) are the curves t++(c(t), yo), where c is a solution of the 
differential equation on E, given by » and initial condition 0—xọ. 

(i) An example where no solution exists: we consider on the complemented 
subpace s of E the linear operator  :(x,,X2,... )t2(0, 1?x,,...,m?x,,...). 
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Suppose a solution c of c =z 9c with c(0):=(1, 0, . . . , 0, . . . ) would exist; then 
c(t)=(1, t, 2t7,..., n! t",...), but this curve does not have values in s. 

(ii) An example where solutions exist but are not unique: we consider the 
complemented subspace RN of E and the linear differential equation given by 


aa(X1, X25... )=(X2, X3,---) and co:=(0, 0,...). Then c is a solution iff 
Cn=Cn+1, hence the solutions are (c,, cy, cy,...), where c, is infinitely 
flat at 0. 


Gii) An example where a unique but non-analytic solution exists: consider 
m:E—E defined by »(f):=f'. Then one verifies that the unique solution c is 
given by c(t)(s):=co(t+s). Pointwise the Taylor series of ç at 0 is 


wg) \ Ws) 
(z a aoze 


Choose a Cy such that 


w0 
ore ike No} 
is unbounded for any t #0. Then the Taylor series of c at 0 does not converge in 
E for any t#0, since composed with ev it does not converge. 

It is well known that the inverse mapping theorem is wrong for E. The 
standard example is the smooth map exp, : E> E. The derivative is (exp, )'(g)(h) 
=h: (exp: g), hence (exp,)'(g)¢GL(E) for all ge E. Let h: R>R be a smooth 
function with compact support and h(t)=1 for t close to 0. Define c(t)(s):= h(ts). 
Then c is a smooth curve through the constant function 1=exp,(0). But 
c(t)¢exp,(E) for all 40, since Oec(t)(R). Hence exp, is not even locally 
surjective with respect to the Mackey-closure topology. 

The following example showing that local injectivity may also not be satisfied 
arose in a discussion with Peter Michor. Let E:=(R°) and f: E-E be defined 
by f(a Yna) = (Ans Yn), Where h: R?=R? is defined by h(x, y):=(e* cos y, 
e* sin y). Obviously the derivative of h is invertible for all (x, y)e R? and thus 
f'()EGL(E) for xe E. But f((xX,, YalnJ=S((%n» Vala) provided y,—y,€2nZ. 
Infinitely many points with this property are contained in any non-void open 
subset of E. 

In order to show that the group GL(E) of automorphisms is not open with 
respect to the M-closure topology in L(E, E), we consider the smooth curve 
c: R+L(E, E) defined by c(t) (f):=f+tf . One has c(0)=ide GL(E), but 


c(t) (s-+t-enp(~*))=(s+ok-exp(—2) +r4-(—) exp -;\) =0 for t40, 


hence c(t) is not injective and thus not contained in GL(E) for t £0. 

The theorem of Borel (cf. (7.1.2)) does not generalize to functions f: E-»R; i.e. 
given symmetric maps f,¢ L(E, ..., E; R) there need not be a smooth function 
f: ER with derivatives f(0)=f, for all ne N. This was shown in [Colombeau, 
1979] for R and extends immediately to E. 
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The inversion map inv: GL(E)>GL(E) is not continuous (for the final top- 
ology induced by the smooth curves): we show this first for the complemented 
subspace s of E. Define c:R>GL(s) by c(t)(x):=(%,—h,(Ox,,...; 
X,—h,(t)X,, ..-) where h,(t)}:=(1 27 ")h(tn) for some smooth function h with 
compact support and h(t)=1 for |t| <1. Suppose ev,,° inv °c: Rs is continuous. 
Using x:=(1, 4,..., (3%...) yields (invec)(1/n)\(x)=(c(1/n))7 t(x) 
=(...,2"x,,...) which does not converge to x=(invec)(0)(x). (Use: 1— 
h,(1/n)= 1 —(1-(3)")h(1)=(4)"). Now let E, be a complement to s, ie. E= 
s@E,, and consider the smooth curve é:tr>(c(t)@id)e GL(s)® GL(E,)S 
GL(E). Then (é(t))~! =(c(t))~3, id) and hence t> (é(t))~+ is not continuous. 


5.3.7 The convenient vector space E:=C*(C®(R, R), R). Since R is a com- 
plemented subspace of C*”(R,R), the dual (RSY=R™ is a 
complemented subspace of C”(R, RY which is complemented in E. Since the 
locally convex topology of R™ is not Baire ([Jarchow, 1981, p.97]) and the 
theorem of Borel is wrong for curves c: R>R‘™) (no smooth curve c can have, for 
all n, c™(0) equal to the nth unit vector), both statements also hold for E. 
Furthermore, one has the following chain of complemented subspaces 


RNG RÀ = (R™yS = L(R®, RN = LR’, RYS C™(RN, R) 
C”(RN, C”(R, R)=C*(RY OR, R)§ C7(C7(R, R), R)=E. 


The M-closure topology of the first space is no topological vector space 
topology, cf. (i) of (6.2.8), and hence the same is true for E. 


5.3.8 The convenient vector space E:-=C”(C”(C(R, R), R), R). Since the non- 
nuclear Fréchet space C“(C”(R, RY, R) (cf. [Meise, 1980]) is a complemented 
subspace of E, also E has to be non-nuclear. Furthermore, one has the following 
chain of complemented subspaces: 
(RAX @ (ROD) $ (RE) @ ((RN)®))8 =((RY)™)s = LR, (RN (ND) 
=L(R™, (RY) = L(R™), (RYNNY) = LER, (RY) 
5 Co ((RY)N, C”(R, R)) 
~C7((R™)§ oR, R)= C” (R)N, R) 
FC(C”(C”(R, R), R), R)=E; 


for the last § compare with the proof of (5.3.5). The first space is not B,- 
complete [Jarchow, 1981, p. 333] and hence the same is true for E. 


It would be of great interest to know whether the spaces R” and RO? for J 
with cardinality 2*° are complemented subspaces of some iteration of C” (_, R), 
because they fail to have several important topological properties (e.g. both 
spaces are not webbed [Jarchow, 1981, p. 98] and the second is not Schwartz 
[Jarchow, 1981, p. 202]). 
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After having shown that objects which fail to have certain nice properties can 
be found in every non-trivial cartesian closed subcategory of Con®, we shall 
now prove that stronger completeness properties hold for all objects of certain 
subcategories. 


5.3.9 Proposition. The full subcategory of Con having as objects all convenient 
vector spaces that are complemented subspaces of their biduals is cartesian closed. 
It is also closed under complemented subspaces and under C® (X, _) for any smooth 
space X. 


Proof. We use (5.3.3). Closedness under products follows from the isomor- 
phism (EnF)’ = E"nF”. It remains to show closedness under C”(X, _). Suppose 
the embedding 1, of E in E” admits a retraction p: E” +E. We have to show that 
Io#(x, py: C” (X, E)-»C*(X, EY admits a retraction. A direct calculation shows 
that p,° ọ suffices, where p:C”(X, E)’+C(X, E”) is the map associated to 
C”(X, E)'nXnE'>R given by (f, x, y')—f (gy (g(x))). c 


Remark. An example of a convenient vector space that is not complemented in 
its bidual is the Banach space co, cf. (iv) in (5.1.27). 


§,3.10 Proposition. The full subcategory of Con” whose objects are isomorphic 
to duals of convenient vector spaces is cartesian closed. 


Proof. Follows immediately from the isomorphisms E'mnF'=(EnF yy 
C°(X, EVZ LUX, E')= (4X & EY, where AX denotes the free convenient vector 
space over the smooth space X. oO 


If one tries to restrict the convenient vector spaces by a stronger completeness 
condition the difficulties that show up are usually due to the non-invariance of 
such conditions under bornologification. 
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For any separated preconvenient vector space E the canonical map ig: EE” is 
a Pre-embedding, cf. (3.9.3). If 1, is an isomorphism then Æ is convenient, but the 
converse fails in general, i.e. not all convenient vector spaces are reflexive. Since 
we want to compare this natural reflexivity notion with more classical ones of 
the theory of locally convex spaces we shall use throughout this section the 
characterization of preconvenient vector spaces by their locally convex topol- 
ogy, i.e. we identify them with the bornological locally convex spaces; cf. (2.4.3) 
or (2.4.4). 
We shall make use of the following duality functors: 
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5.4.1 Definition, 


(i) (_!: bLCS® >bLCS. 
This is up to the isomorphism bLCS = Pre the duality functor considered in 
(3.9.1). 

(ii) (_)?: LCS°P CBS. 

To a locally convex space E one associates the vector space of all continuous 
linear functionals together with the so-called equicontinuous bornology, for 
which a basis is obtained by the polars U°:= {fe E*; ((U)<S[—1, 1]} with U 
running through a basis of the 0-neighborhoods of E. 

(iii) (_)': CBS°P LCS. 

To a convex bornological space E one associates the vector space of all 
bornological linear functionals together with the topology of uniform con- 
vergence on bounded sets, for which a basis for the 0-neighborhoods is obtained 
by the polars B°:={/eE'; 4(B)<[—1, 1]} with B running through a basis of 
the bornology of E. 

(iv) (_)§: LCS°?LCS. 

To a locally convex space E one associates the so-called strong dual, i.e. the 
vector space of all continuous linear functionals with the strong topology, i.e. the 
topology of uniform convergence on bounded sets. 

All four functors are defined as usual on morphisms: to a morphism 
wt: E, >E, one associates the map »*:/+>¢ o a between the duals. The verifi- 
cations that one thus gets contravariant functors as stated are trivial. 

The next lemma will be useful to compare these duality functors. 


5.4.2 Lemma. The following diagram commutes: 


t 


case ics 


rb 


LCS” — CBS 


And a subset BS B(E‘)=(yE)? is bounded iff B(A)CR is bounded for all bounded 
ACE. 


Proof. For the commutativity of the diagram we have to show that 
B(E')=(yE)? for every convex bornological space E. Since any linear function 
f :E>R is bornological iff /:yE—>R is continuous, cf. (2.1.10), the underlying 
vector spaces are the same. To finish the proof of the lemma we only have to 
show that the following three conditions for any subset BS E' are equivalent: 


(i) BS(yE) is equicontinuous; 
(ii) B(A)SR is bounded for every bounded A S E; 
(iii) B&B(E*) is bounded, i.e. is absorbed by any 0-neighborhood of E’. 


5.4 Reflexivity 181 


(iii) By assumption there exists a 0-neighborhood U of yE with Bg U?. If 
AGE is bounded there exists an N >0 with ASN- U, i.e. (1/N) ASU. Hence for 
leB and xeA one has | ¢(x)|=N-|¢(x/N)|<N, and this shows that B(A) is 
absolutely bounded by N. 

(ii->iii) One has to show that B is absorbed by every 0-neighborhood of some 
basis of E‘. So let ASE be bounded and choose an N >0 with B(A)<[—N, N]. 
Then BEN: A", ie. B gets absorbed by A°. 

(iii) The set U:= {xe E; B(x)<[—1, 1]} is obviously absolutely convex. It 
is bornivorous and thus a 0-neighborhood of yE, since for any bounded ACE, 
the 0-neighborhood A° of E' absorbs B, i.e. BSN - A? for some N >0, and thus 
ACN-U. Using B&U? property (i) follows. F 


5.4.3 Lemma. For any bornological locally convex space E one has: 


(i) E*=(BEY; 
(ii) E°=B(E*)= B(E); 
(iii) E’=(E")= yp(E’), 
(iv) E' = E, (see below for the definition of E,). 


Proof. We first remark that the underlying vector space is the same for all the 
duals considered above and that by definition (2.1.12) one has E=yBE. 

(i) For any locally convex space E, the strong dual E* is an LCS-subspace of 
(BE) according to the definition. 

(ii) One has, using lemma (5.4.2) and (i): E’ = (BEY = B((BE)')= BE*. A subset 
B of the space B((BE)') is by (5.4.2) bounded iff B(A) CR is bounded for all 
bounded A ¢ BE. By (1.2.13) and since E' is by definition (3.6.2) a Pre-subspace 
of £” (E, R) this is equivalent to B bounded in E’. So the convex bornological 
vector spaces in (ii) are all identical. 

(iii) Applying y to the equation (ii) and using that E’ is bornological, i.e. 
yBE' = E’, one obtains (iii). 

(iv) By definition the polars U° of the 0-neighborhoods U of E form a basis of 
the bornology of E°=(E‘). Therefore by (2.1.19) E'=yßp(E°) is the inductive 
limit of the normed spaces (E’)yo. This means that E’ is the y-dual E, in the 
terminology of [ Jarchow, 1981, p. 200, 280]. 


With the duality functors of (5.4.1) one can form several biduals for a given 
(bornological) locally convex space E such as E”, E” and E". This leads to 
various reflexivity notions. The first one is the natural one for convenient vector 
spaces; the second is the usual one for locally convex spaces; for the third see 
[Hogbe-Nlend, 1977, p. 89]. In each case one has a natural linear map 1, of E in 
the bidual defined by 1,{x):=ev,, Le. 1p(x)(7)=2(x). 


5.4.4 Definition 
(i) A preconyenient vector space E is called reflexive iff the canonical map 
tz: EE” is a Pre-isomorphism. 
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(ii) A locally convex space E is called LCS-reflexive iff the canonical map 
lg: E-E* is an LCS-isomorphism, cf. [Jarchow, 1981, p. 227]. 

(iii) A locally convex space E is called completely reflexive iff the canonical 
map tg: EE” is an LCS-isomorphism; cf. [Hogbe-Nlend, 1977, p. 89]. 

v) A locally convex space E is called y-reflexive iff the canonical map 
tg: E-(E,), is an LCS-isomorphism; cf. [Jarchow, 1981, p. 280]. 


The following proposition shows that quite often the surjectivity of the 
natural map rç is sufficient in order to obtain the corresponding reflexivity of E. 


5.4.5 Proposition 


(i) A separated preconvenient vector space E is reflexive iff tg: E-E” is 
surjective. 
(ii) A separated locally convex space E is completely reflexive iff tg: EE” is 
surjective. 
(iii) A separated bornological locally convex space is LCS-reflexive iff 
lg: E>E® is surjective. 


Proof. (i) holds, since 1,: E>E” is always a Pre-embedding by (3.9.3). 

(ii) It is enough to show that 1: EE” is always an LCS-embedding, ie. that 
the topology of E is the trace topology of E™. 

Let first U be a closed absolutely convex 0-neighborhood of E. Then 
B:=U° S E’ is bounded and therefore U’? = B° is a O-neighborhood in E™. By 
the bipolar theorem [Jarchow, 1981, p. 149] U=1;1(U°°), hence U is a 
0-neighborhood in the trace of the locally convex topology of E™. 

Conversely let U S E be a 0-neighborhood in the trace topology of E™, i.e. 
there exists a bounded BC E’ with U 21; '(B°). Furthermore, there has to 
exist a O-neighborhood V in E with BC V°. Now Vcig (V%) cig! (BV EU, 
hence U is a 0-neighborhood in E. 

(iti) Again we have to show that 1,: E> E™ is an LCS-embedding provided E 
is bornological. This holds since E bornological implies E quasi-barrelled 
([Jarchow, 1981, p. 222]) and E quasi-barrelled is equivalent with E— E" being 
an LCS-embedding [Jarchow, 1981, p. 273]. A direct verification is as follows. 
By (i) of (5.4.3) E" is an LCS-subspace of (f(E°)' and by (ii) of (5.4.3) (B(EDY 
= E™ So the topology on E“ is the initial one induced by the inclusion into E™ 
and E-+E* is an embedding since EE” is one, as just proved in (ii). 

Now we are able to compare all the considered reflexivity concepts: 


5.4.6 Theorem. For any convenient vector space E the following statements are 
equivalent: 


(1) E is reflexive; 
(2) As locally convex space E is y-reflexive; 
(3) As locally convex space E is completely reflexive; 


5.4 Reflexivity 183 


(4) As locally convex space E is LCS-reflexive and the strong dual E' is 
bornological; 

(5) The Schwartzification (or the nuclearification) of the locally convex space E 
is a complete locally convex space. 


Proof. Using (5.4.5) we prove the following implications: 

(1 <>2) according to (iv) of (5.4.3). 

(1<>3) since by (5.4.2) and (iii) of (5.4.3) one has yB(E™)=y((yE'))= 
y(E)= E". 

(4=>1) Using twice F’=yBF* of (iii) in (5.4.3), as well as the hypothesis 
E‘=yBE* one obtains E’=E* and E” =yBE*. 

(1=4) We first claim that E° is bornological. Let ¢: BE‘=E’—>R be a 
bornological linear functional, hence by the supposed reflexivity / = ev, for some 
xeE. Thus the topology of E* is coarser than the Mackey topology of E* 
determined by E. The explicit description of the Mackey topology [Jarchow, 
1981, p. 155] shows that the converse inequality holds. Hence E* has the Mackey 
topology and since the evaluations at points of E are continuous the claim 
follows from (2.1.22). 

By the argument used in (4= 1) one obtains E”=yBE™ and this yields the 
surjectivity of E> E*. 

(2<>5) For this we refer to [Jarchow, 1981, p. 280] and [Hogbe-Nlend, 
Moscatelli, 1981, p. 89]. o 


5.4.7 Corollary 


(i) A Fréchet space is reflexive iff it is LCS-reflexive. 
(ii) A convenient vector space E with a countable basis of its bornology is 
reflexive iff it is LCS-reflexive. 
(iii) The locally convex topology of every reflexive convenient vector space is 
complete. 


Proof. For (i) and (ii) see [Jarchow, 1981, p. 280] and for (iii) use that the 
canonical mapping E->E™ is an LCS-isomorphism and the fact that F* is 
complete for any convex bornological space F. Oo 


Let us next consider the hereditary properties. 


§.4.8 Proposition, A Con-subspace of a reflexive convenient vector space which 
is as locally convex space a closed LCS-subspace is also reflexive. 


Proof. Let :E-F be the inclusion of such a Con-subspace of a reflexive 
convenient vector space. Let / e E”. Then :**(/)e F”, hence by the reflexivity 
of F there exists a ye F with ip(y)}=1**(/), ie. such that for all y, € F’ one has 
y= (Y= e*) (vi) =F0*(y1))=2(1 21). Let us show that ye E. As- 
sume y¢ E, then by the Hahn—Banach theorem (E is closed in F) there exists a 
y €F’ with y,(y)=1 and y,(E)=0. Thus 1 =y,(y)=¢(y, °1)=4(0)=0, which is 
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a contradiction. It remains to show that 1,(y)=¢. So let x,¢E’. By the 
Hahn-Banach theorem (E is a LCS-subspace of F) there exists a ye F’ with 


yı°1=x; and thus p(y) (x)= x1 (y) =(y1 9 =y =l (y Y= (xy). O 


5.4.9 Corollary. A convenient vector space E is reflexive iff E' is reflexive and the 
locally convex topology of E is complete. 


Proof. (=>) The completeness of E was shown in (iii) of (5.4.7) and the 
reflexivity of E’ follows immediately by applying (_Y to È = F”. 

(<=) Since E’ is reflexive so is E”. Furthermore, E>” is an LCS-embedding 
(3.9.3) and E is as complete locally convex space closed. Hence E is reflexive 
by (5.4.8). 


5.4.10 Corollary. A complemented subspace of a reflexive convenient vector 
space is reflexive. 


Proof. Since the embedding has a bornological and hence continuous inverse, 
it is a closed embedding with respect to the locally convex topologies. Now 
apply (5.4.8). 


Remark, Not every Con-quotient of a reflexive convenient vector space is 
reflexive, as the example of a non-refiexive quotient of a Fréchet Montel space 
shows, see [Jarchow, 1981, p. 233]. 


Reflexivity is inherited by products and coproducts provided the index set is 
of non-measurable cardinality: 
3.4.11 Proposition, Let E, # {0} (jeJ) be a family of convenient vector spaces 
with index set J of non-measurable cardinality. 

(i) The coproduct U,., E; is reflexive iff all E; are reflexive. 


(ii) The product I1,., E; is reflexive iff all E; are reflexive. 


Proof. One has only to use the isomorphisms of (3.9.4) and (3.9.5). 0 


We will now prove that the reflexivity of E implies the reflexivity of C”(M, E) 
for any finite-dimensional smooth manifold M. We first analyze the reflexivity of 
spaces of type C”(X, E). 


5.4.12 Proposition. Let X # Ø be a smooth space and E a convenient vector 
space. Then C°(X,E) is reflexive iff E is reflexive and the linear subspace of 
C“(X, EY generated by {foev,; xeX, CEE} is dense in the locally convex 
topology. 


Proof. Reflexivity of C”(X, E) implies reflexivity of E by (5.4.10) since E is 
isomorphic to the complemented subspace formed by the constant functions. So 
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it remains to prove that for a reflexive E the reflexivity of C°(X, E) is equivalent 
to the stated density condition. We use the factorization of the isomorphism 
(tz), expressed by the commutative diagram 


C°(X, E) —> C%(X, Ey’ 


\ r)a ya 


C™(X, E") 


Here @ denotes the linear morphism used in (5.3.9) and defined by o(7)(x)(y,) 
=¢(y,c°ev,) for feC”(X, EY, xeX and y,eE’. Since (ig), is bijective, 
1=Icw (x, p: C*(X, E)>C”(X, E)" is surjective iff @ is injective. The surjectivity 
of i¢x;x, p is equivalent to the reflexivity of C”(X, E) and injectivity of @ means 
{0} =ker(g) = {/; £ (yı ° ev,,)=0}, which is by the Hahn-Banach theorem equiv- 
alent to the given density condition. 


5.4.13 Theorem. Let X 4 @ be a finite-dimensional separable smooth manifold. 
Then C*(X, E) is reflexive iff E is reflexive. 


Proof. This follows immediately from (5.4.12), since according to (5.1.7) the 
density condition is satisfied. 


Remark. Since (5.1.7) is true for finite-dimensional paracompact smooth mani- 
folds having only non-measurably many components, the theorem (5.4.13) is 
also true for such manifolds. 


Now we consider C”(X,R) for general smooth spaces X. 


5.4.14 Proposition. Let X be a smooth space. Then C®(X,R) is reflexive iff 
X>C™(X, RY is universal for smooth maps in convenient vector spaces whose 
locally convex topology is complete; i.e. for every such smooth map f: X >E there 
exists a unique linear morphism from C”(X, RY into E which composed with the 
above map X +C™(X, RY is f. 


Proof. (<) The universal property for E=R gives a bijection C*(X,R)> 
C*(X,R)" which has to be equal to teary, m- 9 T 

(=>) Let a smooth f:X>E be given. Define f: C“(X, RY >E” by f(EXyi) 
=f(y,°f). By (5.4.12) the subspace generated by {ev,;xeX} is dense in 
C™(X, R). Hence the image of fis contained in 1,(£); and since E is complete and 
ig is an embedding with respect to the locally convex topologies, f factors as 
f=tgof and fis the desired morphism into E. Its uniqueness is trivial. 


5.4.15 Theorem. Let U be an M-open subset of the dual of a Frechet Schwartz 
space E, cf. (4.4.39), and F a Frechet Montel space. Then C“(U, F) is a Fréchet 
Montel space. 
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Proof. Let C2%(U, F) denote the space of smooth functions from U to F, with 
the topology of uniform convergence on b-compact subsets contained in Un E* 
of each derivative. For a compact space K let us denote by C(K, F) the space of 
continuous functions with the topology of uniform convergence. The Arzela— 
Ascoli theorem [Engelking, 1968, p. 333] states that a subset B S C(K, F) 
is relatively compact iff B is equicontinuous and pointwise relatively compact. 

We claim that C3 (U, F) is semi-Montel, i.e. every bounded subset is relatively 
compact. In order to see this, we use that the topology is the initial one induced 
by the mappings (1,)* ° d": CZ (U, F) —> C” (Un E*, F) > C(K, F), where ke No 
and K S UnE* is b-compact and 1, denotes the inclusion of K into Un E*. So we 
have to show that for a bounded B < CZ (U, F) the image under these maps in 
C(K, F) is relatively compact. Since d": C2(U, F) > C2(Un E*, F) is bornological 
it is enough to show this for the map (1,)* with k =0. Since ev,: C% (U, F)>F is 
bornological, the set B|g:=(tg)*(B) is pointwise bounded in F and since F is 
Montel it is relatively compact. So by the Ascoli-Arzela theorem it remains to 
show that Bl, is equicontinuous. Since {f': U >L(E, F); fe B} is bounded, the 
image by f” of the b-compact set {x + t(y—x); x, ye K, te[0, 1]} is bounded and 
hence also {(of' (xt t(y—x))dt; x, ye K, fe B} is bounded in L(E, F) and thus 
equicontinuous in L(E, F). Since ff O)=Jp f+ t(y—x))(y—x) dt, cf. 
(4.1.14), this means that for every 0-neighborhood U of F there exists a 0- 
neighborhood V in E with f(y)—f(x)e V for x, ye K and x— ye U. So we have 
shown that C%(U, F) is semi-Montel. 

Using (4.4.41) and (4.4.39) the locally convex space associated to C”(U, F) is 
the Fréchet space C“(U, F). It is Montel since by definition this means borno- 
logical and semi-Montel. 


5.4.16 Corollary. Let E be a Fréchet Schwartz space, U an M-open subset of E', 
F a Fréchet Montel space. Then C°(U, F) is a reflexive convenient vector space. 


Proof. We only have to use that every Montel space is a LCS-reflexive, cf. 
[Jarchow, 1981, p. 230], and that for Fréchet spaces LCS-reflexivity is equi- 
valent to reflexivity by (i) of (5.4.7). 


Remark. It has been shown by [Colombeau, Meise, 1981] that CZ (U, F) is 
Schwartz, provided U € E, is open, where E, is a Schwartz convex bornological 
space and F is a Schwartz locally convex space; hence, in particular, when E and 
F are Fréchet Schwartz spaces and E,=E’. Thus under these assumptions 
C™(U, F) is even a Fréchet Schwartz space. 

In order to investigate further the general case C”(X,E) we will use the 
following 


5.4.17 Lemma. Let X#Ø be a smooth space and E# {0} a convenient vector 
space. Then C”(X, E) is reflexive iff E, C°(X,R) and L(C®(X, RY, E) are all 
reflexive. 


5.4 Reflexivity 187 


Proof. Since E and C“(X, R) are complemented subspaces of C*(X, E) they are 
reflexive. Then C°(X, E) = C™(X, E”) = L(E', C°(X, R) = L(E', C°(X, RY) = 
L(C”(X, RY, E”) = L(C” (X, RY, E). o 


We will combine this lemma with the following result concerning the re- 
flexivity of a linear function space. 


5.4.18 Proposition, Let E and F be convenient vector spaces. Then L(E, F) is 
reflexive iff F is reflexive and E ® F' S L(E, FY is dense in the locally convex 
topology. 


Proof. The proof is similar to that of (5.4.12). One uses that (tp): L(E, F)—> 
L(E, F”) can be factorized as ¢ ° tœ, rp where ọ is defined by the same formula as 
in (5.4.12). 


Now one easily obtains the following general reflexivity criterion for function 
spaces: 


5.4.19 Proposition, Let X4#@ be a smooth space and E#{0} a convenient 
vector space. Then C”(X, E) is reflexive iff E and C(X,R) are reflexive and 
C°(X, R) ® E' < C“(X, EY is dense in the locally convex topology. 


Proof. By (5.4.17) we know that C”(X, E) is reflexive iff E, C°(X,R) and 
L(C*(X, RY, E) are reflexive. And L(C”(X, RY, E) is by (5.4.18) reflexive iff 
C*(X,R)’ @ E’ is dense in C“(X, EY. 0 


Remark. One difficulty in proving more general statements about C” (X, F) is 
due to the fact that the (bornological) locally convex topology on this space 
cannot be explicitly described in general. 


Example. The locally convex topology of C3 (R, R™) is not bornological. 

In order to see this we consider the linear functional ¢:CZ (R, R®™)—>R 
defined by £ (f):= È pen (Ptees) ©). For any bounded subset B= C*(R, R™) 
there exists an NEN such that B&C™*(R, RY). Hence on such a set B the 
functional / is a finite sum of derivatives at 0 composed with projections pry, and 
thus ¢ is a morphism. But 7 cannot be continuous with respect to the topology of 
C2 (R, R™), because otherwise there would exist an NeN and a 0-neighbor- 
hood U = R™ such that f(t)eU for k<N and |t|<N would imply |¢(f)|<1. 
This is impossible, since among all functions f satisfying f(t) e U for k<N and 
lti <N there are such with only the projection fy:= pry of unequal to 0 and the 
Nth derivative of fy at 0 larger than 1. 


6 THE MACKEY CLOSURE 
TOPOLOGY 


In this chapter we investigate several questions related to the Mackey closure 
topology. 

In section 6.1 we study relations with a few other natural topologies which lie 
between the locally convex and the Mackey closure topology of a convenient 
vector space, such as for example, the Kelleyfication of the locally convex 
topology. Conditions are given under which some of these topologies coincide. 
Particular interest is laid on the case where the locally convex topology is the 
final one induced by the smooth curves, i.e. the case where all these topologies 
coincide. 

Section 6.2 mainly deals with the question whether the Mackey closure 
topology is a vector space topology, i.e. such that the vector space operations are 
continuous with respect to the product topology. It is shown that this in fact fails 
for large classes of convenient vector spaces, even for all non-trivial 
strict inductive limits of Banach spaces. We also show that for products of 
sufficiently many factors R the Mackey closure topology is not eyen completely 
regular. 

A subset is closed for the Mackey closure topology iff it is closed under 
Mackey convergent sequences. However, as shown by examples given in section 
6.3, taking the Mackey adherence, i.e. adding to a subset all limits of Mackey 
convergent sequences lying in the subset, does not always give the Mackey 
closure of the subset (i.e. the closure with respect to the Mackey closure 
topology). 

For convex functions continuity with respect to the locally convex topology, 
continuity with respect to the Mackey closure topology, the Lipschitz property 
(Lih?) and boundedness on the M-convergent sequences (“~*) are all 
equivalent, as shown in section 6.4. Convex &f'- (resp. &-) functions are 
characterized by properties of their first (resp. second) derivative. 
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6.1 Comparison with other topologies 


We first specify those refinements of the locally convex topology which will be 
compared with each other and with the Mackey closure topology. 


6.1.1 Definition. Let E be a preconvenient vector space. If the topology under 
consideration on E is not explicitly mentioned, then all topological notions 
(such as continuous, convergent, closure, etc.) are meant with respect to the 
locally convex topology in this section. 

(i) We denote with t, E the Kelleyfication of the locally convex topology of E, 
i.e. the vector space E together with the final topology induced by the inclusions 
of the subsets being compact for the locally convex topology. 

(ii) We denote with t,£ the vector space E with the final topology induced by 
the curves being continuous for the locally convex topology, or equivalently the 
sequences NE converging in the locally convex topology. The equivalence 
holds since the infinite polygon, through a converging sequence, can be con- 
tinuously parametrized by a compact interval. 

(iii) We recall that by t,,£ we denote the vector space E with its M-closure 
topology, i.e. the final topology induced by the smooth curves. 

Using that smooth curves are continuous and that converging sequences 
N >E have compact images, the following identities are continuous: 
tTyEot, Et, EE. 

If the locally convex topology of E coincides with the topology of 1,,£, resp. 
1,E, resp. t,£ then we call E smoothly generated, resp. sequentially generated, 
resp. compactly generated. 


6.1.2 Example. On E=R/’ all these refinements are different, i.e. 
TME AT, E ZTE ZE, provided the cardinality of the index set J is at least that of 
the continuum. 


Proof. It is enough to show this for J equipotent to the continuum, since R”* is 
a direct summand in R”? for J, S J}. 

(tyEAT,E) We may take as index set J the set cy of all real sequences 
converging to 0. Define a sequence (x") in E by (x”),:=j,. Since every je J is a 0- 
sequence we conclude that the x” converge to 0 in the locally convex topology of 
the product, hence also in t,E. Assume now that the x" converge towards 0 in 
TME. Then by (2.3.10) some subsequence converges Mackey to 0. Thus there 
exists an unbounded sequence of reals A, with {4”x,; ne N } bounded. Let j be a 
O-sequence with {j An nEN} unbounded (e.g. (j,)~7:=1+max{|A,|; kany). 
Then the jth coordinate j,4, of A,x” is not bounded with respect to n, 
contradiction. 

(t,EAt,E) Consider in E the subset A:={xe{0,1}"; x;=1 for at most 
countably many jeJ}. It is clearly closed with respect to the converging 
sequences, hence closed in t, E. But it is not closed in 1, FE since it is dense in the 
compact set {0, 1}/. 
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(t,E#E) Consider in E the subsets A,:= {xe E; |x,|<n for at most n many 
jeJ}. Each A, is closed in E since its complement is the union of the open sets 
{xeE; |x,|<n for all je Jo}, where Jo runs through all subsets of J with n+1 
elements. We show that the union A:= U „en A, is closed in t, E. So let K be a 
compact subset of E; then K < II pr,(K) and each pr,(K) is compact, hence 
bounded in R. Since the family {je J; pr(K) © [—n,n]} (ne N) covers J there 
has to exist an NEN and infinitely many jeJ with pr,(K)<[—N,N]. Thus 
KoA,= Ø for all n>N. And hence AN K = ney A, K is closed. Nevertheless 
A is not closed in E, since 0 is in A but not in A. 


Let us now describe several important situations where at least some of these 
topologies coincide. For the proof we will need the following 


6.1.3 Lemma. [Averbukh, Smolyanov, 1968.] For any separated locally convex 
space E the following statements are equivalent: 


(1) The sequential closure of any subset is formed by all limits of sequences in the 
subset. 

(2) For any given double sequence (X,,,) in E with x, , convergent to some x, for 
n—0o and k fixed and x, convergent to some x, there are strictly increasing 
sequences iton(i) and i k(i) with Xaaa > x for i œ. 


Proof. (1=2) Take an a€ E different from k-(x,,,—x) and from k-(x,— x) for 
all k and n. Define A:= {ap ,3=,,,—(1/k)-dgin,keN, n>k}. Then x is in the 
sequential closure of A, since x, ,—(1/k)-a 9 converges to x,—(1/k)- ao as n> œ 
and x,—(1/k): dap converges to x—0=x as ko. Hence by (1) there has to exist 
a sequence i+ >(n(i), k(i)) with a,,;),,¢;, convergent to x. By passing to a subse- 
quence we may suppose that i->k({i) and it+n(i)—k(i) is monotone increasing. 
Assume that i—k(i) is bounded, hence finally constant. Then a subsequence of 
Xni), ~ (L/K(i))}- dg is converging to x, —(1/k)- ao #x if i} n(i) is unbounded and 
to Xp, ~—(L/k)- ag #x if i n(i) is bounded, which both yield a contradiction. 
Thus it+k(i) can be chosen strictly increasing and thus also it+n(i) 
=(n(i)—k()) + k(i} is strictly increasing. 
(12) is obvious. 


6.1.4 Theorem. For any convenient vector space E the following implications 
hold: 


(i) tyE=E provided the closure of subsets in E is formed by all limits of 

sequences in the subset; hence in particular if E is metrizable. 

(ii) tyE=E provided E is the dual of a Fréchet Schwartz space; cf. (4.4.39). 

(iii) tyE=+t,E provided E is the strict inductive limit of a sequence of Fréchet 
spaces. 

(iv) tyE=t,E provided E satisfies the M-convergence condition, i.e. every 
sequence converging in the locally convex topology is M-convergent. 

(v) t,E=E provided E is the dual of a Fréchet Montel space; cf. (4.4.38). 
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Proof. (i) Using the above lemma one obtains that the closure and the 
sequential closure coincide, hence t,E = E. It remains to show that t,E > tyE is 
continuous. So suppose a sequence converging to x is given and let (x,) be an 
arbitrary subsequence. Then x, ,:=k(x,—x)>k:-0=0 for n—>œ, and hence by 
lemma (6.1.3) there are subsequences k(i), n(i) with k(i)-(x,(3) —x)—>0, i.e im Xni 
is M-convergent to x. Thus the original sequence converges in ty£ by (2.3.10). 
For metrizable spaces see also (2.4.5). 

(iii) Let E be the strict inductive limit of the Fréchet spaces E,. By [Jarchow, 
1981, p. 84] every E, carries the trace topology of E, hence is closed in E and 
every bounded subset of E is contained in some E,. Thus every compact subset 
of E is contained as a compact subset in some E,. Since E, is a Fréchet space 
such a subset is even b-compact and hence compact in t,,£. Thus the identity 
TE —>TtpÆE is continuous. 

(iv) is valid, since the M-closure topology is the final one induced by the M- 
converging sequences. 

(v) Let E be the dual of any Fréchet Montel space F. Recall that the locaily 
convex topology on the dual of a reflexive space is the strong topology, cf. (5.4.6). 

Fréchet Montel spaces have a reflexive dual by (3) in (4.4.38), hence are 
reflexive themselves by (5.4.9). 

First we show that t,E=1,E. Let KS E=F’ be compact for the locally 
convex topology. Then K is bounded, hence equicontinuous by the linear 
uniform boundedness principle (3.6.4), and since F is separable by LJarchow, 
1981, p. 231] K is metrizable in the weak topology o(£, F) [Jarchow, 1981, p. 
157]. Since K is compact the weak topology and the locally convex topology of 
E coincide on K, thus the topology on K is the initial one induced by the 
converging sequences. Hence the identity t,E—7,E is continuous and therefore 
1,E =1,E. It remains to show t, E = E. Since F is reflexive E is the strong dual of 
F, cf. (5.4.6), and since F is Montel the locally convex topology of the strong dual 
coincides with the topology of uniform convergence on precompact subsets of F. 
Since F is metrizable this topology coincides with the so-called equicontinuous 
weak*-topology, cf. [Jarchow, 1981, p. 182], which is the final topology induced 
by the inclusions of the equicontinuous subsets. These subsets are by the 
Alaoglu-Bourbaki theorem [Jarchow, 1981, p. 157] relatively compact in the 
topology of uniform convergence on precompact subsets. Thus the locally 
convex topology of E is compactly generated. 

(ii) By (v) and since Fréchet Schwartz spaces are Montel (cf. [Jarchow, 1981, 
p. 202] or [Horvath, 1966, p. 277]) we have t,E= E and it remains to show that 
tyE=1,E. So let (x,) be a sequence converging to 0 in E. Then {x,;neN} is 
relatively compact and by (4.4.39) this set is relatively compact in some Banach 
space Eg. Hence at least a subsequence has to be convergent in Eg. Clearly its 
Mackey limit has to be 0. This shows that (x,) is convergent to 0 in t,£ and 
hence t,E=t,E£. One can even show that E satisfies the Mackey convergence 
condition, cf. [Jarchow, 1981, p. 266]. 


We give now a non-metrizable example to which (i) applies. 
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6.1.5 Example. Let E denote the subspace of R of all sequences with 
countable support. Then the closure of subsets of E is given by all limits of 
sequences in the subset but for non-countable J the space E is not metrizable. 
This was proved in [Balanzat, 1960]. 


Remark. The conditions (i) and (ii) in (6.1.4) are rather disjoint since every 
locally convex space that has a countable basis of its von Neumann bornology 
and for which the sequential adherence of subsets is sequentially closed is 
normable as the following proposition shows: 


6.1.6 Proposition. Let E be a non-normable locally convex space that has a 
countable basis of its bornology. Then there exists a subset of E whose sequential 
adherence is not sequentially closed. 


Proof. Let {B,;keN } be an increasing basis of the von Neumann bornology 
with By = {0}. Since E is non-normable we may assume that B, does not absorb 
B,+; for all k. Now choose b, ,¢(1/n) B,., with bax B. We consider the 
subset A:= {by o— bnin, k21}. For fixed k the sequence b, , converges by 
construction (in Ey, ,,) to 0 for noo. Thus b, o—0 is the limit of the sequence 
br o—bn,x for noo and b,,o converges to 0 for k>00. Consequently 0 is 
contained in the sequential closure of A. It remains to show that 0 is not 
- contained in the sequential adherence of A. Suppose bra) o— On, kq converges 
to 0. Thus it has to be bounded and so there must be an NeN with 
B,— {broo — bans IEN} SE By. Hence Daira = brei o — (brao — bay agin) 
€ By, i.e. k(i)<N. By passing to a subsequence we may assume that k(i)=k for 
some k and all i and thus by 9—by¢,, 0, ie. baar bro. Admit nfi) is 
unbounded. Then a subsequence of Dai), converges to O4b, J which is a 
contradiction. So we may assume that n(i)=n for some n and all i. But then 
b,,x¢B, and hence cannot be equal to br o€ By. 


6.2 Continuity of the addition and regularity 


In this section we describe classes of spaces where ty E +E or where Ty is not 
even a topological vector space. Finally we give an example where the 
Mackey-closure topology is not completely regular. 

We begin with the relationship between the Mackey closure topology and the 
locally convex topology on preconvenient vector spaces. 


6.2.1 Lemma. [ Kriegl, 1982] Let E be a preconvenient vector space, US E an 
absolutely convex subset. Then U is a 0-neighborhood for the locally convex 
topology of E iff U is a Q-neighborhood for the Mackey closure topology. 


Proof. (=) Since the Mackey convergent sequences are convergent in the 
locally convex topology it follows that the Mackey closure topology is finer than 
the locally convex topology, cf. (6.1.1). 
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(<=) Let U be an absolutely convex 0-neighborhood with respect to the 
Mackey closure topology. By (2.1.12) it is enough to show that U is bornivorous, 
ie. absorbs bounded subsets. Assume that some bounded B does not get 
absorbed by U. Then for every neN there exists a b,¢B with b,¢nU. Since 
(1/n)b, is Mackey convergent to 0, we conclude that (1/n)b,€ U for sufficiently 
large n. This yields a contradiction. 


6.2.2 Corollary. For any preconvenient vector space the finest locally convex 
topology that is coarser than the Mackey closure topology is the (bornological) 
locally convex topology of that preconvenient vector space. And a convex subset is 
open in the locally convex topology iff it is open in the M-closure topology. 


6.2.3 Proposition, Let E and F be convenient vector spaces. If there exists a 
bilinear morphism m: En F—R that is not continuous with respect to the locally 
convex topologies, then t4{ EnF) is not a topological vector space. 


Proof. Suppose that addition 1,,(EF) x ty(E0F)—-ty(EnF) is continuous 
with respect to the product topology. Using the. continuous inclusions tyE— 
ty(EnF) and ty F >ty(EnF) we can write » as composite of continuous maps 
as follows: 


ty E X tyF > ty( EF) x ty(En F)—> ty(ENF)—>R. 


Thus for every ¢>0 there are 0-neighborhoods U and F with respect to the 
Mackey closure topology such that #(UxV)c]—é,e[. Then also 
m *(<U>x<¥)>)S ]—«, e[, where <_> denotes the absolutely convex hull. By 
(6.2.1) one concludes that » is continuous with respect to the locally convex 
topology; contradiction. 


6.2.4 Corollary. Let E be a convenient vector space whose locally convex 
topology is not normable. Then ty( ENE’) is not a topological vector space. 


Proof. By (6.2.3) it is enough to show that ev: En E’—R is not continuous; this 
was done in (3.3.4). 


In order to get a large variety of spaces where the Mackey closure topology is 
not a topological vector space topology the next three technical lemmas will be 
useful. 


6.2.5 Lemma. Let E be a preconvenient vector space. Suppose a double sequence 
b,,, in E exists which satisfies the following two conditions: 


(b') For every sequence knk) the sequence ki bn, has no accumulation 
point in ty E. 
(b’) For all k the sequence nb, , converges to 0 in ty E. 
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Suppose furthermore that a double sequence c,, in E exists that satisfies the 
following two conditions: 


(c') For every 0-neighborhood U in tyE there exists a ky such that c, ,¢U for 
all k> ko and all n. 
(c”) For all k the sequence nt>c,,,, has no accumulation point in tyE. 


Then tyE is not a topological vector space. 


Proof. Here convergence is meant always with respect to ty £. We may without 
loss of generality assume that c, „#0 for all n, k, since by (c”) we may delete all 
those c, , which are equal to 0. Then we consider A:= {bp u+ En kCn mh KEN}, 
where the ¢, ,¢{—1, 1} are chosen in such a way that 0¢ A. 

We first show that A is closed in ty E: Let bao) acy Cnqiy, ny X and assume 
that (k(i)) is unbounded. By passing if necessary to a subsequence we may even 
assume that i++k(i) is strictly increasing. Then c a,so >0 by (c’), hence by 
(2.3.12) baci), xc 7X Which is a contradiction to (b’). Thus (k(i)) is bounded and we 
may assume constant. Now suppose that (n(i)) is unbounded. Then 5,,;) ,20 by 
(b”) and hence 8t), tEn, >x and for a subsequence where ¢ is constant one has 
Engi > +X, which is a contradiction to (c”). Thus n(i) is bounded as well and we 
may assume constant. Hence x= bp + En, kCn, EA. 

Assume now that the addition t4E x ty Et, E is continuous. Then there has 
to exist an open and symmetric 0-neighborhood U in tE with U +U CE\A. 
For K sufficiently large and n arbitrary one has c, geU by (c’). For such a fixed 
K and N sufficiently large bygeU by (b’). Thus by x+cy,x¢A, which is a 
contradiction. 


Let us now show that many spaces have a double sequence c,, ;, as in the above 
lemma. 


6.2.6 Lemma. Let E be an infinite-dimensional convenient vector space whose 
locally convex topology is metrizable. Then a double sequence c, „ subject to the 
conditions (c’) and (c") of (6.2.5) exists. 


Proof. If E is normable we choose a sequence c, on the unit ball without 
accumulation point and define c, ,:=(1/k)c,. 

If E is not normable we take a countable increasing family of non-equivalent 
seminorms p, generating the locally convex topology, and we chose c, , with 
PulCn,4) = 1/K and pps 1(Cq,4)>N. 


Next we show that many spaces have a double sequence b, , as in lemma 
(6.2.5). 


6.2.7 Lemma. Let E be a non-normable convenient vector space having a 
countable basis of its bornology. Then a double sequence b, , subject to the 
conditions (b') and (b”) of (6.2.5) exists. 
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Proof. Let B, (neN) be absolutely convex sets forming an increasing basis of 
the bornology. Since E is not normable the sets B, can be chosen such that B, 
does not absorb B,,,. Now choose b, ,¢(1/n) B, 4, with b, , ¢ B,. o 


Using these lemmas one obtains the 


6.2.8 Proposition, For the following convenient vector spaces the Mackey 
closure topology is not a vector space topology: 


(i) Every convenient vector space that contains as M-closed subspaces an 
infinite-dimensional Fréchet space and a non-normable space with count- 
able basis of its bornology. 

(ii) Every strict inductive limit of a strictly increasing sequence of infinite- 
dimensional Fréchet spaces. 

(iii) Every product for which at least 25° many factors are non-zero. 
(iv) Every coproduct for which at least 2° many summands are non-zero. 


Proof. (i) follows directly from the last three lemmas. 

(ii) Let E be the strict inductive limit of the spaces E, (ne N). Then E contains 
the infinite-dimensional Fréchet space E, as subspace. The subspace generated 
by points x,¢E,4,\E, (ne N) is isomorphic to R™, hence its bornology has a 
countable basis. Thus by (i) we are done. 

(iii) Such a product E contains the Fréchet space R“ as complemented 
subspace. We want to show that R™ is also a subspace of E. For this we may 
assume that the index set J is R“ and all factors are equal to R. Now consider the 
linear subspace E, of the product that is generated by the sequence x" e E =R", 
where (x");:=j(n) for every je J=R". The linear map RE, SE that maps 
the nth unit vector to x” is injective, since for a given finite linear combination 
¥t,x"=0 the jth coordinate for j(n):=sign(t,) equals Slt,|. It is a morphism 
since R™ carries the finest structure. So it remains to show that it is a Pre- 
embedding. We have to show that any bounded BCE, is contained in a 
subspace generated by finitely many x". Otherwise there would exist a strictly 
increasing sequence (m) and b'=).,,<,, thx"€B with te, #0. Define an index j 
recursively by j(n):=n|th|"*-sign() tnJ(m) if n=n, and j(n):=0 
if n #n, for all k. Then the absolute value of the jth coordinate of b* evaluates as 
follows: 


()|=|Yn em EIS E nen th in) + th, J) |= 
lÈ nen, IIH lti dC) > th Jm) > my. 


Hence the jth coordinates of {b*;keN} are unbounded with respect to ke N 
and thus B is unbounded. 

(iv) We cannot apply lemma (6.2.5) since every double sequence has 
countable support and hence is contained in the dual R™ of a Fréchet Schwartz 
space R4 for some countable subset A € J. It is enough to show (iv) for R, 
where J=N Uco. Let A= { jalen +2;); 0EN,j eco, j #0 for alln}, where eand e; 
denote the unit vectors in the corresponding summand. The set A is M-closed, 
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since its intersection with finite subsums is finite. Admit there exists a symmetric 
M-open 0-neighborhood U with U + U < E\ A. Then for every n there exists a 
jn #0 with j,e,¢€U and we may assume that nj, converges to 0 and hence 
defines an element je co. Furthermore, there has to be an NeN with inejeU, 
thus jy(éy +e,)e(U + U) NA, in contradiction to U +U S E\ A. 


Remark, A nice and simple example where one either uses (i) or (ii) is 
R~“ ® R™. The locally convex topology on both factors coincides with their 
Mackey-closure topology (the first being a Fréchet (Schwartz) space, cf. (i) of 
(6.1.4), the second as dual of the first, cf. (ii) of (6.1.4); but the Mackey closure 
topology on their product is not even a vector space topology. 

Although the Mackey closure topology on a convenient vector space is 
always functionally separated, hence Hausdorff, it is not always completely 
regular as the following example shows. 


6.2.9 Theorem, The Mackey closure topology of R” is not completely regular if 
the cardinality of J is at least 2%. 


Proof. It is enough to show this for an index set J of cardinality 2%», since the 
corresponding product is a complemented subspace in every product with larger 
index set. We prove the theorem by showing that every function f: R7->R which 
is continuous for the Mackey-closure topology is also continuous with respect 
to the locally convex topology. Hence the completely regular topology 
associated to the Mackey-closure topology is the locally convex topology of E. 
That these two topologies are different was shown in (6.1.2). We use the 
following theorem of [Mazur, 1952]: Let Ey:= {xeR7; supp(x) is countable} 
and f: Eo—>R be sequentially continuous. Then there is some countable subset 
A S J such that f(x)=/(x,), where in this proof x, is defined as x ,(j):=x(j) for 
jeA and x4(j)=0 for j¢ A. Every sequence which is converging in the locally 
convex topology of E, is contained in a metrizable complemented subspace R4 
for some countable A and therefore is even M-convergent. Thus this theorem of 
Mazur remains true if fis assumed to be continuous for the M-closure topology. 
This generalization follows also from the fact that tu Eo = Eo, ef. (6.1.5). Now let 
f: R’>R be continuous for the Mackey closure topology. Then f|z,:E)—R is 
continuous for the Mackey closure topology and hence there exists a countable 
set Ay SJ such that f(x)=f(x,,) for any xe Ey. We want to show that the same 
is true for arbitrary xe R7. In order to show this we consider for xe R” the map 
@x:27R defined by 9,(A)=f(x4)—f(X4n4,) for any A S J, ie. Ae 2”. For 
countable A one has x,¢ Ep, hence g,(A)=0. Furthermore, 9, is sequentially 
continuous where one considers on 27 the product topology of the discrete 
factors 2. In order to see this consider a converging sequence of subsets A, A, 
i.e. for every jeJ one has for the characteristic functions Xa,(D=x4Q) for n 
sufficiently large. Then {n(x4,—x4);neN } is bounded in R” since for fixed je J 
the jth coordinate equals 0 for n sufficiently large. Thus x An converges Mackey 
to x, and since f is continuous for the Mackey closure topology 9,(A,)>@,(A). 

Now we can apply another theorem of [Mazur, 1952]. Any function f:27R 
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that is sequentially continuous and is zero on all countable subsets of J is 
identically 0 provided the cardinality of J is smaller than the first inaccessible 
cardinal. Thus we conclude that 0=¢,(J)=f(x)—f(x,,) for all xe R”. Hence f 
factors over the metrizable space R° and is therefore continuous for the locally 
convex topology. 0 


6.3 The Mackey closure of subsets 


In (5.1.18) we proved that the completion of the subspace £7 (X) of ¢*(X,R) 
formed by the functions with finite support is c)(X). This was done by showing 
that the two-fold Mackey adherence of £% (X) in £” (X, R) gives c)(X). Now we 
give an example where the Mackey adherence of f 7 (X) is not all of co{X). 


6.3.1 Example. The Mackey adherence does not yield the Mackey-closure 
(quoted in (2.2.23) and in (5.1.18)). 


Consider X := N x N with all the sets {(n, k); n < u(k)} (for u: N > N) as basis 
of a bornology. 

First we show that this bornology is an ¢”-structure: Consider f?: X>N € R 
defined by f?(n, p):=n and f ?(n, k)=0 for k#p. The function f” is bornological 
since {n;n<(p)} is finite. Let now B & X be such that f ”(B) is bounded for all p. 
Define u(k):= max f*(B). Then B € {(n,k); n< u(k)}, since (n, k)e B implies that 
n=f*(n,k)<max f*(B)= uk). 

We show next that the function f: X—>R defined by f(n, k):=1/k belongs to 
co X. Since any bounded B € X is contained in {(n, k);n<u(k)} for some w: NaN 
we obtain 


fon kje B; f(n, nei} 2 fon k;n< ulk), tlo (n k;n< ulk), p> k} 


S {(n, k; n< max {ulj jap} k<p}, 


and this set is finite. 

Now assume that fis the M-limit of some sequence ( f;) of functions with finite 
support, i.e. {A,(f—f;); je N} is bounded for some sequence (A,) converging to 
oo. Choose j, with 4, 2k? and j,<j,+,, and define u(k):=1+max {n; f, (nk) 
#0}. Since B:={(n,k); n<p(k)} is bounded the image {A,(f—f))(n,); (n,k) 
€ B,j,n,k eN} has to be bounded. But 


(Aff), k); ns ulk) 2 {4 ffi) (n ky n< ulk), fi(n, k)=0} = 
h, hrei, n=0} 2 ee n= ulk), f;,(n, =o} 


1 3 1 
la, ‘q Saleh), n=0h=44, T ke N} 


Since this set is unbounded one has a contradiction. 
This example can be used to give another important 
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6.3.2 Example, An M-dense embedding into a convenient vector space need 
not be the completion (quoted in (2.6.5)). 

Let F be a preconvenient vector space whose M-adherence in its completion E 
is not all of E, cf. (6.3.1). Choose a ye E that is not contained in the M-adherence 
of F and let F, be the subspace of E generated by Fu {y}. We claim that F; CE 
cannot be the completion although F, is Mackey dense in the convenient vector 
space E. In order to see this we consider the linear map /: F, >R characterized 
by ¢(F)=0 and ¢(y)=1. Clearly Z is well defined. 

f: FR is bornological: For any bounded B € F, there exists an N such that 
BCF+[—N,N]y. Otherwise b,=x,+t,y¢B exist with t,200. This would 
imply that b,=t,((x,/t,)+y) and thus —(x,/t,) would converge Mackey to y; 
contradiction. 

Now assume that a bornological extension 7 to E exists. Then F € ker (7) and 
ker(7) is M-closed, which is a contradiction to the Mackey denseness of F in E. 
So F, S E does not have the universal property of a completion. 

Another consequence is that the trace topology on F, inherited from the 
locally convex topology of E cannot be bornological, since by the Hahn—Banach 
theorem continuous linear functionals can be extended. 

Furthermore, the extension of the inclusion : F @ R = F,-E to the com- 
pletion is given by (x, )JeE@RXFOR2F,4x+tyeE and has as kernel 
the linear subspace generated by (y, —1). Hence the extension of a Pre- 
embedding to the completions need not be an embedding anymore, in particular 
the inclusion functor does not preserve injectivity of morphisms. 


By the closed embedding lemma (2.6.4) the trace of the Mackey closure 
topology on any M-closed subspace is the Mackey closure topology of this 
subspace. Now we give an example which shows that M-closedness of the 
subspace is essential for this result. 


6.3.3 Example. Trace of Mackey closure topology is not Mackey closure 
topology (quoted in (2.6.4). 
Consider E = R® nR™, 


1 1 
Am fag (in ea wita): nkenbeg, 


Let F be the linear subspace of E generated by A. We show that the closure of A 
with respect to the M-closure topology of F is strictly smaller than that with 
ae to the trace topology of the M-closure topology of E. 

A is closed in the M-closure topology of F: Assume that a sequence (4n,,x;) iS 
M-converging to (x, y). Then the second component of An,,«, has to be bounded. 
Thus j++ n; has to be bounded and may be assumed to have constant value no 
If j- +k; were unbounded, then 


1 
œn=( > w0), 


which is not an element of F. Thus ji—> k; has to be bounded too and may be 
assumed to have constant value ko. Thus (x, y)=4,,, ka EÁ. 
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Ais not closed in the trace topology since (0, 0) is contained in the closure of A 
with respect to the M-closure topology of E: For ko and fixed n the sequence 
ank 18 M-converging to ((1/n) y,,,0) and (1/n) y,, is M-converging to 0 for noo. 


6.3.4 Let Q be the first uncountable ordinal, E a preconvenient vector space 
and ACE. For every ordinal « one can define the ath Mackey adherence 
M-adh’ (A) of a set A by M-adh %(A):= U, .,M- -adh*(A) if « is a limit ordinal and 
M-adh* (A) is the Mackey adherence of M-adh *(A) if a is the successor ordinal 
of B, ie. a=B+1. It can be shown [Kriegl, unpublished] that there exists a 
preconvenient vector space E for which the ath Mackey adherence in its 
completion is not the completion for all a<Q. The Qth Mackey adherence 
always coincides with the Mackey closure, hence it has to be the completion. 


6.4 Convex functions 


We consider first the purely algebraic question of characterizing convex fun- 
ctions. 


6.4.1 Proposition. Let E be a vector space, f.E—>R a map, and n> 2. Then the 
following statements are equivalent: 


(1) fis convex, i.e. the function t> f(x + tv) is convex for all x,ve E; 

(2) Friz) <Er: fo) for all reals r4, . . . , r, satisfying r;>0 and Zr;=1, 
(3) The set Up:= {(x,t)E E x R; ; f(x) <t} is convex; 

(4) The set Ap:= its t)e E x R; f(x)<t} is convex. 


Proof. (1<>2)is trivial. 

(2=3) Let (xp t;)EUp, ie. f(x)<t, and r20 with Zr;=1. Let finally 
(x, t):= Er,(x;,t,)). Then f(x)=f(2r;x,)< Eri f(x) <Er;t;=t, ie. (x,t)e Up. Thus 
U; is convex. 

(3 => 4) Let (x,,t,)€ Ap; 7,20 and Zr;=1; s>0 be arbitrary. Then (x; t+ 8) 
eU,. Hence by assumption (0, 6) + Erix t;)= Ur (x;,t,+e)¢U, S Ap. Since & 
was arbitrary we conclude that Er;(x;, t;)E€ Ay, ie. Ap is convex. 

(42) Let x;eE and r;>0 with Ur,=1. Then (x; f(x:))€ Ay, hence by 
assumption (Zr;x;, Ur, J) E Ap, Le. f(Zr;x;) < Zr; f(x). 


Next we give a characterization of continuity of convex functions which will 
be applied using the Mackey-closure topology or the locally convex topology. 


6.4.2 Proposition. Let E be a vector space with a topology such that for all xo € E 
the map x> xọ—x is continuous from E to E, and f: E—>R be a convex function. 
Then the following statements are equivalent: 


(1) f. ER is continuous; 
(2) The set Up= {(x,t)e E x R; f(x)<t} is open in E x R; 
(3) The set {xe E; f(x)<t} is open in E for all te R. 
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Proof. (1=>2) Since f;E->R is continuous, so is fx id: Ex R>R xR. Thus 
U,:=(fxid) (U9) is open as inverse image of the open set Uy:= {(t, 5); t<s}. 

(2 = 3) is obvious, since {x; f(x)<t}:=incl; 'U,, where incl, denotes the 
continuous map incl,: EE x R defined by x} (x, £). 

(3 = 1) One has to show that f~ '(U) is open for all U in a basis of the topology 
on R. Such a basis is given by all open intervals U:=]s,t[. For such U one has 
£7") = (x; f(x) <2) {x; f(x) >s}. The first set is open by assumption and the 
second set Vi={x; f(x)>s} is open, since it is equal to U,.,(2x—{yeEk; 
f(y) <2f(x)—s}). Using x=2x—x shows that FV is contained in this union. 
Conversely let z be an element of the union, i.e. z=2x—y with f(x)>s and 
S(y)<2f(x)—s. By convexity of f the equation x=(y+2)/2 yields 2f(x)<f (y) 
+S); hence f(z) > 2f(x) f(y) = 2f()—s + s—f(y) >f(y) + 5—f(y) =s, thus ze V. 


Now the announced characterization: 


6.4.3 Theorem. Let E be a convenient vector space, f: E>R a convex function. 
Then the following statements are equivalent: 


(1) fis AP; 

(2) f is continuous for the locally convex topology; 

(3) f is continuous for the Mackey closure topology; 

(4) fis continuous for the Mackey convergence; 

(5) fis Lip~', i.e. is bounded on M-convergent sequences. 


Proof. (1 => 3) Is obvious, since the Mackey closure topology is the final one 
induced by the smooth (or %/°) curves. 

(32) This follows from (6.4.2), since for convex sets (like {x; f(x)<r}) it is 
equivalent to be open in the Mackey closure topology or open in the locally 
convex topology by (6.2.2). 

(3<>4) is true for any function f: E>R. In fact, the Mackey closure topology 
is the topologification t of the Mackey convergence structure, and since tR =R 
the equivalence follows from the adjunction (2.2.6). 

(3 = 5) Is obvious, since the Mackey converging sequences are relatively 
compact in the Mackey-closure topology (they converge in this topology). 

(5 = 1) Let us first consider this statement for E=R. For ke N one has 


ag | K —S(s) 
t—s 
since the convexity of f implies 


F (2k) —f(k) SOS) f= 2K") 
Mee pes | 2A 


2 
sld), Isl <k, tes} <i 


z max {| fk Ir <2k}. 


and thus 


1 Ua 2 <i ‘max {| f(2k)—f@)h Lf(—2K) —f(— bi} <= -max {| f(r); irl <2k}. 
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Now the general case. For any smooth c: R>E we have to show that foc is 
locally Lipschitz. Let again ke N. By the 1-dimensional situation applied to the 
map 


COE = so) 
we have 
AADAC | [altos E E 
a Jana a= ee risk} for all |t—s|<k. 
The map 


(t,s,r)rec(s)+r ae 2 


has a smooth extension to R°, cf. (4.1.13). The image of [— 2k, 2k]? under this 
extension is bornalogically compact, i.e. compact in some Banach space Ep. 
Thus every sequence in this image has a Mackey converging subsequence and 
consequently fis bounded on this image. This shows that the difference quotient 


S(e(s))-F(c®) 


t-s 


is bounded for |t|, |s| <k/2 and t#s. Since k was arbitrary the proof that fec is 
Lipschitz is complete. Oo 


We now consider the special case of seminorms. 


6.4.4 Corollary, For any seminorm p on a convenient vector space E the follo- 
wing statements are equivalent: 


(1) pis Lip; 

(2) p is continuous for the locally convex topology; 
(3) p is continuous for the Mackey closure topology; 
(4) p is continuous for the Mackey convergence; 

(5) pis Lip; 

(6) p is bornological. 


Proof. (1 2<3<4< 5) follows from the theorem (6.4.3) since any semi- 
norm is convex. 

(6 = 5) is trivial. 

(5 => 6) We show that this holds for any positively homogeneous function p. 
Assume (5) is true but not (6). Then there is a bounded set B such that p(B) is 
unbounded. Choose b,, € B with | p(b,)| =n’. Then { p(b,/n); ne N} is unbounded 
but (b,/n) is obviously a Mackey 0-sequence. wi 
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In the following proposition we characterize those maps which appear as 
derivative of a convex &g'-function. For normed spaces this can be found in 
[Shigeta, 1986]. 

To formulate the result we need the 


6.4.5 Definition, Let f:E2U-+E' be given. 

fis called monotonic iff (f(x)—f(y))(x—y)=0 for all x, ye U. 

f is called cyclically monotonic iff for any x9,X,,...,X,=XqEU one has 
Ere JE (%j—x;-1) 20. 


A linear map f: E> E’ is called positive iff it is monotonic. 


Obviously every cyclically monotonic function is monotonic; and a linear 
map f: EE’ is positive iff f(x)(x)>0 for all xe E. 


6.4.6 Proposition, Let U < E be a convex M-open subset of a convenient vector 
space E and g: U-E' a Lcp°-map. Then the following statements are equivalent: 


(1) g is cyclically monotonic; 
(2) A convex ¥p'-function f. UR exists with g=f". 


Proof. (2=>1)LetxeU and ve E with x+ve U. Using convexity of f we obtain 
for t>0: 


itt) Sey AG att +e) (0) C—O) + a 5S) 


t t t 
=f(x+v)—f(x). 


Thus f'(x)(e)<f(x+v)—f(x). Replacing v by —v we obtain g(x)()=f'()(v) 
>f(x)—f(x—v). Thus for any finite cyclic sequence xo, X1, > ~., Xa =Xo E U one 
has Dij=1 9(%;) %j—%j-1) = Vins Sx) —F%- 1) =0, ie. g is cyclically mono- 
tonic. 

(1 = 2) We may assume that 0e U. We will show that f defined by f(x):= 
B g(tx)(x)dt for xe U is the desired convex function. 

By lemma (4.3.29) one has that f is Yy' and f'=g provided 
fo. g(t +2))(x +odt— fi gtx)(x)dt=[jg(x+to)(v)dt for all xeU and 
x+ve U. In order to verify this equation we partition each side of the triangle 
formed by 0, x and x+v into n equidistant parts. Applying cyclic monotonicity 
of g to the 3n points 


i i 
US Bi oles Ae A ogee ors MTB AIT Be: ee eT Un 


= Xy F Un seg Xit Vj, seg Xo tv9=0 
one obtains 


n ; n a-1 4 
È ates) ()+ È e+) @E D a+) (aa 


n 
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and for the reverse ordering 


-4 g(v;) (=) EE g(x+v;) (2\< 5 g(x;+0;) (==) 


Since these Riemann-sums converge (Mackey) to the corresponding integrals by 
(4.1.4) the equation is proved. 

Remains to show that f is convex, i.e. that the “f'-function t f(x + tv) is 
convex for all xeU, ve E. By the classic calculus for real functions this is 
equivalent with t f'(x + tv) (v) being monotonic, i.e. g(x + tv)(v)= g(x + sv) (v) 
for all t>s. This follows from the cyclic monotonicity applied to x+tv 
and x+sv. O 


Convex functions which are even Z:4? can be further characterized by the 


6.4.7 Proposition, Let U S E be a convex M-open subset of a convenient vector 
space E and f: U>R a Lifp?-map. Then the following statements are equivalent: 


(1) fis convex; 

(2) f' is cyclically monotonic; 

(3) f(x) is cyclically monotonic for all xe U; 
(4) f") is positive for all xe U. 


Proof. (1<>2) by (6.4.6). 
(2 = 3) Let x9,X,,---,X,=X EU be arbitrary. For t sufficiently small 
x+tx;¢U and by the cyclic monotonicity of g:=/f’ we have 


J 


D lx +tx)— g) (elx 24 Ii g(x + #x;)(t(xj—x;-1)) 20. 
Dividing by t?>0 we obtain 


z g(x +tx;)—g(x) 


a t (xj—xj-1)20 
= 


and hence $5, g'(x)(x;)(x;—x;-1)20, ie. f"(x)=g'(x) is cyclically mono- 
tonic. 

(3 = 4) since f"(x): E-E’ is linear. 

(4= 1) f is convex iff the “p?-map c: tf(x+tv) is convex for all xeU, 
veE. By the classical calculus for real functions this is equivalent with 
SF’ (x+ tv) (v)(v) =c"(0) =, i.e. with f(y) being positive for all ye U. z 


7 PERMANENCE 
PROPERTIES AND 
COUNTER-EXAMPLES 


In this chapter we study the permanence properties of most of the treated 
important functors with respect to limits, colimits, initial and final morphisms. 
Further results on final morphisms will be given as well as some additional 
counter-examples. 

In section 7.1 we consider the subspace F formed by the infinitely flat 
functions of the (nuclear) Fréchet space E:=C™(R, R). We construct a smooth 
function on F that has no smooth extension to E and a smooth curve R-F’ that 
has not even locally a smooth lifting along E'—>F'. These results are based on 
Borel’s theorem which tells us that R™ is isomorphic to the quotient E/F and the 
fact that this quotient map E>R* has no continuous right inverse. Also a result 
of [Seeley, 1964] is used which says that, in contrast to F, the subspace 
{feC~(R, R]; f(t)=0 for t<0} of E is complemented. Besides other con- 
sequences we show that C™ is not locally cartesian closed. 

In section 7.2 we determine which among the functors like L, £”, “pt, 6, ©, 
A and y preserve limits or colimits and we give counter-examples for those 
preservation properties that do not hold. 

Final morphisms in Pre, Con and æ for any æ are characterized in section 
7.3. Those of the functors that preserve final or initial morphisms are determined 
and counter-examples are given for the permanence properties that are not 
valid. 

In section 7.4 we collect various counter-examples whose existence were 
mentioned throughout the other chapters. We will furthermore show that 
several naturally constructed function spaces and tensor products are not 
isomorphic in general, although one has morphisms which are isomorphisms in 
case of finite-dimensional spaces. 
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7.1 Extension and lifting properties 


If q: EF is a quotient map of convenient vector spaces one might expect that 
for every smooth curve c: R->F there exists (at least locally) a smooth lifting, i.e. 
a smooth curve ¢:R->E with qec=c. And if : F-E is an embedding of a 
convenient subspace one might expect that for every smooth function f: F >R 
there exists a smooth extension to E. In this section we give examples showing 
that both properties fail. As convenient vector spaces we choose spaces of 
smooth real functions and their duals. We start with some lemmas. 


7.1.1 Lemma, Let: F—>E be the inclusion of a Con-subspace, and suppose that 
the locally convex topology of F is the trace topology of that of E. Then 1*: E' + F' 
is a surjective final.CBS-morphism and hence a Con-quotient map. 


Proof. Any ¢éF’ is continuous with respect to the locally convex topology of 
E, hence by the Hahn—Banach theorem [Jarchow, 1981, p. 127] has a con- 
tinuous linear extension 7: E>R. This shows that 1* is surjective. We next show 
that the bornology of F’ is the final convex vector bornology induced by 1*: 
E'>F’, ie. equals 2:= {1*(B); BSE’ bounded}, cf. (3.1.1). Since :* is a Con- 
morphism, Ae # implies A S F’ bounded. Conversely, let now A = F’ be boun- 
ded. By (ii) in (5.4.3) there exists a O-neighborhood F in the locally convex 
topology of F with A = F°, the polar of V. By the hypothesis on the locally 
convex topologies, V contains WAF for some absolutely convex 0-neigh- 
borhood W in the locally convex topology of E. Since the polar W° of W is 
bounded in FE’ and AS F° c (Wao F)’, the assertion Ae 2 follows if we show 
that (Wo F)? or(W°®). So let E(WO F}, ie. 2: FR linear and |¢(x)|<1 for 
all xe Wa F. Consider the Minkowski seminorm p: ER associated to W, i.e. 
p(y):=inf {t>0; yetW}. Then one has |/(x)|<p(x) for all xe F. By the 
Hahn-Banach theorem [ Jarchow, 1981, p. 126] or [Horvath, 1966, p. 176] there 
exists a linear extension 7: E—>R with |7(y)|<p(y) for all ye Y. Then Ze W°, 
since ye W = p(y)<1=>|2(y)|<1, and thus 7=1*(7)er(W°). 

So we have proved that 1*: E’-F’ is final for the bornologies. According to 
(3.2.4) the lemma follows. 


7.1.2 Proposition. (Borel’s Theorem.) Let E:=C*(R,R) and F:={feE; f in- 
finitely flat at zero}, 1: FE the inclusion, and q: E>R™° defined by c++ (c™(0)),. 
Then q is a Con-quotient-map with kernel F and 1*: E' >F" is also a Con-quotient- 
map. 


Proof. By (4.2.9) q is a Con-morphism. The kernel F of q is a Con-subspace of E 
and 1* is a quotient by (7.1.1); in fact, the condition on the locally convex 
topology of F is satisfied since that of E and hence its trace on F are metrizable, 
thus bornological, cf. (iv) of (2.1.20). It remains to show that q is a Con-quotient. 
So let B & R^? be bounded. We use an he C*(R, R) with compact support and 
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h(t)=t for t in a O-neighborhood of R. Set 


E (HY) 
nl 


m=z supi xeB j<nten}<co 


We show that for every xe B the function fy: R>R defined by 
2 Xa (hltun) \" 
so= $ a (te) 


=0 n! Hn 


is smooth. The summands are smooth and for each t only finitely many 
summands are non-zero. The jth derivative at t of the nth summand is 
(x,/n!) (Ha) 17”: (h (tu,) with absolute value less than 4 pi™”*+! which is less 
than 277” for n>j. Thus all derivatives of the series converge uniformly and 
hence f, is smooth with | fO] Ey ae eu 141. Using that h(t)=t for small t 
one obtains that fY(0)=x,, ie. q(f,)=x. Furthermore A={f,;xeB}S 
C™(R, R) is bounded with q(A)=B. O 


7.1.3 Corollary Let :F>E and q.E—>R" be as in the previous proposition 
(7.1.2). For every Con-morphism s:RN—>E the composite qos factors over 
pry: RR” for some NeN, and there exists no Con-morphism p:E>F 
with po1=idy. 


Proof. Let s: RYE be an arbitrary Con-morphism. The set U:= {g€ E; 
|g{t)|<1 for |t|<1} is a O-neighborhood in the locally convex topology of E. So 
there has to exist an N eN such that 4(V) S U with V:={xeR*;|x,|<(1/N) for 
all n< N}. We show that qo factors over RY. So let xeR™ with x, =0 for all 
n<N.Thenk-xeV for all ke N, hence k- (x) e U, ie. |o{x) (0)|<1/k for all |t] <1 
and keN. Hence «x)(t)=0 for |t|}<1 and therefore q(o(x))=0. 

Suppose now that there exists a Con-morphism p:E>F with poi=idg. 
Define o(q{x)):=x—ipx. This definition makes sense, since q is surjective and 
q(x)=q(x’) implies x—x’eF and thus x—x’=p(x—x’). Moreover s is a Con- 
morphism, since q is a final Con-morphism; and (q° o) (q(x) =q) — q(i(p(x))) 
= q(x)—0. o 


7.1.4 Proposition, The subspace { fe C”(R, R); f(t)=0 for t <0} of C” (R, R) is 
a direct summand. 


Proof. [Seeley, 1964] We claim that the following map is a Con-morphism 
being left inverse to the inclusion: s(g)(t):= g(t)— Yen a, h(—12") g(—t2*) for 
t>0 and a(g) (t)=0 for t<0. Where h: R>R is a smooth function with compact 
support satisfying A(t)=1 for te[—1,1] and (@,) is a solution of the infinite 
system of linear equations )',..a,(—2*)"=1 (neN) (the series is assumed to 
converge absolutely). The existence of such a solution is shown in [Seeley, 1964] 
by taking the limit of solutions of the finite subsystems. Let us first show that 
a(g) is smooth. For t>0 the series is locally around t finite, since —t2* lies 
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outside the support of h for k sufficiently large. Its derivative (ag)(t) is g(t) 
Veen Al 2 V5 h(—12")g""Y (—12") and this converges for t-0 to- 
wards g(0)— yey 4x(—2")"g(0)=0. Thus s(g) is infinitely flat at 0 and 
is smooth on R. It remains to show that g> s(g) is a Con-morphism. Since 
the Con-structure of C”(R, R) is the initial one induced by the evaluations 
ev, by (4.2.11), it is enough to show that g> (ag) (t) is a morphism. For <0 this 
map is 0 and hence a morphism. For t>0 it is a finite linear combination of 
evaluations and thus a morphism. E 


7.1.5 Proposition. Let E=C%(R,R) and F:={feE;f is infinitely flat at 0}, 
1*: E' >F the Con-quotient map of (7.1.2). The curve c: R>F' defined by c(t):= ev, 
for t=0 and c(t)=0 for t<O is smooth but on no neighborhood of 0 there exists a 
smooth lifting. 


Proof. Let us first verify that c is smooth. Since by (3.6.5) the smooth structure 
of F’ is the initial one induced by the evaluation maps, it is enough to show that 
ev,ec:R>R is smooth for all feF. Since (ev,oc)(t)=f(t) for t>0 and 
(ev, °c)(t)=0 for t<0 this obviously holds. 

Assume that there exists a smooth lifting of c, i.e. a smooth e:R-E’ with 
1*oe=c. By exchanging the variables, c corresponds to a morphism ¢: F>E 
and e corresponds to a morphism ê: EE with @o1=é. The curve c was chosen 
in such a way that ¢(f)(t)=f(d) for t>0 and ¢c(f)()}=0 for «<0. 

We show now that such an extension é of č cannot exist. In (7.1.4) we have 
shown the existence of a retraction s to the embedding of the subspace 
F,:={feF; f()}=0 for t<0} of E. For feF one has 4(@(f))=s(E(f))=e(f) 
since C(E)CF,. Now let Y: EE, ¥(f)(0):=/f(— 0) be the reflection at 0. Then 
W(F)SF and f=ée(f)+¥(E(P(/))) for feF. We claim that p=ooé+ 
Wogoéo'P: E>F is a retraction to the inclusion, and this is a contradiction with 
(7.1.3). In fact plf )=(sc @)(f)+ (CH scf P\(fy=Af) + FEY(YS))) =f for all 
JeF. So we have proved that c has no global smooth lifting. 

Assume now that c|;_,, ., has a smooth lifting eo: ]—¢,e[ > E’. Trivially c|p\ {o} 
has a smooth lifting e, defined by the same formula as c. Take now a smooth 
partition {,f,} of the unity subordinated to the open covering {]—e, el, 
R\{0}} of R, ie. fo+f,=1 with supp(fo)S]—e, e[ and O¢supp(f,). Then 
fo@other gives a global smooth lifting of c, in contradiction with the 
preceding considerations. E) 


7.1.6 Corollary, The category of smooth spaces is not locally cartesian closed. 


Proof. If C” were locally cartesian closed, then pullbacks would commute 
with coequalizers, cf. (8.6.5). This is not the case as the following example shows: 
Consider p,:E,>F,, where E :=(E)8, F,:=(F)8, py:=T1g1* with Fo 
E the inclusion considered in (7.1.2). 

We show that p, is a cokernel by verifying that it is surjective and final with 
respect to Born—Set, cf. (7.3.4). Surjectivity is trivial. For the finality consider a 
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bounded BSE, ie. BSI, „rB, with B,SF' bounded. Using the finality of 
1*: E'>F' (cf. (7.1.1)), we obtain a bounded A,CE’ with 1*(A,)>B,. The se 
A:=Il, ep4 is bounded in E; and p,(A)>B. 

The smooth curve cı: R>F, defined by pr,¢c,:stc(t+s) has nowhere 
a local smooth lifting and we now consider in C™ the pullback 
p:=(c1)* (p1): Rup, E, >R of p, along c4. 

We claim that for every function f: R>R the composite fe p is smooth. For 
this it is enough to show that pec is constant for every smooth curve 
c: R>dom(p). Assume that p«c is not constant. Then at some point (p«c) is not 
zero, hence p °c is a local diffeomorphism. But then pr,°c°(pec) ! would be a 
local smooth lift of c,. Since we have shown that the final smooth structure on R 
induced by p is the discrete one, it follows that p is not final and thus not a 
coequalizer. E 


7.1.7 Proposition, Let E:=C”(R, R) and F:={fe E; f infinitely flat at 0}. The 
function ¢: F>R defined by o(f):=f(f()) if f) 20 and o (f):=0 if f(1)<0 is 


smooth but has no smooth extension to E. 


Proof. We first show that ọ is smooth. Using the morphism & FE associated 
to the smooth curve c: R>F' of (7.1.5) we can write @ as the composite 
evo (č, ev,) of smooth maps. 

Assume now that a smooth extension y: E>R of @ exists. Using a fixed 
smooth function h: R-[0, 1] with h(t)=0 for t<0 and A(t)=1 for t>1, we then 
define a map o:E-E as follows: (og)(t):=wW(g+(t—g(t))h)—(t—g(1))h(0). 
Obviously ogeE for any geE, and using cartesian closedness of the cat- 
egory of smooth spaces (cf. (1.4.3)) one easily verifies that ø is a smooth map. 
For feF one has, using that (f+(t—f(D)h)(1)=t, the equations (of)(t)= 
(f+ (t-fO))NO—C f(b) =f (0 for t>0 and (af )()=0 —(t —f(1) h(t) = 0 for 
t<0. This means of=éf for fe F. So one has €=o01 with o smooth. Differ- 
entiation gives €=¢'(0)=a'(0)«1, and o(0) is a Con-morphism E-+E. But in 
the proof of (7.1.5) it was shown that such an extension of ¢ does not exist. 


Remark. For the smooth map of the previous proposition there does not even 
exist a smooth extension to a neighborhood of F in the Fréchet space E, since 
such a local extension could be multiplied with a smooth function E>R being 1 
on F and having support inside the neighborhood (E has as nuclear Fréchet 
space smooth partitions of unity [Michor, 1983]) to obtain a global extension, 


7.1.8 Example. The structure curves of a C®”-quotient need not be liftable as 
structure curves and the structure functions on a C%-subspace need not be 
extendable as structure functions (quoted after (1.1.4). 

We use the previous construction and note that :: F—>E is an initial 
C*-morphism, since it is an initial Pre-morphism. Thus we only have to show 
that q:=1*: E’>F' is a final C ”-morphism. So let f: F'—>R be a function such 
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that fq is smooth. Clearly f is o0-times weakly differentiable and in order to 
verify that fis smooth it remains to show that the differentials of fare Hp ~1, cf. 
(4.3.30). This is the case since Mackey-convergent sequences lift which can be 
seen as follows: Boundedness of {t,,(x, — x); ne N } implies that a bounded BC F’ 
exists with t,(x,—x)€q(B). Choose y with q(y)=x and y, with t,(y,—y)eB and 
tn (¥n—y))=t,(X,—x). Then y,—y is an M-convergent lifting of x,—>x. 


7.2 Preservation of categorical limits 


In this section we want to discuss the inheritance properties of the basic functors 
with respect to limits and colimits. 
The functors we consider are: 


E: Con’? x Con ——> Con cf. (3.6.3) 
la: (£7)? x Con —> Con cf. (3.6.1) 
Lipt (Lip? xCon— Con cf. (4.4.3) 
®: ConxCon——»Con cf (3.8.4) 
at 


> Pte Con cf. (2.6.5) 
or; GS: Con cf. (5.1.23) 
À: K Con cf. (5.1.1) 


7.2.1 Theorem. The following functors are left adjoints (hence preserve colimits) 
and have the stated additional properties: 


(i) ©: Pre>Con, it also preserves countable products. 

(ii) £1: 0° Con, it also carries finite products to tensor products in Con. 
(iii) A: Lip Con, it also carries finite products to tensor products in Con. 
(iv) (_)@ E: Con>Con. 


Proof. That these functors have right adjoints was proved in (2.6.5) for (i), in 
(5.1.1) together with (5.1.23) for (ii), in (5.1.1) for (iii), in (3.8.4) for (iv). 

In order to show that @ preserves countable products we use the linear 
extension lemma (2.6.6). By (3.3.6) every linear morphism on a countable 
product depends only on finitely many factors and thus extends to the product 
of the completions. Since the Mackey closure of a product of finitely many 
subsets is the product of the Mackey closures of these sets, and since the set of 
points with only finitely many non-zero coordinates is Mackey dense in the 
countable product, the countable product of preconvenient vector spaces is 
Mackey dense in the product of their completions. 

That the two functors in (ii) and (iii) carry the product to the tensor product 
was shown in (5.2.4). Oo 


We give some examples which show that none of the functors mentioned in 
the above theorem preserves all limits: 
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7.2.2 Examples (0) A particular important morphism 272: (R™)()—(RN))N is 
characterized by pr, o #°in,:=in,°¢ pr,,. Its image is not closed since it contains 


the dense subspace formed by the double sequences with finite support and since. 


m is not surjective. It is, however, initial, since the initial Con- 
embedding (R%)()4(R®)N (cf. (3.4.4)) factors over it. pa 

Moreover no Con-isomorphism (R*)()=(IR)N exists, cf. [Jarchow, 1981, 
p. 333]. 

(i) @: Pre+Con. 

@ does not preserve uncountable products: Let Q be the first uncountable 
ordinal, i.e. the set of all countable ordinals. It can be shown [Kriegl, unpub- 
lished] that there exists a preconvenient vector space E for which the «th 
Mackey adherence M-adh*(E), cf. (6.3.4), in the completion E is not the 
completion if «<Q. We prove that the product E® is not Mackey dense in E®. 
Choose for every «<Q an element x,¢E£\M-Adh%(E). Let x:=(x,) be the 
corresponding point in the product E®. Assume that x is in the Mackey closure 
of E®; then there is an «<Q with xe M-adh*(E®). For the image with respect to 
the projection on the wth factor one has: x,¢pr,(M-adh*(E°%)) = M-adh*(E), 
contradiction. 

@ does not preserve equalizers (kernels): [Jarchow, 1981, pp. 98] gave an 
example of a vector space E with two metrizable locally convex topologies, one 
being non-complete, the other one being coarser and complete. In this case 
completeness in the locally convex sense is equivalent to completeness as 
preconvenient vector spaces, cf. the remark after (2.6.2). Then the extension of 
the identity to the completion has obviously a non-trivial kernel, but the 
completion of the kernel of the identity is {0}. 

(ii) A: Liz —>Con and ¢1~A: 2° Con. 

A does not preserve finite products: For any finite discrete -space X 
(H =f" or = Lip") one has 4(X)=R* and thus 4(XnX)=R*"™ is unequal 
to A(X)nA(X)=R*nR* =R*™ provided that X has at least three points. 

4 does not preserve equalizers: For any finite discrete space X the diagonal 
map A: X>Xm1X is the equalizer of the two projections pr,, pra: XOX >X. 
Applying the functor 4 gives A(A): R*-+R*"* which cannot be the equalizer of 
A(pr,;): R*"*— R* for reasons of dimension provided X that has at least three 
points. 


(iii) () 8 E: Con—Con. 
(_)® RN) does not preserve countable products: 


RY SRM S= (RN ÕRN (RNN E (RNN = (R ÕRN, cf. (0), 


(_)®¢? does not preserve equalizers (kernels): Clearly ¢?+C(K, R), 
xe><x,_> is an isometric embedding of Banach spaces where K:= {xe¢?; 
|| x || <1} is a compact space considered with the weak topology, cf. [Jarchow, 
1981, p. 158]. In [Jarchow, 1981, p. 327] it is shown that applying the projective 
tensor product (_)@¢? yields ¢7?@¢?3C(K,R)@¢? which is not an 
embedding. Since all spaces are metrizable the projective tensor product 
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coincides with the tensor product in Pre (considered as locally convex space). 
The extension of this morphism to the completion is not initial in Pre and hence 
is not an equalizer. 


7.2.3 Theorem. Let E and F be convenient vector spaces and X an ¢™-space or a 
C®-space. Then the following functors are right adjoints and hence preserve limits 
(cf. (8.5.1) for the particular case where the domain is an opposite category): 


(i) L(E,_) — : Con>Con; 

(ii) 2°(X,_) :Con>Con; 
(iii) C*(X,_) :Con—>Con; 

(iv) LL, F)  : Con? Con; 
(vo) L”, F) :(£2)P— Con; 
(vi) Lif (l, F) (L> Con. 


The functor in (v) preserves in addition co-equalizers. 


Proof. The functor L(E,_) in (i) is right adjoint to (_)@E by (3.8.4). The 
functor L(_,F) in (iv) is right adjoint to L(_,F):Con—Con since 
L(E,, L(E,,F))2 L(E2, L(E,,F)) by (3.7.3). The results for the functors in (ii) and 
(v) follow from those in (i) and (iv) by using that £” (X, F)= L(¢(X), F) and that 
£1: (€@)?-+Con”? is a right adjoint by (ii) in (7.2.1). The results on the functors in 
(iii) and (vi) follow from those in (i) and (iv) by using that “"(X, F)= L(A(X), F) 
and that A: (Lia)? >Con” is a right adjoint by (iii) in (7.2.1). 

The functor 7”(_, F) preserves co-equalizers since every co-equalizer q: X > Y 
in (£”)? is an embedding in 7”, hence has a left inverse (for Y+ Ø). Thus 
q*: 2°(¥, F)>¢%(X, F) has a right inverse and is therefore a final surjection and 
a co-equalizer. 


Let us now give examples that show that none of the functors mentioned in 
the theorem above preserve all colimits: 


7.2.4 Examples. Many of the examples will make use of the following general 
remark: 


(0) Let q=° q, be a composite of two Con-morphisms. If s is injective and 
not final (e.g. the image is not closed in the locally convex topology of the 
codomain) then q is not a co-equalizer and not final. 


Proof. Ifthe image of » is not closed then » cannot be final since otherwise the 
image is a complemented subspace by (7.3.3). If q=#eeq, were final then 
by (8.7.2) æ would be final. Assume now that q is the co-equalizer of two mor- 
phisms f and g. Then »#oq,°f=qef=qeg=mog,°g and since » is injective 
qı°f=q1°9g. By the universal property of the co-equalizer there has to be a 
morphism h with q, =h=q. Again from the universal property and the equation 
q=meg,=meheg one concludes that ».oh=1, i.e. æ would be a retraction 
and thus final, contradiction. O 
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(i) L(E, _): Con > Con. 
L(R™, _) does not preserve countable coproducts: 
L(R™, R™) = UR, RM)* = (RN & (RAY =~ L(R™, RY™, cf. (0) in (7.2.2). 
L(RN, _) does not preserve co-equalizers (cokernels): Consider the final surjec- 
tion q4: C*(R, R) > R", c-(c"" (0), which is by Borel’s theorem (7.1.2) the 
cokernel of the subspace F formed by the functions that are infinitely flat at 0. By 
(0) the map qx: L(R”, C”(R, R)) > L(R%, RY) is neither final nor a quotient 
map since using (7.1.3) it factors over the initial Con-morphism 
(Rẹ > (RY = L(R", RP) of (0) in (7.2.2). 


(ii) ¢°(X, _): Con > Con, 

¢@(X, _) does not preserve countable coproducts in general: This follows from 
the corresponding example in (i) using that 7*(X,_) = ()* = L(R®, _) for any 
discrete space X. 

é"(X, _) does not preserve co-equalizers: Let E be a Fréchet Montel space for 
which a quotient map q: E > 7’ exists, cf. [Jarchow, 1981, p. 233]. Then the map 
é@(N, E) = L(¢*, E) > L(¢', ¢') = 2*(N, ¢') is neither surjective nor a co- 
equalizer since its image is contained in the subspace K (£t, £1) formed by the 
compact operators, i.e. by those ge L(¢',-¢') for which g({xe7'; |x|] < 1}) is 
relatively compact (use that for heL(?',E) the set h({xe¢?; ||x|| < 1}) is 
bounded and since E is Montel it is relatively compact and so is 
gth({xe2"; |x|] < 1})). Since K (£+, £+) is closed in L(¢', £') by [Jarchow, 1981, 
p. 371] the map qx cannot be a cokernel. 


(iii) C*(X, _): Con > Con. 

C” (R, _) does not preserve countable coproducts: C*(R, R™) + C” (R, R)™ 
since the curves ¢,(t):=h(t—n) with he C” (R, R), Ø £ supp(h) = [0, 1] define 
a curve c=(c,)e C” (R, R™) with c ¢ C” (R, R)™. 

C™(R", _) does not preserve co-equalizers (cokernels): We apply (8.3.8) to (i) 
by using that L(E, F) is a complemented subspace of C*(E, F), by (4.4.24) 
for j=1, k=%. 


(iv) LC, F): Con® > Con. 

L(_, R^) does not preserve countable coproducts: L(R", R") = L(R®, R)" 
~ (Rœ) Be (R°y™ = L(R, Rẹ, 

L(_, R™) does not preserve co-equalizers (cokernels): This follows from (i) 
since L(_, R™) = L(RY, (Y) by (3.7.3), C*(R, R) is reflexive by (5.1.7) and (Y 
preserves by (iv) of (7.2.3) the kernel q: C” (IR, R) > R" in Con®, cf. (7.1.2). 


(v) @°C, F): (E°) > Con. 

¢*(_, F) does not preserve finite coproducts provided F 4 {0}: One uses the 
natural isomorphisms ¢%({x}/, F) = ¢({#},F) = F and FO = 2° ({«}, F)” 
and the fact that the summation map F” > F is an isomorphism only if J is 
single pointed. 


(vi) C°C, F):(C™)°? > Con. 


C™(_, F) does not preserve finite coproducts provided F 4 {0}: One uses the 
same argument as in (y) with /® replaced by C”. 
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C*(_, R™) does not preserve co-equalizers (cokernels): This follows from (iv) 
since C“(X, F) = L(A(X), F), A(R) = C” (R, RY, A(N) = C*(N, RY = R™, and 
the inclusion N —> R is an equalizer in C”. 


Now we will show that some other functors which have been considered do 
not preserve limits. We begin with the functor 4: Born > ¢”. By (1.2.4) it is left 
adjoint to the inclusion, it preserves the underlying vector spaces and the 
morphisms, and the ¢”-structure of 7X is the one generated by Born(X, R). 

First we give a useful construction involving certain bornologies # on N. We 
shall denote the respective bornological space by Ny, while N will, according to 
(1.1.6), denote the natural numbers with their standard ¢“-structure for which N 
itself is bounded, cf. proof of (1.2.8). 


7.2.5 Proposition, Let Z be a bornology on N such that Born(Ny, R)=2*, 
ie. n(Na)=N. Then the Pre-subspace {x eR"; supp(x)€ 2} of R" is the inductive 
limit in Pre of the Fréchet spaces RE S R“ with Be Z. 


Proof. Each R? can be considered as the subspace {x eR"; supp(x) € B} of 
E:={xe R"; supp(x)e 2}. 

First we want to show that E is barrelled, i.e. every o(E', E)-bounded subset of 
E’ is equicontinuous, cf. [Jarchow, 1981, p. 219]. Since E contains the sequences 
with finite support, E is a dense subspace of the Fréchet-space R®; thus 
E’=(R") =R™, So let A < R™ be bounded at each xe E and suppose A is not 
equicontinuous, i.e. not bounded in R™. Since A(e,) € R is bounded for each 
vector e, of the natural basis of R™ there have to exist a” € A with n> k„,:= max 
(supp (a")) strictly increasing. Since f: N > R defined by f (k,):=n and f(k):=0 iff 
k¢{k,;neN} is not globally bounded, some infinite subset B of {k,;neN} 
belongs to 2. By passing to a subsequence we may assume that {k,;neN}e#. 
Let us choose x,¢€R with 2,x,(a"),=n {x,, is defined inductively by this 
equation and x,:=0 iff k¢ {k,;neN}). Now x:=(x,),€E and a"(x)=n, contra- 
diction. 

Now we are going to prove the universal property which characterizes 
inductive limits. Obviously every linear map æ»: E —> F into a preconvenient 
vector‘space F is uniquely determined by its restriction to R” for all Be # and it 
remains to show that is a morphism provided »z|psis a morphism for all Be 2. 
It is enough to show this for F=R. Consider the linear morphisms 
mpg: =]? Prg: E S R> R? > R. Pointwise the net »#:g converges to sm, since 
xeE implies +,(x)=(x) for all B € supp(x)} By the Banach-Steinhaus 
theorem for barrelled spaces, cf. [Jarchow, 1981, p. 220], the assertion that s isa 
morphism follows provided we show that {#g(x); Be #} is bounded for al 
xeE. Obviously {pr_(x); BeZ} < RP" is bounded and »g(x)= (pra (x)) 
= Msupo(x(Pa(x)). Hence {mg (x); BEB} = suppl {Pta(x); BEB} ) is bounded. 


7.2.6 Example. For every A€c, the bornology {B = N; je p(n) < 00} satis- 
fies the assumption of the previous proposition. The same holds for the 
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bornology given by the subsets A < N of density 0, i.e. those A for which 
(1/n) card {ke A; k < n} converges to 0 for n > œ. 


7.2,7 Lemma. For any set J the following statements are equivalent: 


(1) 9 preserves all products with index set J; 

(2) aes Na J=Tjern(Ns,) for any family of bornologies B, on N; 

(3) If B; ( jeN) are bornologies on N such that every LA function 
f: Ny, > R is globally bounded then an infinite Be Njes2; exists. 


Proof. (1=>2) is trivial. 

(2= 3) Assume that 4,(jeJ) satisfying the hypothesis in (3) exist. 
Consider the product ae the spaces X;=Ny,, the maps c;=id: N > X,, and 
c:=(c;);. The maps c; are structure curves of (XS; ) since by assumption every 
Jie Born (X,, R) is globally bounded. Hence c is a structure curve of II,.,9(X;). 
Now define f: T,X; R by f(c(n)):=n and f(x):=0 if x éc(N). This function is 
bornological on HeX; since for every bounded set BCTI;X; the set 
{n; c(n)e B} is contained in {n; n= pr,(c(n))€ pr,(B)} =pr,(B)eB, ion all jeJ 
and thus is finite, i.e. f(B) = {n; c(n)e Bhi is finite. Hence fis a structure function of 
n(I1,X;); but not of Il,#(X;) since (foc) (N)=N is unbounded in R. 

(1 = 3) We give an indirect proof. So we assume that some product Mjes X;is 
not preserved by y and then construct a family of bornologies 2, on N that 
contradicts (3). 

Since by assumption the structure of (II, X,) is strictly finer than that of 
IT,{X;), there exists a structure curve c=(c,) of T1jq(X;) and a bornological 
function f: T,X; > R with foc¢@®, and by passing to a subsequence we may 
assume that | f(c(k))| > k. Let 2, be the initial bornology on N induced by Cj, ie. 
BeZ% iff c;(B) = X; is en enl Obviously Be 2; implies c; +(c;(B))e B. 

Let fj: Na, >R be a bornological function. We have to ‘show that FAN) i is 
bounded. Consider a new function g defined by g(n):=sup{| FO: 
kec; ‘(c; (n))} =|fj(m)|. The function g is well-defined, since c; ‘(c; (m) is 
fut dag in 8B, and it is  bornological since  sup{|g(b)|; 
be B} <sup {| f;(b')|; b’ ec; +(e; (B))}, which is finite since J; has to be bounded 
on the bounded set c; ‘(c;(B)). Since c; j(n)=c,(n') implies g(n)=g(n’) we wey 
define a new map h: X,-R by híc, (n)):=g(n) and A(x):=0 if 
x€éc,(N). Then h is Aee k Ere since for any bounded BC X, one ane 
h(B)= h(c,(c; +(B)))=g(cj (B)), hence hec,=gel™. Since g(k)> [fi(k)| it 
follows that f;(N) is bounded. 

By (3) there exists an infinite B < N with Be 2; for all je J. Then c,(B) S X; is 
bounded and hence Il,c;(B) = TI, X; is bounded. Thus f(I,c;(B)) 2 (f° ¢)(B) is 
bounded. This is a contradiction since |f(c(k))| > k for all ke N. 


7.2.8 Corollary. For any countable family of bornological spaces X „(ne N) one 
has (UI, Xp) = Mnn (Xn). 


Proof. It is enough to verify (3) of (7.2.7) for J =N. Each bornology &, satisfies 
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the formally stronger condition: every infinite subset A of N contains an infinite 
A, EZ, Otherwise we can define a bornological not globally bounded function 
f: Na, > R by f(x;) =i and f(x):=0 if x¢ A, where A={x,,X5,... }. Now one 
easily chooses inductively the infinite sets A,e4%, and points a,éA, with 
{a,,...,4,} SA,+, GA, and a,,,€A,41\{@1,...,4,}. Then the infinite set 
B:={a;, a2, . . . } S A, belongs to 2, for all ne N. 


Finally we show that 7 does not preserve products of cardinality at least the 
continuum. 


7.2.9 Corollary. For every index set I of cardinality larger or equal to that of the 
continuum there exists a family {B;; jeJ} of bornologies on N such that the 
structure of n (II; Na) is strictly finer than that of 1jn(Nx,). 


Proof. It is enough to show that there exist 2%° many bornologies on N for 
which (3) of (7.2.7) fails. For every j € co let 4; be the bornology on N defined by 
AEB, iff? eal i(n)| < 0, cf. (7.2.6). Each of these bornologies is of the required 
type. Assume that there is some infinite B= {b,, b2, - . . } © N with Be@, for all 
JECo, Le. Ynealj(n)| < 00 for all j. Define a jo € co by jo(b,):= 1/n and jo(k)=0 if 
kéB. Then J kegl jo(k)| =} nen liolb,)| =>i,1/n= %0, contradiction. oO 


Now we consider the embedding €o,: Pre > LimVS. It can be factorized into 
Pre> bLimVS_ — LimVS, where the first functor is a right adjoint and the 
second one a left adjoint, cf. remark (i) after (2.4.3). We will show now that this 
composite is neither a left nor a right adjoint (quoted in (2.4.3)). 


7.2.10 Example. (i) The embedding Pre—>LimVS does not preserve 
products, hence cannot be a right adjoint. 

In order to see this we consider E =R” with J equal to the set cy of all real 0- 
sequences. Let x"eE be defined by (x”);:=j, and let F be the filter on E 
generated by this sequence. It is easy to see that ¥ is not M-convergent, but 
pr;(F) is convergent in R and thus M-convergent. Hence ¥ is convergent in the 
product of the M-convergence structures. 

(ii) The embedding Pre LimVS does not preserve cokernels, hence cannot 
be a left adjoint. 

In order to see this, consider the subspace E of R" formed by those xe R" that 
have support A of density 0. According to (7.2.5) the map q: Il,R4=: F > Eisa 
Pre-quotient, cf. (3.5.3). Assume that q is final with respect to the Mackey 
convergence structures. Define another convergence structure on E by F — y iff 
F =q (F) for some filter Y converging Mackey towards an xe G with q(x)=y. 
This turns E into a convergence vector space E, and makes q:F — E; con- 
tinuous. By the assumed finality of q: F —> E the identity E —> E, is continuous. 
Now consider the sequence n—(1/n)Xio,n Which is M-convergent to 0 in E, 
hence in E, and thus has an M-convergent lifting to F. But this is impossible, 
since the union-of the supports of this sequence is N, which does not have 
density 0. 
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7.3 Preservation of initiality and finality 


We first give some useful characterizations of final morphisms. 


7.3.1 Proposition. For any M-map g: XY (with arbitrary M, cf. section 1.1) 
the following statements are equivalent: 


(1) g is final; 
(2) Y is the coproduct of the two M-subspaces g(X) and Y\g(X) of Y, 


g:X—>g(X) is final and Y\g(X) is discrete, ie. carries the finest M- 
structure. 


Proof. (1=2) As set Y is the disjoint union (i.e. the coproduct in Set) of g(X) 
and ¥\ g(X). Thus the functions fon Y are determined by the restrictions fo to 
g{X) and Jı to Y\ g(X). Since g is final the structure functions on Y are those f 
for which fọ + g=f+g is a morphism, i.e. those where Jo is a structure function 
with respect to the final structure on g(X) and where Jı is arbitrary. Hence the 
initial structure on g(X’) is the final one induced by g: X >g(X), that of Y\ g(X) 
is discrete, and Y is the coproduct of g(X) and Y\g(X) with their initial 
structures. 

(1<=2) Let J: YZ be a map for which fog is a morphism. Let again f) and f, 
be the restrictions offto g(X) and Y\g (X). Then fy °g =fog is a morphism and 
hence fo is a morphism since g: X >g(X )is final. Furthermore, f, is a morphism 


since Y\g(X) is discrete. Since X is the coproduct of g(X) and ¥\g(X) we 
conclude that f is a morphism. 


The last Proposition allows us to restrict some considerations about final 
morphism to surjective ones. 


oe Proposition. For any .&@-map g: X + ¥ the following statements are equiv- 
alent: 


(1) g is a final surjection; 
(2) g is a coequalizer, cf. (8.3.6). 


Proof. (12) Consider the pullback pri, prz: X x X>X of the map g: XY 
S 
with itself. Then g is the coequalizer of pr,, prz: X x X—>X. In fact, let f:X>Z 
x : 


be a morphism for which fe pr, coincides with fe pr, on the pullback X x X, i.e. 
Y 


fæ)= J (x2) provided g(x,)=g(x,). Then there exists a unique map f: Y>Z 
with fog=f, and since g is final this map is a morphism. 

(1 =2) One only has to recall that a colimit in .@ has as underlying set the 
colimit in Set of the underlying sets and as structure the final one and that any 
co-equalizer of two maps g,,g,: X > Yin Set is surjective (it is the quotient map 
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from Y to the equivalence classes with respect to the equivalence relation 
generated by {(9,(x), g2(x)); xe X }). 


Now we will prove for Pre and Con results analogous to (7.3.1) and (7.3.2). 


7.3.3 Proposition. For any Pre-morphism and any Con-morphism g: E>F the 
following statements are equivalent: 


(1) g is final; 
(2) F is the coproduct of the subspace g(E) and a discrete subspace and 
g: E>g(E) is final. 


Proof. (1=2) Let F, be an algebraic complement of g(E) in F; ie. F is 
algebraically the direct sum of g(E) and F,. Then any linear map f: F-G is 
determined by its restrictions fọ to g(E) and f; to F,. Since g is final those f are 
morphisms for which fo ° g =f° g is a morphism, i.e. those where fo is a morphism 
with respect to the final structure on g(E) and where fı is arbitrary. Hence the 
subspace structure on g(E) is the final one induced by g: E-g(£), that of F; is 
discrete, and F is the coproduct of these two subspaces. In particular these 
subspaces are M-closed and thus are convenient, provided F is convenient. 
(1<=2) Let f: F-G be a linear map for which feg is a morphism and F the 
coproduct of g(E) with a discrete subspace F,. Again we denote with f and f, 
the restrictions of f to g(E) and F,. Then fo ° g =f° g is a morphism and hence fo 
is a morphism since g: E-g(E) is final. Furthermore, f, is a morphism since F, 
is discrete. Since E is the coproduct of g(E) and F; we conclude that fis a 
morphism. 


The analogue to proposition (7.3.2) works only for Pre and not for Con. 


7.3.4 Proposition, For any Pre-morphism g:E>F the following state- 
ments are equivalent: 


(1) g is a final surjection; 
(2) g is a coequalizer. 


Proof. (i=>2) Consider the pullback pr,, pr.: E x E-E of the map g: E>F 
F 
with itself. Then g is the co-equalizer of pr,, prz: E x E-E. In fact, let f: EG 
F 


be a morphism for which f° pr, coincides with fo pr, on the pullback E x E, ie. 
F 


f(%1)=f(x2) provided g(x,)=g(x2). Thus there exists a unique map f: FG with 
f°g=f, and since g is final this map is a morphism. 

(2<=1) One only has to recall that a colimit in Pre has as underlying vector 
space the colimit in VS of the underlying vector spaces and as structure'the final 
one and that any co-equalizer of two linear maps g1, g: E—F in VS is surjective 
(it is the quotient map from F to the equivalence classes with respect to the 
congruence relation generated by {(g,(x), g2(x)); xE E}). O 
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Now we discuss the permanence properties of the basic functors with respect 
to initial and final morphisms. 


7.3.5 Theorem 


(i) ¢*: 2°-Con preserves initial and final morphisms. 
(ii) A: Zip~*—Con preserves final morphisms. 
(iii) L(E, _): Con—Con preserves initial morphisms. 
(iv) £ ° (X, _): Con—Con preserves initial morphisms. 
(v) C*(X, _): Con>Con preserves initial morphisms. 
(vi) L{_, F): Con®”—>Con carries surjections to embeddings. 
(vii) £°(_, F): (€°)°-+Con carries surjections to embeddings and initial 
morphisms of £® to final morphisms. 
(viii) L~"(_, F): (Lip)? +Con carries surjections to embeddings. 


Proof. The functor in (i) preserves initial morphisms, since every initial map 
UA A in £” has a right inverse. And maps having a right inverse in Con are 
Initial. 

That the functors in (i) and (ii) preserve final morphisms follows from (7.3.1) 
and (7.3.2), since they preserve colimits and discrete spaces. They preserve 
discrete spaces since every discrete space in the domain category is a coproduct 
of single points, the functors applied to a single point give R and a coproduct of 
factors R is discrete in Con by (3.4.6). 

(iii) Let g:F,>F, be an initial morphism. We have to show that g,: 
L(E, F,)>L(E, F,) is initial. So let h: G>L(E, F,) be a linear map for which 
g,°h is a morphism. Since the Con-structure of L(E, F,) is the initial one 
induced by the evaluations ev,: L(E, F,)>F, it is enough to show that ev,.chisa 
morphism. This follows since g°ev,°h=ev,°g,°h is a morphism and g is 
initial. 

(iv) follows from (iii) since ?°(X, J= L(¢1(X), _). 

(v) follows from (iii) since C*(X, _)= L(A(X), _). 

(vi) Let g: E, >E, be surjective. Then g*: (Ep, F)-L(E,, F) is injective. Let 
h: G>L(E,, F) be a linear map for which g* oh is a morphism. Since the Con- 
structure on HE, F) is the initial one induced by the evaluations ev,: 
L(E,, F)>F it is enough to show that ev, œ h is a morphism. This follows since 

ev, oh=ev,.°g*oh provided x is chosen sl that g(x)=y, which is possible 
since g is assumed to be surjective. 

(vii) and (viii) The statements concerning surjections are proved as in (vi). So 
let 1: X + Y be an initial morphism of £”. It has a left inverse (for X 4 Ø) hence 
*=¢(1, F) has a right inverse and consequently is final. 


Let us give some examples which show that among the functors considered 
only those explicitly mentioned in the last theorem preserve initial or final 
morphisms. 


7.3.6 Examples. (0) We will make use of the examples (7.2.2) and (7.2.4) and 
the fact that a composite q =72° q, of two Con-morphisms is not final by (8.7.2), 
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provided + is not final (and hence in particular provided the image of » is not 
closed in the locally convex topology, cf. (0) in (7.2.4)). 


(i) ©: Pre>Con. 

© does not preserve final morphisms: In (7.2.5) we gave an example of a 
Pre-quotient q: FE, cf. (3.5.3), where F is convenient and E is an M-dense Pre- 
subspace of R. Applying © gives a non-surjective, non-final map 
lq): F>E>Ë (Xun, a)¢ form a bounded sequence). 

© does not preserve initial morphisms: In (6.3.2) we gave an example of a Pre- 
subspace 1: E ® RF, (x, t}}>x+ty of a convenient vector space F = E whose 
Mackey-closure is F. Applying @ to 1 gives a map 7: F ® RF acting as (x, t)> 
x+ty. The kernel {t(y, — 1); te R} of this map is not trivial. Hence 7 is not injec- 
tive and thus not initial, cf. (3.2.1). 


(ii) A: Lip*Con. 

A does not preserve initial morphisms in general: In [Joris, 1982] it is shown 
that f: R>R?, tr(t?, t) is initial in C”. But Af:AR=C*(R, RY 
C*(R?, RY =A(R7) is not even injective (evo ° YeEC*(R, RY is mapped onto 0). 


(iii) | (_)®@ E: Con>Con. 

(_)®E does not preserve final morphisms provided E is not discrete: Applied 
to the final morphism {0}-R it gives the non-final morphism 
{0} = {0} ® E>RÕ EZE. 

(_)® 7? does not preserve initial morphisms: This was already contained in 
the counter-example (iii) of (7.2.2). 


(iv) L(E, _): Con—Con. 
L(R®,_) does not preserve final morphisms: This was already contained in 
the counter-example (i) of (7.2.4). 


(v) C”(X, _): Con—>Con. 

C™(R, _) does not preserve final morphisms: By (7.1.5) there exists a quotient 
map q: E>F and a smooth curve c:R->F with c(t)=0 for t<0 not having 
locally around 0 a smooth lifting to E. Thus q,:C*(R, E)>C®(R, F) is not 
onto. In order to prove that it is not final we consider the smooth curves 
c: R>F defined by c,(t):=c(t—s). We claim that {c,; s¢R} is linearly inde- 
pendent in C”(R, F)/image (q,,). Assume some finite sum a,c, belongs to 
image (q) with not all «, equal to 0. Then there exists a smooth curve e: RoE 
with g°e=La,c,. Let So :=min {s; a,4#0}. Then (q ° e) (t) = ăsoCs (t) for t near so, 
and hence t++(a,,)"'-e(t+5o) is a smooth lifting of c locally around 9, 
contradiction. If q were final then C” (R, F)/image (4s) would be discrete, which 
is not the case, since the linearly ma family {c,; se [0, 1]} is bounded in 
C®(R, F) and thus in C” (R, F)/image(q,,). 


(vi) L(_, F): Con” Con. 

L(_, F) does not preserve initial morphisms, i.e. does not transform final 
Con-morphisms into initial Con-morphisms, provided F # {0}: Let E, SE, be 
two discrete convenient vector spaces. Then the inclusion 1:E,>E, is 
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final in Con. But L(E, F)=L(R™, F)=F’ for every discrete space E=R? 
and hence :* = L(i, F) is not injective and thus not initial: 


L(_, R™) does not preserve final morphisms: This was already shown in the - 


counter-example (iv) of (7.2.4). Even the duality functor (_)’ does not preserve 
final morphisms. Applying it to the initial but non-final morphism R™ —R™ 
gives R™— RY, 


(vii) £°(_, F):(€2)°? Con. 

f(_, F) does not preserve initial morphisms provided F {0}: Let X, SX, 
be two discrete /%-spaces. Then the inclusion 1:X,—X, is final in 7”. But 
¢°(X, F)=F* for every discrete space X and hence 1* =/%(1, F} is not injective 
and thus not initial. 


(viii) Lig (o, F): (Lep*)?—>Con. 

ip'(_, F ) does not preserve initial morphisms provided F # {0}: Let X, € X, 
be two discrete “'-spaces. Then the inclusion 1: X, >X; is final in Ap". But 
Lif'(X, F )=F* for every discrete space X and hence 1* = Zijt (1, F) is not 
injective and thus not initial. 

C* (_,R™)) does not preserve final morphisms: This was already shown in the 
counter-example (vi) of (7.2.4). 


Now we want to give an example which shows that finality is not preserved by 
the functors Pfe>Born, Pre>/”, and Pre oC”. 


7.3.7 Example. The bornology, the -structure and the “/'-structure of a 
Pre-quotient need not be the final structures. 

(i) Recall that the final bornology (final convex bornology) for a surjective 
map consists of the images of all bounded sets. There exists a Fréchet Montel 
space which has 7+ as LCS-quotient [Jarchow, 1981, p. 233]. The unit ball 
cannot have a bounded lift, otherwise this lift would be precompact (since the 
space is Montel) and thus the unit ball would be compact as closed image of a 
precompact set. 

(ii) Recall that the final linearly generated .#-structure (H =° or M = Lip") 
is the final Pre-structure. 

Consider the subspace E of R™ consisting of all those sequences whose 
support has density 0. Then H, R4-E is a final Pre-morphism by (7.2.5) and 
(7.2.6), where A runs through all subsets of N with density 0. 

The final .#-structure on this space E is compatible (M =£ ®, or M = Lip”), 
ie. the vector operations are ./-morphisms; but it is not the final Pre- 
structure and thus not linearly generated. 

In order to see that the final .#-structure on E is compatible one uses that the 
product of final morphisms is final (by cartesian closedness) and the vector 
operations on E are induced by those of H, R4. Now we show that this structure 
cannot be the .#-structure of the final Pre-structure. 

Let pọ: E>R be defined by g(x)=)),n"x,:...+ x, (for xeE this is a finite 
sum, since some coordinate of x has to be 0). Then ọ is not bounded on the 
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M-convergent sequence (1/n)7,1,,; and thus is not smooth, i.e. it is not a 
structure-function of the ./-structure associated to the final Pre-structure. But 
for any ASN of density 0 the restriction p|p4 is smooth and bornological, since 
there exists an N e N \ A and thus g(x)=)), .yn"X,... Xa for all xe A. Thus ọ is 
a structure function for the final M-structure. 


Remark. The previous example shows at the same time that a compatible 
smooth structure on a vector space is not necessarily linearly generated. 


7.4 Various counter-examples 


7.4.1 Example. A convenient vector space E with a point separating subset 
YF CE’ such that the bornology on E does not have a basis of o(E, #)-closed 
subsets (quoted in (4.1.17)). 

Let E=/', Y: Nx NN a bijection and F:= {£ ef ® =(£ +Y; lim, al (Y(n, K) 
exists and equals n-¢(w(n, 1)) for all ne N}. 

Let us show first that separates points: Let xe? 1, x 40. Take iy minimal 
with x,, 40, (no, ko):=~ "{ip), and define ¢ by £ (Y (no, k)):=sgn(x;,) for k<ko 
and appropriate for k>kọo such that lim,.,,¢(W(m, k))=no-sgn(x;,) and 
&(W(n, k)):=90 for all n#no. Then clearly fe F and <7, x> =sgn(x;,)Xig + Des ko 
CE, Wig, kK) X ying, «> >0. 

We show that B, := segl ~ +£ B is not bounded, B being the open unit ball in 
¢'. It is enough to show that (n/2)epa EB, One has 
tf, B>=J]—|l€l~; lf |. [, because on the one hand |<¢, x>|<||@||,, |x|, and 
on the other |t|< ||| implies [/,|>|t| for some n, thus |<Z,e,>|=|4,[>|tl. 
So we obtain 


n 
IC gm ») | a 


7,42 Example. Pre-embeddings which are not LCS-embeddings (quoted in 
(3.2.2)). 

Since every separated locally convex space E is a projective limit of normed 
spaces by (2.1.17) one has an LCS-embedding of E into the product of these 
normed spaces. Now we can take any non-bornological E (e.g. an infinite- 
dimensional Banach space with the weak topology, cf. [Jarchow, 1981, p. 271]). 
Then the bornologification yBE of E is Pre-embedded into the product, but it is 
not an LCS-embedding (provided the cardinality of the index set of the product 
is non-measurable), since yE is different from E. 


ales 


; Oe rk 
slut, ») =|lim,...C(a, MN 5 <5 


7.4.3 Example. A convenient vector space E whose locally convex topology is 
not quasi-complete (quoted in (2.6.2)). 

An easy example consists of the Pre-subspace E of R’ formed by all xe R” 
with countable support provided J is uncountable. Clearly E is M-closed in RI, 
hence convenient. If the locally convex topology of E were quasi-complete, then 
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the closed bounded set {xe E;|x,;|<1 for all j } would be complete; but this is 
not the case since the characteristic functions yp (FSJ finite) form a net which 
converges in R” to y,¢E. For a different example see [Jarchow, 1981, p. 71]. 


7.4.4 Example. An M-complete convex bornological space whose bornology 
is not complete (quoted in the remark after (2.6.2)). 

An example of such a space E is due to [Nel, 1965] and is as follows: the 
underlying vector space of E is 7° and BCE is bounded iff Bc?” is bounded 
and there exists some finite-dimensional subspace F CE with BC Eo + F, where 
E, denotes the subspace formed by the sequence with finite support (one uses 
that in complete convex bornological spaces the ¢1-hull of bounded subsets is 
bounded, cf. [Hogbe-Nlend, 1977, p. 126]). 


7.4.55 Examples, We consider the following natural morphisms, which are 
isomorphisms if the spaces involved are finite-dimensional vector spaces, resp. 
manifolds: 


(i) E'QF>L(E; F) 
(ii) E’® F'>(EQFY 
(iii) L(E, FY >L(F, E”) 
(iv) C°(X, R F>C”(X, F) fO y=lxe fix): y) 

(v) C”(X, FY>L(C*(X, R), F’) gı (fyg (f): y) 
(vi) C”(X, R) C”(Y, R)>C”(XnY, R) fF @gro((x, =f) g(y)) 
(vii) E" & F'>L(E, FY xı ® yı (gx (y1 °9g)) 

(viii) C°(X, RY © F’>C*(X, FY h@yR@f01-9)) 
(ix) C“(X, RY @ C”(Y, RY >C*(XnY, RY fi @gi Phe fG@ich’)) 
(x) A(X) >C(X, RY ef. (5.1.1) 


(i) (RY & R® and L(RY, RY) are not isomorphic: 
R™ © RV=(R® RY) =(RNM E(R™)N~ LRN, R) = L(R®, RN), 
(i) (RNY @(R™Y and (RY ® RY are not isomorphic: 

(RAY (RNY = RYQ RN = (RY) £ (R)N ~ ((RX)™y =(RN & RY, 
One can even achieve E and F to be the same, if one takes both equal to 
RN @ RON), 

(iii) L(RN, RNY and L(R, (R%)’) are not isomorphic: 
L(RN, RNY =((R™)8y = (RN) (RM Va LRN, RN), 
(iv) C”(R, R®R™>C*(R, R™) is not an isomorphism: Using that 
C*(R, E)>EN, cro(c(n)), admits a right inverse x-+5\,x,h(t—n), where he 
C~(R, R) with h(0)=1 and supp(h)<[—1, 1], we conclude that RY is a comple- 


mented subspace of C”(R, R) and that (R“)" is a complemented subspace of 


C™(R, Rœ). Thus this counter-example follows from the one given in (i) using 
(8.3.8). 


(v) C”(R, R™Y > L(C%(R, R), (RY) is not an isomorphism: 


xı ® y(x x(x): y) 
xi @ yp (x @ yx, lx) y (y) 
gı >y >x eg x1): y) 
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As in (iv) one considers RN as complemented subspace of C” (R, R) and (R)" 
as complemented subspace of C” (R, R). Thus this counter-example follows 
from the one given in (iii) using (8.3.8). 

(vi) C*(R, RN@C*(R®, R)>C” (RoR, R) is not an isomorphism: One 
considers R = L(RN, R) as complemented subspace of C™(R', R); because of 
C*(RnR®, R) C” (R, C*(R", R)) this example follows from the one given in 
(iv) using (8.3.8). 

One can even take X= Y:=RN, since C®(RN, E) contains C*(R, E) as 
complemented subspace. 

We do not think that the morphisms in (vii}{x) are always isomorphisms. We 
have no counter-examples but we now show that one for (ix) would yield others 
for (vii), (viii) and (x). 

(vii) Let ọ denote the natural morphism £” & F’> L(E, FY. In the case where 
E and F are reflexive the dual g* is a retraction whose right inverse is 
1: L(E, F)>L(E, FY’ composed with the isomorphism (E°@FYS(E@F YS 
L(E, F'; R)= L(E, F")= L(E, F). Thus the bidual ~** is a section which implies 
that ọ is initial. 

We do not know an example where is not surjective. Recall in this 
connection that denseness of E&F’ in L(E, FY with respect to the locally 
convex topology is equivalent to the reflexivity of L(E, F), cf. (5.4.18). 

(viii) An example showing that this map is not an isomorphism would also be 
an example for (vii) by setting E:=4(X)> C” (X, RY. 

(ix) An example showing that this map is not an isomorphism would also be 
an example for (viii) by setting F:=C*(Y, R). 

(x) An example showing that the map in (ix) need not be an isomorphism 
would also yield an example for (x): If for all X the morphism AX >C ”(X , RY in 
(x) were an isomorphism then using the isomorphism a(XnY)=4X @AY of 
(5.2.4) would show that the morphism in (ix) is also an isomorphism. 


8 SOME CATEGORICAL 
NOTIONS AND 
NOTATIONS 


This chapter is by no means an introduction or a survey on category theory. It is 
intended as a helpful guide for a reader who is not familiar with categorical 
terms and reasonings. Therefore it only recalls those standard definitions and 
basic results which are used in this book. No proofs are given; they can cither be 
found in the standard textbooks on category theory or are trivial. 


8.1 Categories 


8.1.1 Definition, A category % consists of 


i) a class denoted |Z]; 
(ii) for each pair X, Ye|2%| a set denoted ¥(X, Y); 
(iii) for each triple X, Y,Ze|2|a map Z(Y, Z) x Z (X, Y) > ¥(X, Z) denoted 
(a Drage 


and the following axioms are supposed to hold: 


(a) (X1; Y1) A (Xo, Y) > Z (X1, Yi) (Xa, Yo) = D; 

(b) fEZ(X, Y}, geZ (Y, Z), he X (Z,U)=hə(gəf)= (hog) cf: 

(c) for each X e|Z]| there exists an element 1ye (X, X) such that fol, =f 

for any fe 4(X, Y) and lyeg =g for any ge X (Y, X). 

The elements of || are called the objects of X; the elements of ¥ (X, Y) are 
called the 2’-morphisms from X to Y or also the morphisms having X as domain 
and Y as range and one also writes f: X —> Y; the maps (g, f)—> g of are called 
compositions of 2. 

A morphism f: X > Y of & is called isomorphism iff there exists a morphism 
g:¥>X in & satisfying fog = ly and gef=1,. Of course g is uniquely 
determined and denoted by f~t. 
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If one has fog = 1y for two %-morphisms f: X —> Y and g: Y > X then f is 
called retraction (of g) and g is called section (of f). 

In most examples of this book the objects are sets with additional structures 
(e.g. algebraic or topological); and the morphisms certain maps between the 
underlying sets, compatible with the structures (e.g. homomorphic or continu- 
ous); and the composition will be the usual composition of maps. 

In many important examples such as the category Set of sets, the category VS 
of (real) vector spaces or the category Top of topological spaces the objects form 
a proper class and not a set; if they form a set one speaks of a small category. 

For two categories ¥ and Y the product category ¥ x Y is defined as follows. 
Objects of x Y are the pairs (X, Y) with X an object of ¥ and Y an object of 
WY: morphisms of # x ® from (X,,¥,) to (X2, ¥,) are pairs (fg) with 


f:X,2X, an X-morphism and g: Y, >Y, a Y-morphism; composition 


consists in composing the components. 

A category % is called subcategory of a category % iff the objects of 2 form a 
subclass of the objects of Y, and the morphisms of ¥ are morphisms of Y, more 
precisely Z (X1, X2) € W(X,,X>.) for all X,,X,¢|%|; and 2-morphisms are 
composed as #/-morphisms. A subcategory ¥ of Y is called full iff Z(X,, X2) = 
Y(X, X2) for all X,, X,¢|%|; and it is called replete iff any object in Y that is 
-isomorphic to an object in Z lies also in Z. 


8.2 Functors and natural transformations 


8.2.1 Definition. A functor «1:2 >Y from a category ¥ to a category ¥ 
consists of 


(i) a map |Z| > |Y| for the objects denoted by X aX; 
(ii) for all -objects X,,X, a map #(X,,X.) > W(aX,,aX,) for the mor- 
phisms denoted by fro af; 


and the following axioms are supposed to hold: 


(a) a(ly) = lax for any object X of £; 
(b) a( fog) = afoag whenever fog is defined. 


So-called contravariant functors Z >% can be avoided by considering 
ordinary functors Z + Y, where the category 2°? opposite to a category £ 
has as objects the same as Z; %°?(X, Y):= (Y, X) for all objects X, Y; and fog 
in X” is gof in the sense of X. 

For any category Z one has a functor ®(_, _): 2°? x # > Set, called the hom- 
functor of ¥. It associates to (X,, X2) the set ¥(X,, X2) of #-morphisms from 
X, to X, and to (g, f) the map #(g,f):htofoh og. If g = 1y then we write fẹ or 
&(X, f) instead of Z (1x, f), ie. f,(h) = feh . Similarly we write g* or (g, X) 
instead of X (g, Ly), ie. g*(h) = heg. Then Z (g. f) =f, °9* = g* fy. 

One has always a functor denoted Id,:% >X that acts on objects and 
morphism as identity. 
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Functors «:% >Y and B:Y - Z can be composed in the obvious way to 
form a functor Boa: % > Z. 


A functor «: ¥ — Y is called faithful (resp. full) iff for any two objects X,, X, of . 


& the mapping fr «(f), F(X,, X,) > Y(aX ,, aX.) is injective (resp. surjec- 
tive). A full and faithful functor is called an embedding. A category ¥ with a given 
faithful functor ¥ — Set is called a concrete category. 


8.2.2 Definition, A natural transformation 93:0 -— B, where a, p: X — Y are two 
functors, is a family of &-morphisms 9,:aX —> BX (Xe|2#|) that satisfies the 
following axiom: For every %-morphism f: X, > X, one has $y, caf= Bfe Iy,- 

Two functors «, p:¥ Y are called isomorphic iff there exists a natural 
isomorphism, i.e. a natural transformation 9: af such that 3, is a Y-iso- 
morphism for all Xe. 

A functor 4: Z—>Y is called representable iff there exists a representation, i.e. a 
natural isomorphism 9: A (A, _) for some -object A. 


8.3 Limits and colimits 


8.3.1 Definition, A diagram ina category % is a functor V:  —> %, where ¥ isa 
small category. Let us write X;:= V(j) for any je|4|. 

A source in £ is a #-object X together with a family of %-morphisms 
fy. X > X; (je J). A sink in ¥ is a X-object X together with a family of X- 
morphisms f: X; —> X (jeJ). 

A limit of V is a source (Xo; P; Xa >X; (jell) in Z with pj= 
Vo p, for any -morphism o:i —> j, having the following universal property: for 
each source (X, f;:X >X; (je|#|)) in Z with the compatibility property 
f;=Vo°f, for any %-morphism g:i-j there exists a unique 2-morphism 
f:X > X,, with f; = p;of for all jej s |. 

The dual notion is the following: A colimit of V is a sink (X.; 4: X; > X 
(jel f|) in # with g;= q,°Vo for any -morphism ọ:i—j, having the 
following universal property: for each source (X; g;:X; > X (je|.¥|)) in Z with 
the same compatibility property there exists a unique %-morphism g: X ,, > X 
with g; = gq; for all je] S |. 

We mention some important special cases: 


8.3.2 Products and copraducts, One takes as J a discrete small category, i.e. a 
set J of objects, and as only morphisms the identities 1, for jeJ. A diagram 
V:.% — & is uniquely determined by the family X, (jeJ) of objects. The given 
definitions of limit and colimit are simplified because the conditions involving 
-morphisms become void. A limit of V is called product of the family X, and is 
denoted by pr;: Mies X; > X, (jeJ); similarly a colimit is called coproduct and is 
denoted by in,: X; > U;.;X; (je J). 
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8.3.3 Inverse or projective limits. Let J be a set directed by a relation >, cf. 
(2.2.1). One defines a small category .%: The set of objects is J; ¥ (j, i) has exactly 
one element if j > i and is empty otherwise; the composition is then unambigu- 
ous. A diagram . —> Z consists of a family of 2-objects X; together with Z- 
morphisms f; ;:X; > X; for j >i that satisfy f, ; = 1y for all jeJ and f, ;= 
fj,ichs, j fork >j S i. Such a diagram is usually valed an inverse or projective 
system and a limit of it is called an inverse or projective limit. 


8.3.4 Direct or inductive limits, Let (J, >) be a directed set as before. One 
forms the category . in the dual way: The set of objects is J and 4 (i, j) consists 
of exactly one element if j > i and is empty otherwise. A diagram % — % consists 
of a family of #-objects X; together with -morphisms f;, ;: X; > X; forj > i that 
satisfy f}, ; = ly, for ae and fi. = fi,2°f;,; for k>j >i. Such a diagram is 
usually called a Sdan or inductive system and a colimit of it is called a direct or 
inductive limit. 


8.3.5 Pullbacks and pushouts, One takes as ¥ a category with three objects, say 
0, 1, 2, and with two morphisms besides the identities, namely 1 > 0 and 2 > 0. A 
diagram V:. > & consists of three objects Xo, X,, X, and two morphisms 
g::X; > Xo and g,:X, > Xo. A limit of this diagram is determined by two 
maps f,:X,,—~ X, and f,:X,, >X, satisfying g, of; = g2°f2. It is called a 
pullback of (g,, g2). Pushout is the dual notion, i.e. a pushout of two morphisms 
g1: Xo > X, and g2:X9 > X, is a pullback in ¥® of (g1, g2). 


8.3.6 Equalizers and coequalizers. One takes as .¥ a category with two objects, 
say 0 and 1, and with two morphisms 0 — 1 besides the identities. A dia- 
gram V:.% > & consists of two objects Xo, X, and two morphisms g;: Xo > X, 
(i = 1, 2). A limit of this diagram is determined by a map f: X o > Xo satisfying 
91°f = 92°f. It is called an equalizer of (g,, 92). 

A coequalizer of (g1, g2) is the dual notion, i.e. is an equalizer in 2°? of 


(91,92). 


8.3.7 Definition. A category Z is called complete iff all diagrams in # have a 
limit. It is called cocomplete iff all diagrams in ¥ have a colimit. 


8.3.8 Lemma. Suppose there are given morphisms: 


X Y 


i—i 
S 
x! oS y 


such that ros=idy, r’cos’=idy, gor=rof, fos=s' °g. 


If f is a coequalizer, a section or a retraction then g has the same property. 
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8.4 Adjoint functors 


8.4.1 Definition. Let p and 4 be two functors as follows: Z Ly, Then p is 
À 


called right adjoint to À (and A left adjoint to p) if there are bijections between the 
following sets: 


X (2Y, X) = Y(Y, pX) for XeX, YeY 


in such a way that they form a natural transformation between the functors 
P(A) YL, p_): Y°? x X > Set. This natural transformation is called an 
adjunction between p and 4. 


8.4.2 If such an adjunction is given, then to ly corresponds a %- 
morphism yy: Y > pA¥ and similarly to 1,, an -morphism ey:ApX > X. 
These are easily verified to constitute natural transformations y: Id y > podand 
é:Aop > Idy, and to satisfy the identities £y ° Any = l;y and psy Nox = |px- 
One calls y the unit and e the counit of the adjunction. Conversely, any two 
natural transformations y:Id,— pA and ¢:40p > Id, satisfying the above 
identities yield an adjunction: one defines @ (AY, X) > Y(Y¥, pX) by fr pfony 
and (Y, pX) > #(AY, X) by g ey» Ag. The assumed identities imply that these 
are inverse to each other. 

In many of our examples the objects of # and Y are structured sets and ny 
and ey the identity maps of the underlying sets. In these cases the trans- 
formations Id, > p- A and å» p > Id, mean that på coarsens and 4p refines the 
respective structures. 


8.4.3 Often only one functor p: ¥ >% is given and one wants to know whether 
it has an adjoint. Suppose for every object ¥ of Y one has an object A¥ in £ 
together with a &-morphism ny: Y > p(A¥) such that for any #-morphism 
Í: Y > p(X) with X €| 2’| there exists a unique 2-morphism f: 1 ¥ > X such that 
f= p(f)>ny (In this situation the pair (AY, ny) is called universal arrow from Y 
to p). Then 4 extends in a unique way to a functor 1: ¥ > & that is left adjoint to 
p and has y as unit of adjunction. The adjunction is given by feY(¥, pX)— 
fe® (AY, X). 

In the dual way one obtains a right adjoint to a given functor 1:Y > £ 
if for every #-object X one has a -object pX together with a 2-morphism 
éy:A(pX) > X such that for any 2-morphism g: AY — X there exists a unique 
¥Y-morphism g: Y > pX satisfying g = eyo Ag. 


8.4.4 If the inclusion functor of a subcategory has a left (right) adjoint one 
speaks of a reflective (coreflective) subcategory. A left (right) adjoint to an 
inclusion functor is called reflector (coreflector). 
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8.5 Adjoint functors and limits 


8.5.1 Proposition. (i) A functor p: 2% >Y which has a left adjoint preserves 
limits; ie. if pj: Xa >X, (je|£|) is a limit of a diagram V:.% >X, then 
PIP) P(X.) > pe(X;) (jE | F |) is a limit of the diagram p° V: >Y. 

(ii) Similarly a functor which has a right adjoint preserves colimits. 


Remark. That a functor p: 2°? > Y preserves limits means that it transforms 
colimits in 2 into limits in X. 


8.5.2 Proposition. Let 1:2 >Y be the inclusion functor of a full replete sub- 
category. 

(i) Suppose F is a reflective subcategory of % . Then one can choose a left adjoint 
(reflector) 4:Y > X such that 401 = Idy. Let V:% > be a diagram. If the 
diagram to V: —> Y has a limit (in Y) then this limit belongs to X and is a limit of 
V (in X). If the diagram 1°V:.% >Y has a colimit (in Y) then one obtains 
(according to (8.5.1)) a colimit of V (in X) by applying the functor À. 

(ii) Suppose Z is a coreflective subcategory of Y. Then one can choose a right 
adjoint (coreflector) p:Y/ — X such that poi = Idy. Let V: J > X be a diagram. If 
the diagram 1oV:.% >Y has a colimit (in Y) then this colimit belongs to X and is a 
colimit of V (in X). If the diagram 12 V: J >Y has a limit (in Y) then one obtains 
(according to (8.5.1)) a limit of V (in X) by applying the functor p. 


8.5.3 Corollary. Let £ be a full replete reflective (resp. coreflective) subcategory 
of a complete and cocomplete category Y. Then ¥ is complete and cocomplete. 
Limits (resp. colimits) in ¥ are obtained by forming them in Y. Colimits (resp. 
limits) in ¥ are obtained by applying the retraction functor to the colimit (resp. 
limit) in X. 


8.6 Cartesian closed categories 


8.6.1 Definition. A category X is called cartesian closed iff 


(i) 2 has a terminal object T, i.e. an object such that for any object X there 
exists exactly one morphism X > T; 
(i) For any pair of objects a product exists, ie. the functor ¥ > 
x #, Xe(X, X) feo (ff) has a right adjoint -n £ xZ >F, 
(iii) For every object Y the functor _n Y has a right adjoint. 


Remark. Let Q(Y,_):4 > # denote a right adjoint to -n Y. Then Q extends 
in a unique way to a functor Q:2°? x #—4 such that one has bijections 
R(XNY, Z) = F(X, Q(Y, Z)) being natural in X, F, Z. 

Unit and counit of the adjunction(s) are of the form 4}: Z > Q(Y, ZnY) and 
et :O(¥, X)n¥ > X. 
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8.6.2 Example, The category Set is cartesian closed. Any singleton is a ter- 
minal object, the product is the cartesian product, and as one can take the 
hom-functor Set(_,_). The unit consists of the insertion maps ins}: Z—- 
Set (Y, Z x Y), ins(z)(y):= (z, y) and the counit of the evaluation maps ev}: 
Set (Y, X) x Y > X, ev(f.y)= fly). 

The adjunction Set(X x Y, Z) = Set(X, Set( Y, Z)) is given by the map f= f”, 
where f~“ (x) (y):= f(x, y); the inverse map is g> g^, where g^ (x, y) = g(x) (y). 


8.6.3 Remark. For the cartesian closed categories ¥ in this book the forgetful 
functor ¥ — Set is represented by #(T, _) (T denotes a terminal object). In this 
situation one can choose Q, n and the adjunction in such a way that the 
underlying set of Q(X, Y) is the set of morphisms ¥ (X, Y) and that of Xn Y is 
the cartesian product of the underlying sets of X and Y. Unit and counit consist 
of the insertion and evaluation maps, and the adjunction is given fi f’ and 
g—g^ where f“ and g^ are defined by the same formulas as above. 


8.6.4 Remark. In any cartesian closed category Æ% one has a natural iso- 
morphism Q(X n Y, Z) = Q(X, Q(Y, Z)), which can be written as exponential law 
Z*Y) ~ (Z*)* if one uses the notation Z“ for Q(Z, Y). Other exponential laws 
that are valid are XT = X, (Xn Y) = X7n Y” and XnT = X. One has always a 
natural morphism Z‘ n ¥Y* > Z*; in the concrete situation above this is the 
composition map. 


8.6.5 A category % is called locally cartesian closed iff the comma-categories 
(£, X) are cartesian closed for all X-objects X, where the comma-category (2%, X) 
has as objects all 2-morphism with range X and as morphisms ọ:f —> g those X- 
morphisms dom( f) > dom(g) for which g ° ọ = f. The product in (X, X) of two 
(£, X)-objects fand g is just the pullback in ¥ of f and g. Thus locally cartesian 
closedness of Y implies that pullbacks in # preserve colimits. And since for any 
terminal object T of 2 the comma-category (2, T) is isomorphic to Z the locally 
cartesian closedness implies cartesian closedness provided a terminal object 
exists. 


8.7 Initial sources and final sinks 


For this section we suppose that a faithful functor p: ¥ — Y is given, i.e. a 
functor such that for all 2-objects X, Y the map Z%(X, Y) > Y(pX,@Y) is 
injective. 


8.7.1 Definition. (i) An initial source with respect to ọ is a source formed by an 
%-object X and a family f: X > X; (jeJ) of #-morphisms with the property: If 
Z is any -object and g:9Z > ọ X is any Y-morphism then pfj;-geo #(Z, X;) 
for all jeJ implies geo 2(Z, X). An initial morphism with respect to @ is an 
initial source with a singleton as index set J. 
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(ii) The dual notion is the following. A final sink with respect to ọ is a 
sink formed by an -object X and a family f,;;X,;— X of 2-morphisms 
with the property: if Z is any -object and g: 9X > oZ any Y-morphism then 
g°of,epk(X,,Z) for all jeJ implies gep Z (X, Z). A final morphism with 
respect to ọ is a final sink with a singleton as index set J. 

(iti) An initial source f;: X — X; (resp. final sink f;: X; > X), jeJ, with respect 
to ọ is called initial source (resp. final sink) over a family of &@-morphisms 
g;: Y > oX; (resp. g;:@ X; > Y) iff ọ X = Y and of; = g; for all je J. We say that 
Z has initial sources (resp. final sinks) with respect to ọ iff over every source 
g; Y>ọX; (resp. sink g;:9X;> Y), je J, in Y there exists an initial source (resp. 
a final sink) in 2. 


Remark. We only use the special case where the objects in X can be considered 
as objects of Y together with some additional structure. Then taking an initial 
source over a family g,;: Y > Y, (jeJ) amounts to supply Y with an additional 
structure and we will cali this structure the initial structure induced by the 
morphisms g; (jeJ). The additional structure corresponding to a final sink over 
a family will be called final structure induced by that family. 


Remark. If one has a family f;: X > X; (jeJ) of #-morphisms and the product 
prj: Mes X; > X; exists, then the f; (jeJ) form an initial source if and only if the 
corresponding morphism f: X > IMi; X; is an initial morphism. 

The dual result is; if one has a family f;: X; > X (jeJ) of ¥-morphisms and 
the coproduct in;: X; > U;., X; exists, then the f, (jeJ) form a final sink if and 
only if the corresponding morphism f: U<; X; > X is a final morphism. 


8.7.2 Proposition. (i) The composition fog of initial %-morphisms is initial. 
Conversely, if the composition fog of two #-morphisms is initial then g is also 
initial. 

(ii) The composition fog of final #-morphisms is final. Conversely, if the 
composition fog of two #-morphisms is final then f is also final. 


8.7.3 Proposition. (i) If Z has initial sources with respect to p: % > Y then o 
has aright adjoint. If in addition Y is complete, then £ is also complete, and a limit 
of a diagram V: > is obtained by taking an initial source over a limit 
g Yo > 9X; (je| 4 |) of p2V: 4% >Y. 

(ii) If X has final sinks with respect to p:& >Y then ọ has a left adjoint. If in 
addition Y is cocomplete, then also X is cocomplete, and a colimit of a diagram 
V: 4 — & is obtained by taking a final sink over a colimit g;:9X;—> Ya (J€| F |) 
of 92V:F >Y. 


Remark. If ‘(¥)isa set for every Y-object Y then % has initial sources iff it 
has final sinks. For this as well as for the existence of the adjoints one uses the 
special case J = Ø. 


i] 
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8.7.4 Proposition. Suppose one has functors according to the diagram: 


p 
g —— y 


to 


g Y’ 


such that the diagram commutes (i.e. pA = A'W and p'o = Wp); that o and y are 
faithful; that / is left adjoint to p with unit y and co-unit e; that 1’ is left adjoint 
to p' with unit Ņ' and co-unit £'; and that (ex) = £p for all -objects X and 
Wiity) = Nym for all Y-objects Y. l 

Then p transforms initial sources (with respect to ọ) in & into initial sources 
(with respect to y) in Y; and A transforms final sinks (with respect to y) in Y into 
final sinks (with respect to ọ) in &. 


8.7.5 The above proposition is often used in the following special situation: 
X'=¥Y', p' =A the identity functor, and the unit 7’ and co-unit «’ are the 
identity transformations. 


8.8 Embeddings and quotient maps 
For this section we suppose that a faithful functor œ: ¥ — Set is given. 


8.8.1 Definition. (i) An &-morphism f is called an #-embedding (with respect 
to ọ) iff fis initial with respect to ọ and øf is injective. 

An object X is called an -subspace (with respect to o) of an object Y iff pX is 
a subset of pY and there exists a (unique) 2-embedding f: X > Y such that fis 
the inclusion. 

The dual notions are: a morphism f in & is called an 2-quotient-map (with 
respect to ¢) iff fis final with respect to ọ and pf is surjective. 

An object X is called an 2-quotient-space (with respect to p) of an object Y iff 
oX is the quotient of o Y with respect to some equivalence relation and there 
exists a (unique) #-quotient-map f: Y —> X such that of is the projection map 
associated to the equivalence relation. 


Remark. Suppose that ¢ = °@, for some faithful functor g,:2 —> VS, 
where pọ denotes the obvious functor pọ: VS > Set. Then the notions of 2- 
embedding and #-quotient-map remain the same iff one replaces o by ¢,. 


8.8.2 Proposition. For any morphism f the following statements are equivalent: 


(1) fis an isomorphism; 
(2) fis a surjective (i.e. of is surjective) embedding; 
(3) fis an injective (i.e. of is injective) quotient-map. 
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Remark. If initial sources exist then the embeddings are exactly the composites 
feg with g an isomorphism and f an embedding of a subspace. 
And if final sinks exist then the quotient-maps are exactly the composites g =f 
with g an isomorphism and f a quotient map onto a quotient space. 
Proposition (8.7.2) yields immediately: 


8.8.3 Proposition. (i) The composition of embeddings (resp. quotient maps) is an 
embedding (resp. a quotient map). 

(ii) If the composition f» g of two morphisms is an embedding (resp. a quotient 
map) then g is an embedding (resp. f is a quotient map). 
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multilinear morphism (3.7.1) 
symmetric (4.4.19) 
multilinear uniform boundedness prin- 

ciple (3.7.4) 
multiplication of an algebra (5.2.1) 


natural transformation (8.2.1) 

net (2.2.5) 

Cauchy (2.2.10) 
Mackey-Cauchy (2.2.13) 
nuclear space (2.4.3), (4.7.9), (5.3.6) 


object of a category (8.1.1) 
opposite category (8.2.1) 


partial 
derivative (4.5.3), (1.3.27) 
difference quotient (1.3.4) 
differential (4.5.3) l 
strongly differentiable (4.5.3) 
partially -differentiable (4.5.3) 
polarization formula (4.4.19) 
polynomial (4.4.27) 
interpolation (1.3.7) 
positive linear map (6.4.5) 
preconvenient vector space (2.4.2) 
separated (2.5.3) 
complete separated (2.6.3) 
preserve (co-)limits (8.5.1) 
product 
of categories (8.1.1) 
of objects (8.3.2) 
projective limit (8.3.3) 
pullback (8.3.5) 
pushout (8.3.5) 


quasi-complete locally convex space 
(7.4.3) 


quotient map (8.8.1) 
quotient space (8.8.1) 


reflective subcategory (8.4.4) 
reflector (8.4.4) 

reflexive (5.4.4) 
completely (5.4.4) 

LCS- (5.4.4) 

n- (5.4.4) 
replete subcategory (8.1.1) 
representable functor (8.2.2) 
retraction morphism (8.1.1) 
Riemann sums (4.1.2) 
right adjoint (8.4.1) 


F -differentiable (4.1.9), (4.3.9), (4.3.26) 
partially (4.5.3) 
scalarly bounded (2.1.21) 
Schwartz space (4.4.45), (4.4.39) 
section morphism (8.1.1) 
segments 
final (2.2.4) 
seminorm (2.1.14) 
separated 
bornological vector space (2.1.2) 
convergence space (2.2.3) 
preconvenient vector space (2.5.3) 
preconvenient vector space, complete 
(2.6.3) 
sequential closure {6.1.3) 
sequentially complete convergence vector 
space (2.2.10) 
sink (8.3.1) 
final (8.7.1) 
small category (8.1.1) 
smooth (1.3.24) 
action (1.4.9) 
diffeomorphism (1.4.8) 
group (1.4.7) 
space (1.4.1) 
structure (1.4.1) 
source (8.3.1) 
initial (8.7.1) 
special 
chain rule (4.3.14) 
curve lemma (2.3.4) 
embedding lemma (2.5.5) 
strict inductive limit (6.2.8) 
strictly Fréchet differentiable (4.3.15) 
strongly differentiable (4.1.9), (4.3.9), 
(4.3.26) 
partially (4.5.3) 
structure 
curve (1.1.1) 
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function (1.1.1) 

M- (1.1.1) 

final (8.7.1), (3.1.1), (3.1.2), (3.2.4) 
generated (1.1.3) 

initial (3.1.1), (3.1.2), (3.2.1), (8.7.1) 
smooth (1.4.1) 

subbasis of bornology (1.2.1) 
subcategory (8.1.1) 

submanifold (4.7.2) 

subspace (8.8.1) 

symmetric multilinear maps (4.4.19) 


Taylor expansion (4.4.18) 

terminal object (8.6.1) 

topological convex bornological space 
(2.1.12) 

trivial vector bundle (4.6.5) 

trivialization of vector bundle (4.6.3) 


ultra-filter (2.2.2) 
uniform boundedness principle 
for bundle sections (4.6.16) 
bornological (3.6.6) 
differentiable (4.4.7) 
linear (3.6.4) 
multilinear (3.7.4) 
uniform Mackey convergence (2.2.19) 
unit 
of an adjunction (8.4.2) 
ofan algebra (5.2.1) 
universal arrow (8.4.3) 


Index 


universal property (8.3.1) 
Urysohn property (2.3.10) 


vector bornology (2.1.2) 
vector bundle 


morphism 


Lip" (4.6.3) 
trivial (4.6.5) 


trivialization of a 


bornological 
convenient 
convergence 


dualized 


(2.1.1) 


M- (2.3.1) 
von Neumann bornology 


weak 


derivative 


integral 
topology 


(2.5.1) 
(2.1.9) 


(4.6.5) 


(4.6.3) 
vector space (always over R) 


(2.1.2) 
(2.6.3) 
(2.2.10) 


(2.5.1) 


(2.1.10) 


weakly differentiable (k-times) (4.1.9) 


x 


-morphism (8.1.1) 
-embedding (8.8.1) 
-quotient-space 

-subspace (8.8.1) 


zero-filter 


(2.2.2) 


(8.8.1) 


